Investigating Convergence Patterns for Numerical Methods Using Data Analysis
Introduction

In numerical analysis, typically iterative schemes are developed that are designed to converge to the desired solution, say the root of an equation.  For instance, one such technique is Newton’s Method.  Numerical analysts then talk about the rate of convergence of the methods by referring to some techniques as “converging linearly” and others as “converging quadratically”.  For example, Newton’s Method is one of the cases in which the convergence is quadratic.  
Often, this is “explained” by saying that, once you have determined the digit in the first decimal place, each successive iteration in a quadratically convergent process roughly doubles the number of correct decimal places.  Similarly, in a cubically convergent process, each successive iteration produces, roughly triples the number of correct decimal places, and so on.  Numerical analysis texts, such as [1, 2, 3] usually provide a more technical explanation as part of formal derivations and display only the successive approximations based on a method, but tend not to look at the values of the associated errors.  However, an analysis of the behavior of the errors in the sense of data analysis and curve fitting provides a very effective way to come to an understanding of the patterns of convergence.  
In this regard,  mathematicians who only took a single course in numerical analysis often come away with only the shortcut explanation of how linear and quadratic convergence compare in terms of the number of correct decimal places obtained with each successive iteration.  Moreover, the author feels that the kind of data analysis approach used here to investigate the convergence patterns is probably better suited to conveying the underlying notions to students in lower division courses who are not yet sufficiently mathematically sophisticated to appreciate the formalisms.  Furthermore, because numerical methods are assuming a growing role in modern calculus courses taught by people having little, if any, training in numerical analysis, it is useful to see these underlying ideas expanded in greater detail.
In this article, we will look at just what these ideas actually mean, because the terms used tend to give the non-expert a somewhat misleading image of what is happening.  Moreover, while many mathematicians have taken an upper division course in numerical analysis, many have not had the opportunity to interpret the ideas and methods in terms of how some of them might be incorporated into lower division courses such as calculus or differential equations that most teach regularly.
Also, data analysis in the sense of fitting functions to data has become one of the more powerful mathematical ideas introduced into courses below calculus, particularly in the schools. Unfortunately, this theme tends to come to a screeching halt when students progress on to calculus.  This article uses some of these ideas to enhance concepts that are important in numerical analysis or even in calculus, which helps keep the techniques alive in students’ minds.

An Example of “Linear” Convergence  
The method of simple iteration is the cornerstone of all numerical methods for solving nonlinear equations in one or more variables.  Suppose we have the equation x = f(x), where x is defined on some closed interval I = [a, b] and that all values of f also lie in the same interval.  Geometrically, this means that the graph of the function f lies completely inside the square a < x < b, a < y < b.  The method is based on selecting some initial point x0 in I, and then iterating

x1 = f(x0), x2 = f(x1), x3 = f(x2), … .

If the function f is continuous, this sequence of iterates will eventually converge to some solution s of the equation and all subsequent iterates will also be equal to s.  Thus, any solution s is a fixed point of the iteration process.  Further, the convergence of the successive iterates is usually a student’s first experience with the concept of linear convergence. 
Moreover, if the function is sufficiently “flat” across the interval I (meaning it either grows very slowly or decays very slowly), then the solution s turns out to be unique.  In particular, if f is differentiable on I and if, for every x in I,
│f ((x)│ < 1,
then there will be a unique solution to the equation.  

To see the method in operation, suppose that f(x) = e-x on the interval [0.1, 1].  f is obviously continuous and differentiable and, in addition, │f ((x)│ = │- e-x│ < 1 on this interval.  (We started the interval at 0.1 rather than at 0 to avoid x = 0 where the slope is equal to -1.)  Consequently, there is precisely one solution to the equation x = e-x on this interval.  Suppose we take the initial point x0 = 0.5, so that 

x1 = f(x0) = e-0.5 = 0.606531,
x2 = f(x1) = e-0.606531 = 0.545239,
and so forth.  (All results are reported to six decimal place accuracy.)  We show the results of continuing the iteration process in Table 1, where it is clear that the successive approximations are converging to the solution s = 0.567143. We also show the errors, En = xn – s, as well as the absolute values of the errors, in the Table.
	n
	xn
	Error En
	│Error│
	n
	xn
	Error En
	│Error│

	0
	0.5
	
	 
	 
	
	
	

	1
	0.606531
	0.039388
	0.039388
	13
	0.567186
	0.000043
	0.000043

	2
	0.545239
	-0.021904
	0.021904
	14
	0.567119
	-0.000024
	0.000024

	3
	0.579703
	0.012560
	0.012560
	15
	0.567157
	0.000014
	0.000014

	4
	0.560065
	-0.007078
	0.007078
	16
	0.567135
	-0.000008
	0.000008

	5
	0.571172
	0.004029
	0.004029
	17
	0.567148
	0.000005
	0.000005

	6
	0.564863
	-0.002280
	0.002280
	18
	0.567141
	-0.000002
	0.000002

	7
	0.568438
	0.001295
	0.001295
	19
	0.567145
	0.000002
	0.000002

	8
	0.566409
	-0.000734
	0.000734
	20
	0.567142
	-0.000001
	0.000001

	9
	0.56756
	0.000417
	0.000417
	21
	0.567144
	0.000001
	0.000001

	10
	0.566907
	-0.000236
	0.000236
	22
	0.567143
	0.000000
	0.000000

	11
	0.567277
	0.000134
	0.000134
	23
	0.567143
	0.000000
	0.000000

	12
	0.567067
	-0.000076
	0.000076
	24
	0.567143
	0.000000
	0.000000







   Table 1
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Patterns in the Errors  Now let’s examine the patterns in the errors to see why the convergence is said to be linear. We show the values for En versus n in Figure 1 and observe that the pattern does not look in the least linear, except perhaps for the points that appear to lie along the n-axis (but the details are lost because of the vertical scale).   If anything, the pattern appears to be that of a collection of points that decay toward zero in an oscillating manner.  
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To avoid the oscillatory effect, 
let’s consider the absolute values of the errors instead;  if nothing else, it is usually the magnitude of the error rather than whether it is positive or negative that is important.  The corresponding plot is in Figure 2 and we observe here that the pattern certainly does not appear to be linear, but rather is very suggestive of a decaying exponential function.  To investigate this possibility, we superimpose the associated exponential regression curve over the points in the Figure.  Notice that the curve appears to be an extremely good fit to the points.  Moreover, the equation of the exponential regression curve is

En  = 0.029e-0.5307n  =  0.029(0.588193)n.
The corresponding correlation coefficient is r = 0.9838, which indicates that the exponential fit is extremely good.  

But, how does an exponential pattern in the error values come to be described as “linear convergence”?  One of the key facts about exponential functions is the criterion that a set of data falls into an exponential pattern if the ratios of successive terms are constant and that constant ratio is the growth/decay factor of the exponential function.  In Table 2, we include columns showing the ratios │En+1/En│ of the first 15 successive error terms; subsequent values begin to diverge quickly due to rounding errors as En approaches 0.  From the table, we notice that the ratios appear to converge to a limiting value near 0.57; notice that this is suggestively close to the base 0.588193 of the exponential regression function.
	n
	xn
	│Error En│
	│En+1/ En│
	n
	xn
	│Error En│
	│En+1/ En│

	0
	0.5
	
	 
	 
	
	
	

	1
	0.606531
	0.039388
	0.556108
	9
	0.567560
	0.000417
	0.565933

	2
	0.545239
	0.021904
	0.573421
	10
	0.566907
	0.000236
	0.569141

	3
	0.579703
	0.012560
	0.563560
	11
	0.567277
	0.000134
	0.563714

	4
	0.560065
	0.007078
	0.569220
	12
	0.567067
	0.000076
	0.573181

	5
	0.571172
	0.004029
	0.565889
	13
	0.567186
	0.000043
	0.556635

	6
	0.564863
	0.002280
	0.567990
	14
	0.567119
	0.000024
	0.586007

	7
	0.568438
	0.001295
	0.566425
	15
	0.567157
	0.000014
	0.534962

	8
	0.566409
	0.000734
	0.567972
	
	
	
	







  Table 2

Furthermore, when we plot the points for the ratios, as shown in Figure 3, we notice that there is not much of a pattern and whatever pattern there may be clearly breaks down as n increases. We superimpose the regression line in the figure to capture the trend, if any, in the points, though it doesn’t appear to be a particularly good fit. The corres​ponding correlation coefficient is r =  0.1396, which further substantiates the fact that there is no linear trend in the points.  However, the equation of the regression line for these points is 
│En+1/En│ = -0.0003n + 0.5681.
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Notice that the slope, -0.0003, is so close to 0 that it may, in fact, be 0.  Moreover, the vertical intercept, 0.5681, is surprisingly close to the limiting ratio of the successive terms, as well as to the base of the exponential function that fits the En values to n.  Thus, from this aspect of the analysis, we may conclude that 

│En+1/En│ ( 0.5681.
From the previous analysis based on the numerical values of the ratios, we similarly concluded that 

│En+1/En│ ( 0.57.

Either way, it appears that the successive ratios of the errors are approximately all constant, so that we can write

│En+1 │ ( 0.57│En│;
that is, En+1 is roughly proportional to En, and so we are led to the description that the convergence is “linear” in the sense that the subsequent error is consistently a multiple of the current error.


The formal definition of linear convergence for a sequence { xn } is that
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for some constant L, with 0 < L< 1.  In the above illustration, L ( 0.57 < 1.  In comparison, a sequence { xn } converges quadratically if
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where 0 < L < 1.  More generally, the rate of convergence of the sequence { xn } is of order k if
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for some constant L between 0 and 1.  
We can also visualize the convergence of the successive iterates using a cobweb diagram to gives a very dynamic picture of what happens.  The cobweb diagram in Figure 4 highlights the symmetry about the diagonal line y = x.  Starting at the initial estimate x = x0 on the x-axis and following the vertical line up until it hits the curve for the function f determines the value x1 of the next iterate.  This height is then extended to the left until it hits the diagonal line y = x and then extends down until it again hits the curve, this time at the x2-iterate.  As the iteration process continues, the cobweb so generated converges toward the intersection point of the curve and the line, which is the location of the solution of the equation.  
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The Number of Correct Digits  In the introduction to this article, we said that one way to describe cases where the convergence is quadratic is that each successive iteration produces roughly twice as many correct decimal places.  Let’s see what the corresponding effect is in the above example where the convergence is linear.  Look again at the entries in Table 1, where the limiting value for the fixed point is s = 0. 567143.  In the table, the first digit, 5, is locked in with x2, since all subsequent iterations have the 5 as the first significant digit after the decimal point.  The second correct digit, 6, is locked in place starting with x6.  The third significant digit, 7, is locked in place starting with roughly x10.  Similarly, the fourth, fifth, and sixth significant digits are locked in place, respectively, with x14, x18, and x22.  Thus, for this particular set of iterates, each additional significant digit requires roughly four extra iterations.  In a sense, we can see the “linearity” of the convergence in this statement.  

Alternatively, we can look at this from the point of view of the fact that the errors associated with the successive ratios decay to 0 in a roughly exponential manner with a decay factor of about 0.5882.  In order to achieve an extra significant digit, the size of the error En must be reduced by a factor of 1/10.  Therefore, to find the number of iterates necessary to achieve this amount of decrease in En, we need to solve 

(0.5882)n  =  0.1.
When we take logarithms of both sides of this equation, we find that
n log (0.5882)  =  log(0.1),

so that n ( 4.339, or equivalently, each four and a third iterates will produce an additional significant digit in the solution.  This certainly is in agreement with what we observed above from an examination of the entries in Table 1. 
An Example of “Quadratic” Convergence  
We now consider the so-called Babylonian method for finding the root of any positive number, which was known to the ancients more than 2000 years ago.  Suppose that we wish to determine 
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a

to any desired degree of accuracy. It is actually a simple application of Newton’s method applied to the function f(x) = x2 – a, for any a > 0.  The associated iterative process is then given by
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provided that xi ≠ 0 for any i. We begin with an initial estimate x0 and then calculate, iteratively, the successive approximations
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and so forth.  To illustrate the method, suppose that a = 5.  Because
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 is between 2 and 3, we can estimate that
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and this gives the answer correct to 8 decimal places. So, the first correct decimal place was found in x1, the first three correct decimal places are locked in by x2, and the first 8 correct decimal places are locked in by x3.  Consequently, for this example, the rate of convergence is considerably faster than the guideline associated with quadratic convergence.
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Suppose, for comparison’s sake, that the initial estimate for x0 is 25 (either because someone missed entering the decimal point or perhaps misunderstood what the square root means).  The resulting approximations and the associated error values are shown in Table 3.  While it takes longer to get to the first correct decimal place, once that has been achieved, the method again generates the succeeding significant figures extremely rapidly.  The approximations are now shown correct to 10 decimal places.
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As with the case of “linear” convergence, we begin by looking at the Error values versus n in Figure 5 and observe that the errors clearly converge to 0 in a pattern that suggests an exponential decay function.  The best fit exponential function is E = 459.21(0.1008)n with an associated correlation coefficient of r = -0.935, though the figure indicates that the fit is not a particularly good one, particularly at the first few points.  Note that, because the last two values of the error are 0 and the exponential fit is therefore not defined, we performed the above calculations by eliminating those two points.

As we did with the case of linear convergence, we next consider the ratios of the successive errors, En+1/En versus n, as shown in Figure 6, which also shows the corresponding regression line.  Note that the points do not particularly demonstrate a linear pattern.  
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As an alternative, let’s consider how each succeeding error value En+1 compares to the current one En, as shown in Figure 7.  In that display, we see that these points appear to fall into a roughly linear pattern.  However, a closer examination of how the points match the regression line indicate a somewhat concave up trend in the points.  This suggests that a quadratic function might be more appropriate.  We show the corres​ponding quadratic fit to En+1 versus En in Figure 8 and observe that it is in fact an excellent match.  The associated coefficient of determination is R2 = 0.9991, so that the coefficient of multiple correlation (the equivalent of r) is R = 0.99955, indicating an extremely good fit.  The corresponding quadratic regression equation is
En+1  =  0.015En2 + 0.2593 En  - 0.0282.

We therefore see that the term quadratic convergence applies to the relationship between each successive error and the current error.  
Furthermore, when we discussed linear convergence, we found that the successor error En+1  is roughly proportional to the current error En.  This suggests the possibility that, when the convergence is quadratic, En+1, may be roughly proportional to En.  To investigate this possibility, we perform a power function regression on the values of En+1 versus those of En and find that the resulting power function gives En+1 = 0.0808 En1.842, so that En+1  is proportional to  En1.842 (  En2, roughly.  Moreover, the associated value for the correlation coefficient is r = 0.9974, which indicates that the power function is a good fit to the data.
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The Number of Correct Decimal Places
Now let’s see what quadratic convergence means in terms of the number of correct decimal places in the successive iterations.  For the above example, the solution, correct to 12 decimals places, is 
[image: image15.wmf]5

= 2.236067977500.  To investigate the rate of convergence, we repeat some of the entries from Table 3 in Table 4, showing the successive approximations also to 12 decimal places.  Moreover, to demonstrate the convergence, we highlight all of the correct decimal places in boldface.  Notice that the first correct decimal place is achieved in x5.  It took that long because our initial estimate was so erroneous.  Notice that the following approximation x6 is correct to three decimal places; that the one after that, x7, is correct to nine decimal places; and that x8 is correct to at least 12 decimal places (it is actually correct to at least 18 decimal places).  Thus, once the first correct digit is found, each subsequent iteration in this particular example appears to triple the number of correct decimal places.
An Example of Cubic Convergence

One of the most common iterative processes that leads to a cubically convergent sequence of iterations is Halley’s Method (discovered by Edmund Halley, who is better known for the comet that bears his name) for finding the roots of a function f.  It can be thought of as an extension of Newton’s Method in the sense that, instead of using each successive iterate to determine a tangent line to the curve, it uses each iterate to determine a tangent hyperbola to the curve.  The tangent hyperbola is taken in the form
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which is equivalent to the formulation
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that involves just three parameters.  The values of these parameters can be determined by three conditions:  

1.  the hyperbola passes through the point (x0, y0),  

2.  the slope of the hyperbola at (x0, y0) is f’(x0),

3.  the second derivative of the hyperbola at (x0, y0) is f”(x0).
The point where the resulting hyperbola crosses the x-axis is then taken as the next approximation.  Without going into the details here (see [4] for a derivation), we simply cite the iteration formula 
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provided that the denominator never becomes zero at any of the iterates.  To illustrate the convergence associated with Halley’s Method, we again consider the example of finding 
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 with the very poor initial estimate 
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 that we used previously with the Babylonian method.  The first few approximations along with the associated error values are shown to 15 decimal places in Table 5. 
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For comparison, the correct value is 
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= 2.236067977499790, correct to 15 decimal places.  Notice that the first correct decimal place is locked in by x3.  The first five correct places are essentially determined by x4 and the first 15 correct places are locked in by x5.  Thus, we essentially are tripling the number of correct decimal places with each successive iteration.  This is considerably faster convergence than we had previously using the Babylonian system that is based on the quadratically convergent Newton’s Method.  In fact, the convergence is so fast here that it is difficult to conduct the kinds of data analysis on the errors that we did earlier – the errors approach 0 so quickly that there is not enough “data” on which to do a meaningful analysis.  (The various function-fitting routines, such as for exponential and power functions, require that the values are not zero; even when the values are too close to zero so that rounding errors appear, the routines tend to break down.)
Conclusions

Students being educated for the digital age should learn something about the algorithmic underpinnings of the technology that they use and are dependent upon.  Since it is not reasonable to require so many students to take courses in numerical analysis, a much better approach is to integrate some numerical reasoning into existing courses, such as calculus and differential equations.  The approaches discussed here indicate one way that this can be done by highlighting some simple, yet common, iterative processes that can be used to generate computational solutions to standard problems in ways that build on ideas and methods that the students have likely seen in their high school mathematics experiences.  The same ideas using data analysis to explore the behavior of the error can certainly be included as well in more advanced offerings such as introductory numerical analysis to give a different perspective on the concepts and methods than is usually done.  
Considering how fast the convergence is for the square root process with the extremely simple Babylonian method, let alone the considerably faster Halley’s method, one might wonder why any of us were ever taught the traditional square root algorithm or why some of us may still be teaching it.
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Figure 3: The Ratio of the Errors vs. n





Figure 4: A Cobweb Diagram to Illustrate Convergence
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Figure 6:  Ratio of Successive Errors





Figure 7:  Successive vs Current Errors
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Figure 8: Quadratic Fit to En+1 vs. En
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Figure 5:  The Errors vs. n
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SimpleIteration

		n		xn		Error		ABS(Error)		Ratio		Ratios

		0		0.5

		1		0.6065306597		0.039388		0.039388		-0.5561078842		0.5561078842

		2		0.5452392119		-0.021904		0.021904		-0.5734211277		0.5734211277

		3		0.5797030949		0.012560		0.012560		-0.5635603974		0.5635603974

		4		0.5600646279		-0.007078		0.007078		-0.5692197221		0.5692197221

		5		0.571172149		0.004029		0.004029		-0.56588948		0.56588948

		6		0.564862947		-0.002280		0.002280		-0.567990112		0.567990112

		7		0.5684380476		0.001295		0.001295		-0.5664249484		0.5664249484

		8		0.5664094527		-0.000734		0.000734		-0.5679719479		0.5679719479

		9		0.5675596343		0.000417		0.000417		-0.5659329678		0.5659329678

		10		0.5669072129		-0.000236		0.000236		-0.5691405126		0.5691405126

		11		0.567277196		0.000134		0.000134		-0.5637139911		0.5637139911

		12		0.5670673519		-0.000076		0.000076		-0.5731810993		0.5731810993

		13		0.5671863601		0.000043		0.000043		-0.5566350146		0.5566350146

		14		0.5671188643		-0.000024		0.000024		-0.5860067219		0.5860067219

		15		0.5671571437		0.000014		0.000014		-0.534961618		0.534961618

		16		0.5671354337		-0.000008		0.000008		-0.6272953858		0.6272953858

		17		0.5671477463		0.000005		0.000005		-0.4712546112		0.4712546112

		18		0.5671407633		-0.000002		0.000002		-0.7706168952		0.7706168952

		19		0.5671447237		0.000002		0.000002		-0.3031041072		0.3031041072																								base b =		0.588193		for expo fit				y=0.029e^-0.5307x

		20		0.5671424776		-0.000001		0.000001		-1.4382596746		1.4382596746																								r =		0.9838

		21		0.5671437514		0.000001		0.000001		0.0385304667		0.0385304667

		22		0.567143029		0.000000		0.000000		15.152201797		15.152201797

		23		0.5671434387		0.000000		0.000000		0.4702864406		0.4702864406

		24		0.5671432063		0.000000		0.000000		1.6388095752		1.6388095752

		25		0.5671433381		0.000000		0.000000		0.7789269866		0.7789269866																																Line:  y = -0.0003n + 0.5681

		26		0.5671432634		0.000000		0.000000		1.1609651188																																				r = 0.1396

		27		0.5671433058		0.000000
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		n		xn		Error En		│Error│		n		xn		Error En		│Error│

		0		0.5

		1		0.6065306597		0.039388		0.039388		13		0.5671863601		0.000043		0.000043

		2		0.5452392119		-0.021904		0.021904		14		0.5671188643		-0.000024		0.000024

		3		0.5797030949		0.012560		0.012560		15		0.5671571437		0.000014		0.000014

		4		0.5600646279		-0.007078		0.007078		16		0.5671354337		-0.000008		0.000008

		5		0.571172149		0.004029		0.004029		17		0.5671477463		0.000005		0.000005

		6		0.564862947		-0.002280		0.002280		18		0.5671407633		-0.000002		0.000002

		7		0.5684380476		0.001295		0.001295		19		0.5671447237		0.000002		0.000002

		8		0.5664094527		-0.000734		0.000734		20		0.5671424776		-0.000001		0.000001

		9		0.5675596343		0.000417		0.000417		21		0.5671437514		0.000001		0.000001

		10		0.5669072129		-0.000236		0.000236		22		0.567143029		0.000000		0.000000

		11		0.567277196		0.000134		0.000134		23		0.5671434387		0.000000		0.000000

		12		0.5670673519		-0.000076		0.000076		24		0.5671432063		0.000000		0.000000
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		5		0.571172149		0.004029		0.565889		13		0.5671863601		0.000043		0.556635

		6		0.564862947		0.002280		0.567990		14		0.5671188643		0.000024		0.586007

		7		0.5684380476		0.001295		0.566425		15		0.5671571437		0.000014		0.534962

		8		0.5664094527		0.000734		0.567972
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SimpleIteration

		n		xn		Error		ABS(Error)		Ratio		Ratios																																				dx =		0.1		x		y		cobweb

		0		0.5																																																0		1		0.5		0

		1		0.6065306597		0.039388		0.039388		-0.5561078842		0.5561078842																																								0.01		0.9900498337		0.5		0.6065306597

		2		0.5452392119		-0.021904		0.021904		-0.5734211277		0.5734211277																																								0.02		0.9801986733		0.6065306597		0.6065306597

		3		0.5797030949		0.012560		0.012560		-0.5635603974		0.5635603974																																				line				0.03		0.9704455335		0.6065306597		0.5452392119

		4		0.5600646279		-0.007078		0.007078		-0.5692197221		0.5692197221																																				0		0		0.04		0.9607894392		0.5452392119		0.5452392119

		5		0.571172149		0.004029		0.004029		-0.56588948		0.56588948																																				1		1		0.05		0.9512294245		0.5452392119		0.5797030949

		6		0.564862947		-0.002280		0.002280		-0.567990112		0.567990112																																								0.06		0.9417645336		0.5797030949		0.5797030949

		7		0.5684380476		0.001295		0.001295		-0.5664249484		0.5664249484																																								0.07		0.9323938199		0.5797030949		0.5600646279

		8		0.5664094527		-0.000734		0.000734		-0.5679719479		0.5679719479																																								0.08		0.9231163464		0.5600646279		0.5600646279

		9		0.5675596343		0.000417		0.000417		-0.5659329678		0.5659329678																																								0.09		0.9139311853		0.5600646279		0.571172149

		10		0.5669072129		-0.000236		0.000236		-0.5691405126		0.5691405126																																								0.1		0.904837418		0.571172149		0.571172149

		11		0.567277196		0.000134		0.000134		-0.5637139911		0.5637139911																																								0.11		0.8958341353		0.571172149		0.564862947

		12		0.5670673519		-0.000076		0.000076		-0.5731810993		0.5731810993																																								0.12		0.8869204367

		13		0.5671863601		0.000043		0.000043		-0.5566350146		0.5566350146																																								0.13		0.8780954309

		14		0.5671188643		-0.000024		0.000024		-0.5860067219		0.5860067219																																								0.14		0.8693582354

		15		0.5671571437		0.000014		0.000014		-0.534961618		0.534961618																																								0.15		0.8607079764

		16		0.5671354337		-0.000008		0.000008		-0.6272953858		0.6272953858																																								0.16		0.852143789

		17		0.5671477463		0.000005		0.000005		-0.4712546112		0.4712546112																																								0.17		0.8436648166

		18		0.5671407633		-0.000002		0.000002		-0.7706168952		0.7706168952																																								0.18		0.8352702114

		19		0.5671447237		0.000002		0.000002		-0.3031041072		0.3031041072																								base b =		0.588193		for expo fit				y=0.029e^-0.5307x								0.19		0.8269591339

		20		0.5671424776		-0.000001		0.000001		-1.4382596746		1.4382596746																								r =		0.9838														0.2		0.8187307531

		21		0.5671437514		0.000001		0.000001		0.0385304667		0.0385304667																																								0.21		0.810584246

		22		0.567143029		0.000000		0.000000		15.152201797		15.152201797																																								0.22		0.802518798

		23		0.5671434387		0.000000		0.000000		0.4702864406		0.4702864406																																								0.23		0.7945336025

		24		0.5671432063		0.000000		0.000000		1.6388095752		1.6388095752																																								0.24		0.7866278611

		25		0.5671433381		0.000000		0.000000		0.7789269866		0.7789269866																																Line:  y = -0.0003n + 0.5681								0.25		0.7788007831

		26		0.5671432634		0.000000		0.000000		1.1609651188																																				r = 0.1396						0.26		0.7710515858

		27		0.5671433058		0.000000																																														0.27		0.7633794943
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										Expo fit

										y = 459.21(.1008)^n,  r =-0 .935

																																												Figure 6

												Figure 5

																																												Linear fit

																																												Line:  y = -0.0742n + 0.4382

																																														r = -0.934

		n		xn		Error		ABS(Error)		Ratio		En+1/En2		En+1/En		En2		xn

		0		25														25

		1		12.6000000000		10.363932023		10.363932023		0.4112671438		0.0396825397		0.4112671438		107.411086967		12.600000000000

		2		6.4984126984		4.262344721		4.262344721		0.327952757		0.0769418661		0.327952757		18.1675825199		6.498412698413

		3		3.6339156799		1.397847702		1.397847702		0.1923335357		0.1375926257		0.1923335357		1.9539781992		3.633915679934

		4		2.5049209685		0.268852991		0.268852991		0.0536649648		0.1996070959		0.0536649648		0.0722819308		2.504920968502

		5		2.2504959638		0.014427986		0.014427986		0.0032055126		0.2221732489		0.0032055126		0.0002081668		2.250495963788

		6		2.2361142266		0.000046249		0.000046249		0.0000103414		0.2236021009		0.0000103414		0.0000000021		2.236114226591

		7		2.2360679780		0.000000000		0.000000000		0.0000000000		0.0000000000		0.0000000000		2.28751837034623E-19		2.236067977978

		8		2.2360679775		0.000000000		0.000000000		0		0		0		0		2.236067977499790000

																root(5) =		2.236067977499790000		Linear fit

																				y=.0092n+.0915

																				r= .219																								En+1/En^2 =.0392n-.0257

																																														r =.9762

		1st digit		2

		2nd digit		6

		3rd digit		10

		4th digit		16

		5th digit		20

		6th digit		22												En = 459.22 e^-2.2947n = 459.22(0.10079)^n																								Quadratic fit:				En+1=.015E^2+.2593E-.0282

																r = .9354																												R = .99955

														En+1 = -.00005En^2 + 0.0443En + .1422

																R =		0.9983987179								Linear Fit:  En+1=.4092En - .1041,  r = .995188

																																		2.236067977500

																												En+1=.0808En^1.842

																														R =		0.9974467404





		0				0

		0				0

		0

		0

		0

		0



Errors

n

En

0

0

0

0

0

0

0

0



		0

		0

		0

		0

		0

		0

		0



Ratio of Errors

En+1/En

n

0

0

0

0

0

0

0



		0

		0

		0

		0

		0

		0

		0



Ratio of Errors

En+1/En2

n

0

0

0

0

0

0

0



		0

		0

		0

		0

		0

		0

		0

		0



En+1/En vs En

En+1/En

En

0

0

0

0

0

0

0

0



		0

		0

		0

		0

		0

		0

		0



En+1 vs En2

En+1

En

0

0

0

0

0

0

0



		0

		0

		0

		0

		0

		0

		0



En+1 vs En

En+1

En

y = 0.0808x1.842
R2 = 0.9949

0

0

0

0

0

0

0



		0

		0

		0

		0

		0

		0

		0



En+1 vs En2

En+1

En

0

0

0

0

0

0

0



		n		xn		Error En		│Error│		n		xn		Error En		│Error│

		0		0.5

		1		0.6065306597		0.039388		0.039388		13		0.567186		0.000043		0.000043

		2		0.5452392119		-0.021904		0.021904		14		0.567119		-0.000024		0.000024

		3		0.5797030949		0.012560		0.012560		15		0.567157		0.000014		0.000014

		4		0.5600646279		-0.007078		0.007078		16		0.567135		-0.000008		0.000008

		5		0.571172149		0.004029		0.004029		17		0.567148		0.000005		0.000005

		6		0.564862947		-0.002280		0.002280		18		0.567141		-0.000002		0.000002

		7		0.5684380476		0.001295		0.001295		19		0.567145		0.000002		0.000002

		8		0.5664094527		-0.000734		0.000734		20		0.567142		-0.000001		0.000001

		9		0.5675596343		0.000417		0.000417		21		0.567144		0.000001		0.000001

		10		0.5669072129		-0.000236		0.000236		22		0.567143		0.000000		0.000000

		11		0.567277196		0.000134		0.000134		23		0.567143		0.000000		0.000000

		12		0.5670673519		-0.000076		0.000076		24		0.567143		0.000000		0.000000

		n		xn		│Error En│		│En+1/ En│		n		xn		│Error En│		│En+1/ En│

		0		0.5

		1		0.6065306597		0.039388		0.556108		9		0.567560		0.000417		0.565933

		2		0.5452392119		0.021904		0.573421		10		0.566907		0.000236		0.569141

		3		0.5797030949		0.012560		0.563560		11		0.567277		0.000134		0.563714

		4		0.5600646279		0.007078		0.569220		12		0.567067		0.000076		0.573181

		5		0.571172149		0.004029		0.565889		13		0.567186		0.000043		0.556635

		6		0.564862947		0.002280		0.567990		14		0.567119		0.000024		0.586007

		7		0.5684380476		0.001295		0.566425		15		0.567157		0.000014		0.534962

		8		0.5664094527		0.000734		0.567972

														0.000008
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10.3639320225

-0.0000000025

4.2623447209

-0.0000000025

1.3978477024

0.268852991

0.0144279863

0.0000462491



SimpleIteration

		n		xn		Error		ABS(Error)		Ratio		Ratios																																				dx =		0.1		x		y		cobweb

		0		0.5																																																0		1		0.5		0

		1		0.6065306597		0.039388		0.039388		-0.5561078842		0.5561078842																																								0.01		0.9900498337		0.5		0.6065306597

		2		0.5452392119		-0.021904		0.021904		-0.5734211277		0.5734211277																																								0.02		0.9801986733		0.6065306597		0.6065306597

		3		0.5797030949		0.012560		0.012560		-0.5635603974		0.5635603974																																				line				0.03		0.9704455335		0.6065306597		0.5452392119

		4		0.5600646279		-0.007078		0.007078		-0.5692197221		0.5692197221																																				0		0		0.04		0.9607894392		0.5452392119		0.5452392119

		5		0.571172149		0.004029		0.004029		-0.56588948		0.56588948																																				1		1		0.05		0.9512294245		0.5452392119		0.5797030949

		6		0.564862947		-0.002280		0.002280		-0.567990112		0.567990112																																								0.06		0.9417645336		0.5797030949		0.5797030949

		7		0.5684380476		0.001295		0.001295		-0.5664249484		0.5664249484																																								0.07		0.9323938199		0.5797030949		0.5600646279

		8		0.5664094527		-0.000734		0.000734		-0.5679719479		0.5679719479																																								0.08		0.9231163464		0.5600646279		0.5600646279

		9		0.5675596343		0.000417		0.000417		-0.5659329678		0.5659329678																																								0.09		0.9139311853		0.5600646279		0.571172149

		10		0.5669072129		-0.000236		0.000236		-0.5691405126		0.5691405126																																								0.1		0.904837418		0.571172149		0.571172149

		11		0.567277196		0.000134		0.000134		-0.5637139911		0.5637139911																																								0.11		0.8958341353		0.571172149		0.564862947

		12		0.5670673519		-0.000076		0.000076		-0.5731810993		0.5731810993																																								0.12		0.8869204367

		13		0.5671863601		0.000043		0.000043		-0.5566350146		0.5566350146																																								0.13		0.8780954309

		14		0.5671188643		-0.000024		0.000024		-0.5860067219		0.5860067219																																								0.14		0.8693582354

		15		0.5671571437		0.000014		0.000014		-0.534961618		0.534961618																																								0.15		0.8607079764

		16		0.5671354337		-0.000008		0.000008		-0.6272953858		0.6272953858																																								0.16		0.852143789

		17		0.5671477463		0.000005		0.000005		-0.4712546112		0.4712546112																																								0.17		0.8436648166

		18		0.5671407633		-0.000002		0.000002		-0.7706168952		0.7706168952																																								0.18		0.8352702114

		19		0.5671447237		0.000002		0.000002		-0.3031041072		0.3031041072																								base b =		0.588193		for expo fit				y=0.029e^-0.5307x								0.19		0.8269591339

		20		0.5671424776		-0.000001		0.000001		-1.4382596746		1.4382596746																								r =		0.9838														0.2		0.8187307531

		21		0.5671437514		0.000001		0.000001		0.0385304667		0.0385304667																																								0.21		0.810584246

		22		0.567143029		0.000000		0.000000		15.152201797		15.152201797																																								0.22		0.802518798

		23		0.5671434387		0.000000		0.000000		0.4702864406		0.4702864406																																								0.23		0.7945336025

		24		0.5671432063		0.000000		0.000000		1.6388095752		1.6388095752																																								0.24		0.7866278611

		25		0.5671433381		0.000000		0.000000		0.7789269866		0.7789269866																																Line:  y = -0.0003n + 0.5681								0.25		0.7788007831

		26		0.5671432634		0.000000		0.000000		1.1609651188																																				r = 0.1396						0.26		0.7710515858

		27		0.5671433058		0.000000																																														0.27		0.7633794943

																																																				0.28		0.7557837415

																																																				0.29		0.7482635676

																																																				0.3		0.7408182207

		1st digit		2																																																0.31		0.7334469562

		2nd digit		6																																																0.32		0.7261490371

		3rd digit		10																																																0.33		0.7189237334

		4th digit		16																																																0.34		0.7117703228

		5th digit		20																																																0.35		0.7046880897

		6th digit		22																																																0.36		0.6976763261

																																																				0.37		0.6907343306

																																																				0.38		0.6838614092

																																																				0.39		0.6770568745

																																																				0.4		0.670320046

																																																				0.41		0.6636502501

																																																				0.42		0.6570468198

																																																				0.43		0.6505090947

																																																				0.44		0.6440364211

																																																				0.45		0.6376281516

																																																				0.46		0.6312836455

																																																				0.47		0.6250022683

																																																				0.48		0.6187833918

																																																				0.49		0.6126263942

																																																				0.5		0.6065306597

																																																				0.51		0.6004955788

																																																				0.52		0.594520548

																																																				0.53		0.5886049697

																																																				0.54		0.5827482524

																																																				0.55		0.5769498104

																																																				0.56		0.5712090638

																																																				0.57		0.5655254387

																																																				0.58		0.5598983666

																																																				0.59		0.5543272847

																																																				0.6		0.5488116361

																																																				0.61		0.5433508691

																																																				0.62		0.5379444376

																																																				0.63		0.532591801

																																																				0.64		0.527292424

																																																				0.65		0.5220457768

																																																				0.66		0.5168513345

																																																				0.67		0.5117085778

																																																				0.68		0.5066169924

																																																				0.69		0.5015760691

																																																				0.7		0.4965853038

																																																				0.71		0.4916441975

																																																				0.72		0.486752256

																																																				0.73		0.4819089901

																																																				0.74		0.4771139155

																																																				0.75		0.4723665527

																																																				0.76		0.467666427

																																																				0.77		0.4630130683

																																																				0.78		0.4584060113

																																																				0.79		0.4538447953

																																																				0.8		0.4493289641

																																																				0.81		0.4448580662

																																																				0.82		0.4404316545

																																																				0.83		0.4360492863

																																																				0.84		0.4317105234

																																																				0.85		0.4274149319

																																																				0.86		0.4231620823

																																																				0.87		0.4189515492

																																																				0.88		0.4147829117

																																																				0.89		0.4106557528

																																																				0.9		0.4065696597

																																																				0.91		0.402524224

																																																				0.92		0.3985190411

																																																				0.93		0.3945537104

																																																				0.94		0.3906278354

																																																				0.95		0.3867410235

																																																				0.96		0.382892886

																																																				0.97		0.3790830381

																																																				0.98		0.3753110989

																																																				0.99		0.371576691

																																																				1		0.3678794412
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		n		xn		Error

		0		2.5

		1		2.25000000		0.01393202

		2		2.23611111		0.00004313				Expo fit

		3		2.23606798		-0.00000000				y = 459.21(.1008)^n,  r =-0 .935

		4		2.23606798		-0.00000000

		5		2.23606798		-0.00000000

		6		2.23606798		-0.00000000

		7		2.23606798		-0.00000000						Figure 5

		8		2.23606798		-0.00000000

		9		2.23606798		-0.00000000																																						Line:  y = -0.0877n + 0.5574

		10		2.23606798		-0.00000000																																								r = 0.9763

		n		xn		Error		ABS(Error)		Ratio		En+1/En2		En+1/En		En^2

		0		25

		1		12.6000000000		10.363932023		10.363932023		0.4112671438		0.0396825397		0.4112671438		107.411086967

		2		6.4984126984		4.262344721		4.262344721		0.327952757		0.0769418661		0.327952757		18.1675825199

		3		3.6339156799		1.397847702		1.397847702		0.1923335357		0.1375926257		0.1923335357		1.9539781992

		4		2.5049209685		0.268852991		0.268852991		0.0536649648		0.1996070959		0.0536649648		0.0722819308

		5		2.2504959638		0.014427986		0.014427986		0.0032055126		0.2221732489		0.0032055126		0.0002081668

		6		2.2361142266		0.000046249		0.000046249		0.0000103414		0.2236021009		0.0000103414		0.0000000021

		7		2.2360679780		0.000000000		0.000000000		0.0000000000		0.0000000000		0.0000000000		2.28751837034623E-19
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		2		0.5452392119		-0.021904		0.021904		14		0.567119		-0.000024		0.000024

		3		0.5797030949		0.012560		0.012560		15		0.567157		0.000014		0.000014

		4		0.5600646279		-0.007078		0.007078		16		0.567135		-0.000008		0.000008

		5		0.571172149		0.004029		0.004029		17		0.567148		0.000005		0.000005

		6		0.564862947		-0.002280		0.002280		18		0.567141		-0.000002		0.000002

		7		0.5684380476		0.001295		0.001295		19		0.567145		0.000002		0.000002

		8		0.5664094527		-0.000734		0.000734		20		0.567142		-0.000001		0.000001

		9		0.5675596343		0.000417		0.000417		21		0.567144		0.000001		0.000001

		10		0.5669072129		-0.000236		0.000236		22		0.567143		0.000000		0.000000

		11		0.567277196		0.000134		0.000134		23		0.567143		0.000000		0.000000

		12		0.5670673519		-0.000076		0.000076		24		0.567143		0.000000		0.000000

		n		xn		│Error En│		│En+1/ En│		n		xn		│Error En│		│En+1/ En│

		0		0.5

		1		0.6065306597		0.039388		0.556108		9		0.567560		0.000417		0.565933

		2		0.5452392119		0.021904		0.573421		10		0.566907		0.000236		0.569141

		3		0.5797030949		0.012560		0.563560		11		0.567277		0.000134		0.563714

		4		0.5600646279		0.007078		0.569220		12		0.567067		0.000076		0.573181

		5		0.571172149		0.004029		0.565889		13		0.567186		0.000043		0.556635

		6		0.564862947		0.002280		0.567990		14		0.567119		0.000024		0.586007

		7		0.5684380476		0.001295		0.566425		15		0.567157		0.000014		0.534962

		8		0.5664094527		0.000734		0.567972

														0.000008






_1369291059.unknown

_1368949110.xls
Chart1

		10.3639320225

		4.2623447209

		1.3978477024

		0.268852991

		0.0144279863

		0.0000462491

		0.0000000005



En+1 vs En

En+1

En

y = 0.0808x1.842
R2 = 0.9949

4.2623447209

1.3978477024

0.268852991

0.0144279863

0.0000462491

0.0000000005

0



SimpleIteration

		n		xn		Error		ABS(Error)		Ratio		Ratios																																				dx =		0.1		x		y		cobweb

		0		0.5																																																0		1		0.5		0

		1		0.6065306597		0.039388		0.039388		-0.5561078842		0.5561078842																																								0.01		0.9900498337		0.5		0.6065306597

		2		0.5452392119		-0.021904		0.021904		-0.5734211277		0.5734211277																																								0.02		0.9801986733		0.6065306597		0.6065306597

		3		0.5797030949		0.012560		0.012560		-0.5635603974		0.5635603974																																				line				0.03		0.9704455335		0.6065306597		0.5452392119

		4		0.5600646279		-0.007078		0.007078		-0.5692197221		0.5692197221																																				0		0		0.04		0.9607894392		0.5452392119		0.5452392119

		5		0.571172149		0.004029		0.004029		-0.56588948		0.56588948																																				1		1		0.05		0.9512294245		0.5452392119		0.5797030949

		6		0.564862947		-0.002280		0.002280		-0.567990112		0.567990112																																								0.06		0.9417645336		0.5797030949		0.5797030949

		7		0.5684380476		0.001295		0.001295		-0.5664249484		0.5664249484																																								0.07		0.9323938199		0.5797030949		0.5600646279

		8		0.5664094527		-0.000734		0.000734		-0.5679719479		0.5679719479																																								0.08		0.9231163464		0.5600646279		0.5600646279

		9		0.5675596343		0.000417		0.000417		-0.5659329678		0.5659329678																																								0.09		0.9139311853		0.5600646279		0.571172149

		10		0.5669072129		-0.000236		0.000236		-0.5691405126		0.5691405126																																								0.1		0.904837418		0.571172149		0.571172149

		11		0.567277196		0.000134		0.000134		-0.5637139911		0.5637139911																																								0.11		0.8958341353		0.571172149		0.564862947

		12		0.5670673519		-0.000076		0.000076		-0.5731810993		0.5731810993																																								0.12		0.8869204367

		13		0.5671863601		0.000043		0.000043		-0.5566350146		0.5566350146																																								0.13		0.8780954309

		14		0.5671188643		-0.000024		0.000024		-0.5860067219		0.5860067219																																								0.14		0.8693582354

		15		0.5671571437		0.000014		0.000014		-0.534961618		0.534961618																																								0.15		0.8607079764

		16		0.5671354337		-0.000008		0.000008		-0.6272953858		0.6272953858																																								0.16		0.852143789

		17		0.5671477463		0.000005		0.000005		-0.4712546112		0.4712546112																																								0.17		0.8436648166

		18		0.5671407633		-0.000002		0.000002		-0.7706168952		0.7706168952																																								0.18		0.8352702114

		19		0.5671447237		0.000002		0.000002		-0.3031041072		0.3031041072																								base b =		0.588193		for expo fit				y=0.029e^-0.5307x								0.19		0.8269591339

		20		0.5671424776		-0.000001		0.000001		-1.4382596746		1.4382596746																								r =		0.9838														0.2		0.8187307531

		21		0.5671437514		0.000001		0.000001		0.0385304667		0.0385304667																																								0.21		0.810584246

		22		0.567143029		0.000000		0.000000		15.152201797		15.152201797																																								0.22		0.802518798

		23		0.5671434387		0.000000		0.000000		0.4702864406		0.4702864406																																								0.23		0.7945336025

		24		0.5671432063		0.000000		0.000000		1.6388095752		1.6388095752																																								0.24		0.7866278611

		25		0.5671433381		0.000000		0.000000		0.7789269866		0.7789269866																																Line:  y = -0.0003n + 0.5681								0.25		0.7788007831

		26		0.5671432634		0.000000		0.000000		1.1609651188																																				r = 0.1396						0.26		0.7710515858

		27		0.5671433058		0.000000																																														0.27		0.7633794943

																																																				0.28		0.7557837415

																																																				0.29		0.7482635676

																																																				0.3		0.7408182207

		1st digit		2																																																0.31		0.7334469562

		2nd digit		6																																																0.32		0.7261490371

		3rd digit		10																																																0.33		0.7189237334

		4th digit		16																																																0.34		0.7117703228

		5th digit		20																																																0.35		0.7046880897

		6th digit		22																																																0.36		0.6976763261

																																																				0.37		0.6907343306

																																																				0.38		0.6838614092

																																																				0.39		0.6770568745

																																																				0.4		0.670320046

																																																				0.41		0.6636502501

																																																				0.42		0.6570468198

																																																				0.43		0.6505090947

																																																				0.44		0.6440364211

																																																				0.45		0.6376281516

																																																				0.46		0.6312836455

																																																				0.47		0.6250022683

																																																				0.48		0.6187833918

																																																				0.49		0.6126263942

																																																				0.5		0.6065306597

																																																				0.51		0.6004955788
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																																																				0.74		0.4771139155

																																																				0.75		0.4723665527
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																																																				0.82		0.4404316545
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																																																				0.84		0.4317105234
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										y = 459.21(.1008)^n,  r =-0 .935

																																												Figure 6

												Figure 5

																																												Linear fit

																																												Line:  y = -0.0742n + 0.4382

																																														r = -0.934

		n		xn		Error		ABS(Error)		Ratio		En+1/En2		En+1/En		En2

		0		25
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		4		2.5049209685		0.268852991		0.268852991		0.0536649648		0.1996070959		0.0536649648		0.0722819308

		5		2.2504959638		0.014427986		0.014427986		0.0032055126		0.2221732489		0.0032055126		0.0002081668

		6		2.2361142266		0.000046249		0.000046249		0.0000103414		0.2236021009		0.0000103414		0.0000000021

		7		2.2360679780		0.000000000		0.000000000		0.0000000000		0.0000000000		0.0000000000		2.28751837034623E-19

		8		2.2360679775		0.000000000		0.000000000		0		0		0		0

																				Linear fit

		root(5) =		2.2360679775																y=.0092n+.0915

																				r= .219																								En+1/En^2 =.0392n-.0257

																																														r =.9762
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		6th digit		22												En = 459.22 e^-2.2947n = 459.22(0.10079)^n
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														En+1 = -.00005En^2 + 0.0443En + .1422

																R =		0.9983987179								Linear Fit:  En+1=.4092En - .1041,  r = .995188

																												En+1=.0808En^1.842

																														R =		0.9974467404
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		1		0.6065306597		0.039388		0.039388		13		0.567186		0.000043		0.000043

		2		0.5452392119		-0.021904		0.021904		14		0.567119		-0.000024		0.000024

		3		0.5797030949		0.012560		0.012560		15		0.567157		0.000014		0.000014

		4		0.5600646279		-0.007078		0.007078		16		0.567135		-0.000008		0.000008

		5		0.571172149		0.004029		0.004029		17		0.567148		0.000005		0.000005

		6		0.564862947		-0.002280		0.002280		18		0.567141		-0.000002		0.000002

		7		0.5684380476		0.001295		0.001295		19		0.567145		0.000002		0.000002

		8		0.5664094527		-0.000734		0.000734		20		0.567142		-0.000001		0.000001

		9		0.5675596343		0.000417		0.000417		21		0.567144		0.000001		0.000001

		10		0.5669072129		-0.000236		0.000236		22		0.567143		0.000000		0.000000

		11		0.567277196		0.000134		0.000134		23		0.567143		0.000000		0.000000

		12		0.5670673519		-0.000076		0.000076		24		0.567143		0.000000		0.000000

		n		xn		│Error En│		│En+1/ En│		n		xn		│Error En│		│En+1/ En│

		0		0.5

		1		0.6065306597		0.039388		0.556108		9		0.567560		0.000417		0.565933

		2		0.5452392119		0.021904		0.573421		10		0.566907		0.000236		0.569141

		3		0.5797030949		0.012560		0.563560		11		0.567277		0.000134		0.563714

		4		0.5600646279		0.007078		0.569220		12		0.567067		0.000076		0.573181

		5		0.571172149		0.004029		0.565889		13		0.567186		0.000043		0.556635

		6		0.564862947		0.002280		0.567990		14		0.567119		0.000024		0.586007

		7		0.5684380476		0.001295		0.566425		15		0.567157		0.000014		0.534962

		8		0.5664094527		0.000734		0.567972
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SimpleIteration

		n		xn		Error		ABS(Error)		Ratio		Ratios																																				dx =		0.1		x		y		cobweb

		0		0.5																																																0		1		0.5		0

		1		0.6065306597		0.039388		0.039388		-0.5561078842		0.5561078842																																								0.01		0.9900498337		0.5		0.6065306597

		2		0.5452392119		-0.021904		0.021904		-0.5734211277		0.5734211277																																								0.02		0.9801986733		0.6065306597		0.6065306597

		3		0.5797030949		0.012560		0.012560		-0.5635603974		0.5635603974																																				line				0.03		0.9704455335		0.6065306597		0.5452392119

		4		0.5600646279		-0.007078		0.007078		-0.5692197221		0.5692197221																																				0		0		0.04		0.9607894392		0.5452392119		0.5452392119

		5		0.571172149		0.004029		0.004029		-0.56588948		0.56588948																																				1		1		0.05		0.9512294245		0.5452392119		0.5797030949

		6		0.564862947		-0.002280		0.002280		-0.567990112		0.567990112																																								0.06		0.9417645336		0.5797030949		0.5797030949

		7		0.5684380476		0.001295		0.001295		-0.5664249484		0.5664249484																																								0.07		0.9323938199		0.5797030949		0.5600646279

		8		0.5664094527		-0.000734		0.000734		-0.5679719479		0.5679719479																																								0.08		0.9231163464		0.5600646279		0.5600646279

		9		0.5675596343		0.000417		0.000417		-0.5659329678		0.5659329678																																								0.09		0.9139311853		0.5600646279		0.571172149

		10		0.5669072129		-0.000236		0.000236		-0.5691405126		0.5691405126																																								0.1		0.904837418		0.571172149		0.571172149

		11		0.567277196		0.000134		0.000134		-0.5637139911		0.5637139911																																								0.11		0.8958341353		0.571172149		0.564862947

		12		0.5670673519		-0.000076		0.000076		-0.5731810993		0.5731810993																																								0.12		0.8869204367

		13		0.5671863601		0.000043		0.000043		-0.5566350146		0.5566350146																																								0.13		0.8780954309

		14		0.5671188643		-0.000024		0.000024		-0.5860067219		0.5860067219																																								0.14		0.8693582354

		15		0.5671571437		0.000014		0.000014		-0.534961618		0.534961618																																								0.15		0.8607079764

		16		0.5671354337		-0.000008		0.000008		-0.6272953858		0.6272953858																																								0.16		0.852143789

		17		0.5671477463		0.000005		0.000005		-0.4712546112		0.4712546112																																								0.17		0.8436648166

		18		0.5671407633		-0.000002		0.000002		-0.7706168952		0.7706168952																																								0.18		0.8352702114

		19		0.5671447237		0.000002		0.000002		-0.3031041072		0.3031041072																								base b =		0.588193		for expo fit				y=0.029e^-0.5307x								0.19		0.8269591339

		20		0.5671424776		-0.000001		0.000001		-1.4382596746		1.4382596746																								r =		0.9838														0.2		0.8187307531

		21		0.5671437514		0.000001		0.000001		0.0385304667		0.0385304667																																								0.21		0.810584246

		22		0.567143029		0.000000		0.000000		15.152201797		15.152201797																																								0.22		0.802518798

		23		0.5671434387		0.000000		0.000000		0.4702864406		0.4702864406																																								0.23		0.7945336025

		24		0.5671432063		0.000000		0.000000		1.6388095752		1.6388095752																																								0.24		0.7866278611

		25		0.5671433381		0.000000		0.000000		0.7789269866		0.7789269866																																Line:  y = -0.0003n + 0.5681								0.25		0.7788007831

		26		0.5671432634		0.000000		0.000000		1.1609651188																																				r = 0.1396						0.26		0.7710515858

		27		0.5671433058		0.000000																																														0.27		0.7633794943

																																																				0.28		0.7557837415

																																																				0.29		0.7482635676

																																																				0.3		0.7408182207

		1st digit		2																																																0.31		0.7334469562

		2nd digit		6																																																0.32		0.7261490371

		3rd digit		10																																																0.33		0.7189237334

		4th digit		16																																																0.34		0.7117703228

		5th digit		20																																																0.35		0.7046880897

		6th digit		22																																																0.36		0.6976763261

																																																				0.37		0.6907343306

																																																				0.38		0.6838614092

																																																				0.39		0.6770568745

																																																				0.4		0.670320046

																																																				0.41		0.6636502501

																																																				0.42		0.6570468198

																																																				0.43		0.6505090947

																																																				0.44		0.6440364211

																																																				0.45		0.6376281516

																																																				0.46		0.6312836455

																																																				0.47		0.6250022683

																																																				0.48		0.6187833918

																																																				0.49		0.6126263942

																																																				0.5		0.6065306597

																																																				0.51		0.6004955788

																																																				0.52		0.594520548

																																																				0.53		0.5886049697

																																																				0.54		0.5827482524

																																																				0.55		0.5769498104

																																																				0.56		0.5712090638

																																																				0.57		0.5655254387

																																																				0.58		0.5598983666

																																																				0.59		0.5543272847

																																																				0.6		0.5488116361

																																																				0.61		0.5433508691

																																																				0.62		0.5379444376

																																																				0.63		0.532591801

																																																				0.64		0.527292424

																																																				0.65		0.5220457768

																																																				0.66		0.5168513345

																																																				0.67		0.5117085778

																																																				0.68		0.5066169924

																																																				0.69		0.5015760691

																																																				0.7		0.4965853038

																																																				0.71		0.4916441975

																																																				0.72		0.486752256

																																																				0.73		0.4819089901

																																																				0.74		0.4771139155

																																																				0.75		0.4723665527

																																																				0.76		0.467666427

																																																				0.77		0.4630130683

																																																				0.78		0.4584060113

																																																				0.79		0.4538447953

																																																				0.8		0.4493289641

																																																				0.81		0.4448580662

																																																				0.82		0.4404316545

																																																				0.83		0.4360492863

																																																				0.84		0.4317105234

																																																				0.85		0.4274149319

																																																				0.86		0.4231620823

																																																				0.87		0.4189515492

																																																				0.88		0.4147829117

																																																				0.89		0.4106557528

																																																				0.9		0.4065696597

																																																				0.91		0.402524224

																																																				0.92		0.3985190411

																																																				0.93		0.3945537104

																																																				0.94		0.3906278354

																																																				0.95		0.3867410235

																																																				0.96		0.382892886

																																																				0.97		0.3790830381

																																																				0.98		0.3753110989

																																																				0.99		0.371576691

																																																				1		0.3678794412
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										y = 459.21(.1008)^n,  r =-0 .935

																																												Figure 6

												Figure 5

																																												Linear fit

																																												Line:  y = -0.0742n + 0.4382

																																														r = -0.934

		n		xn		Error		ABS(Error)		Ratio		En+1/En2		En+1/En		En2

		0		25

		1		12.6000000000		10.363932023		10.363932023		0.4112671438		0.0396825397		0.4112671438		107.411086967

		2		6.4984126984		4.262344721		4.262344721		0.327952757		0.0769418661		0.327952757		18.1675825199

		3		3.6339156799		1.397847702		1.397847702		0.1923335357		0.1375926257		0.1923335357		1.9539781992

		4		2.5049209685		0.268852991		0.268852991		0.0536649648		0.1996070959		0.0536649648		0.0722819308

		5		2.2504959638		0.014427986		0.014427986		0.0032055126		0.2221732489		0.0032055126		0.0002081668

		6		2.2361142266		0.000046249		0.000046249		0.0000103414		0.2236021009		0.0000103414		0.0000000021

		7		2.2360679780		0.000000000		0.000000000		0.0000000000		0.0000000000		0.0000000000		2.28751837034623E-19

		8		2.2360679775		0.000000000		0.000000000		0		0		0		0

																				Linear fit

		root(5) =		2.2360679775																y=.0092n+.0915

																				r= .219																								En+1/En^2 =.0392n-.0257

																																														r =.9762

		1st digit		2

		2nd digit		6

		3rd digit		10

		4th digit		16

		5th digit		20

		6th digit		22												En = 459.22 e^-2.2947n = 459.22(0.10079)^n																								Quadratic fit:				En+1=.015E^2+.2593E-.0282

																r = .9354																												R = .99955

														En+1 = -.00005En^2 + 0.0443En + .1422

																R =		0.9983987179								Linear Fit:  En+1=.4092En - .1041,  r = .995188

																												En+1=.0808En^1.842

																														R =		0.9974467404
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										y = 459.21(.1008)^n,  r =-0 .935

																																												Figure 6

												Figure 5

																																												Linear fit

																																												Line:  y = -0.0742n + 0.4382

																																														r = -0.934
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		8		2.2360679775		0.000000000		0.000000000		0		0		0		0

																				Linear fit

		root(5) =		2.2360679775																y=.0092n+.0915

																				r= .219																								En+1/En^2 =.0392n-.0257

																																														r =.9762
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SimpleIteration

		n		xn		Error		ABS(Error)		Ratio		Ratios																																				dx =		0.1		x		y		cobweb

		0		0.5																																																0		1		0.5		0

		1		0.6065306597		0.039388		0.039388		-0.5561078842		0.5561078842																																								0.01		0.9900498337		0.5		0.6065306597

		2		0.5452392119		-0.021904		0.021904		-0.5734211277		0.5734211277																																								0.02		0.9801986733		0.6065306597		0.6065306597

		3		0.5797030949		0.012560		0.012560		-0.5635603974		0.5635603974																																				line				0.03		0.9704455335		0.6065306597		0.5452392119

		4		0.5600646279		-0.007078		0.007078		-0.5692197221		0.5692197221																																				0		0		0.04		0.9607894392		0.5452392119		0.5452392119

		5		0.571172149		0.004029		0.004029		-0.56588948		0.56588948																																				1		1		0.05		0.9512294245		0.5452392119		0.5797030949

		6		0.564862947		-0.002280		0.002280		-0.567990112		0.567990112																																								0.06		0.9417645336		0.5797030949		0.5797030949

		7		0.5684380476		0.001295		0.001295		-0.5664249484		0.5664249484																																								0.07		0.9323938199		0.5797030949		0.5600646279

		8		0.5664094527		-0.000734		0.000734		-0.5679719479		0.5679719479																																								0.08		0.9231163464		0.5600646279		0.5600646279

		9		0.5675596343		0.000417		0.000417		-0.5659329678		0.5659329678																																								0.09		0.9139311853		0.5600646279		0.571172149

		10		0.5669072129		-0.000236		0.000236		-0.5691405126		0.5691405126																																								0.1		0.904837418		0.571172149		0.571172149

		11		0.567277196		0.000134		0.000134		-0.5637139911		0.5637139911																																								0.11		0.8958341353		0.571172149		0.564862947

		12		0.5670673519		-0.000076		0.000076		-0.5731810993		0.5731810993																																								0.12		0.8869204367

		13		0.5671863601		0.000043		0.000043		-0.5566350146		0.5566350146																																								0.13		0.8780954309

		14		0.5671188643		-0.000024		0.000024		-0.5860067219		0.5860067219																																								0.14		0.8693582354

		15		0.5671571437		0.000014		0.000014		-0.534961618		0.534961618																																								0.15		0.8607079764

		16		0.5671354337		-0.000008		0.000008		-0.6272953858		0.6272953858																																								0.16		0.852143789

		17		0.5671477463		0.000005		0.000005		-0.4712546112		0.4712546112																																								0.17		0.8436648166

		18		0.5671407633		-0.000002		0.000002		-0.7706168952		0.7706168952																																								0.18		0.8352702114

		19		0.5671447237		0.000002		0.000002		-0.3031041072		0.3031041072																								base b =		0.588193		for expo fit				y=0.029e^-0.5307x								0.19		0.8269591339

		20		0.5671424776		-0.000001		0.000001		-1.4382596746		1.4382596746																								r =		0.9838														0.2		0.8187307531

		21		0.5671437514		0.000001		0.000001		0.0385304667		0.0385304667																																								0.21		0.810584246

		22		0.567143029		0.000000		0.000000		15.152201797		15.152201797																																								0.22		0.802518798

		23		0.5671434387		0.000000		0.000000		0.4702864406		0.4702864406																																								0.23		0.7945336025

		24		0.5671432063		0.000000		0.000000		1.6388095752		1.6388095752																																								0.24		0.7866278611

		25		0.5671433381		0.000000		0.000000		0.7789269866		0.7789269866																																Line:  y = -0.0003n + 0.5681								0.25		0.7788007831

		26		0.5671432634		0.000000		0.000000		1.1609651188																																				r = 0.1396						0.26		0.7710515858

		27		0.5671433058		0.000000																																														0.27		0.7633794943

																																																				0.28		0.7557837415

																																																				0.29		0.7482635676

																																																				0.3		0.7408182207

		1st digit		2																																																0.31		0.7334469562

		2nd digit		6																																																0.32		0.7261490371

		3rd digit		10																																																0.33		0.7189237334

		4th digit		16																																																0.34		0.7117703228

		5th digit		20																																																0.35		0.7046880897

		6th digit		22																																																0.36		0.6976763261

																																																				0.37		0.6907343306

																																																				0.38		0.6838614092

																																																				0.39		0.6770568745

																																																				0.4		0.670320046

																																																				0.41		0.6636502501

																																																				0.42		0.6570468198

																																																				0.43		0.6505090947

																																																				0.44		0.6440364211

																																																				0.45		0.6376281516

																																																				0.46		0.6312836455

																																																				0.47		0.6250022683

																																																				0.48		0.6187833918

																																																				0.49		0.6126263942

																																																				0.5		0.6065306597

																																																				0.51		0.6004955788

																																																				0.52		0.594520548

																																																				0.53		0.5886049697

																																																				0.54		0.5827482524

																																																				0.55		0.5769498104

																																																				0.56		0.5712090638

																																																				0.57		0.5655254387

																																																				0.58		0.5598983666

																																																				0.59		0.5543272847

																																																				0.6		0.5488116361

																																																				0.61		0.5433508691

																																																				0.62		0.5379444376

																																																				0.63		0.532591801

																																																				0.64		0.527292424

																																																				0.65		0.5220457768

																																																				0.66		0.5168513345

																																																				0.67		0.5117085778

																																																				0.68		0.5066169924

																																																				0.69		0.5015760691

																																																				0.7		0.4965853038

																																																				0.71		0.4916441975

																																																				0.72		0.486752256

																																																				0.73		0.4819089901

																																																				0.74		0.4771139155

																																																				0.75		0.4723665527

																																																				0.76		0.467666427

																																																				0.77		0.4630130683

																																																				0.78		0.4584060113

																																																				0.79		0.4538447953

																																																				0.8		0.4493289641

																																																				0.81		0.4448580662

																																																				0.82		0.4404316545

																																																				0.83		0.4360492863

																																																				0.84		0.4317105234

																																																				0.85		0.4274149319

																																																				0.86		0.4231620823

																																																				0.87		0.4189515492

																																																				0.88		0.4147829117

																																																				0.89		0.4106557528

																																																				0.9		0.4065696597

																																																				0.91		0.402524224

																																																				0.92		0.3985190411

																																																				0.93		0.3945537104

																																																				0.94		0.3906278354

																																																				0.95		0.3867410235

																																																				0.96		0.382892886

																																																				0.97		0.3790830381

																																																				0.98		0.3753110989

																																																				0.99		0.371576691

																																																				1		0.3678794412
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		n		xn		Error En		│Error│		n		xn		Error En		│Error│

		0		0.5

		1		0.6065306597		0.039388		0.039388		13		0.567186		0.000043		0.000043

		2		0.5452392119		-0.021904		0.021904		14		0.567119		-0.000024		0.000024

		3		0.5797030949		0.012560		0.012560		15		0.567157		0.000014		0.000014

		4		0.5600646279		-0.007078		0.007078		16		0.567135		-0.000008		0.000008

		5		0.571172149		0.004029		0.004029		17		0.567148		0.000005		0.000005

		6		0.564862947		-0.002280		0.002280		18		0.567141		-0.000002		0.000002

		7		0.5684380476		0.001295		0.001295		19		0.567145		0.000002		0.000002

		8		0.5664094527		-0.000734		0.000734		20		0.567142		-0.000001		0.000001

		9		0.5675596343		0.000417		0.000417		21		0.567144		0.000001		0.000001

		10		0.5669072129		-0.000236		0.000236		22		0.567143		0.000000		0.000000

		11		0.567277196		0.000134		0.000134		23		0.567143		0.000000		0.000000

		12		0.5670673519		-0.000076		0.000076		24		0.567143		0.000000		0.000000

		n		xn		│Error En│		│En+1/ En│		n		xn		│Error En│		│En+1/ En│

		0		0.5

		1		0.6065306597		0.039388		0.556108		9		0.567560		0.000417		0.565933

		2		0.5452392119		0.021904		0.573421		10		0.566907		0.000236		0.569141

		3		0.5797030949		0.012560		0.563560		11		0.567277		0.000134		0.563714

		4		0.5600646279		0.007078		0.569220		12		0.567067		0.000076		0.573181

		5		0.571172149		0.004029		0.565889		13		0.567186		0.000043		0.556635

		6		0.564862947		0.002280		0.567990		14		0.567119		0.000024		0.586007

		7		0.5684380476		0.001295		0.566425		15		0.567157		0.000014		0.534962

		8		0.5664094527		0.000734		0.567972

														0.000008
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SimpleIteration

		n		xn		Error		ABS(Error)		Ratio		Ratios

		0		0.5

		1		0.6065306597		0.039388		0.039388		-0.5561078842		0.5561078842

		2		0.5452392119		-0.021904		0.021904		-0.5734211277		0.5734211277

		3		0.5797030949		0.012560		0.012560		-0.5635603974		0.5635603974

		4		0.5600646279		-0.007078		0.007078		-0.5692197221		0.5692197221

		5		0.571172149		0.004029		0.004029		-0.56588948		0.56588948

		6		0.564862947		-0.002280		0.002280		-0.567990112		0.567990112

		7		0.5684380476		0.001295		0.001295		-0.5664249484		0.5664249484

		8		0.5664094527		-0.000734		0.000734		-0.5679719479		0.5679719479

		9		0.5675596343		0.000417		0.000417		-0.5659329678		0.5659329678

		10		0.5669072129		-0.000236		0.000236		-0.5691405126		0.5691405126

		11		0.567277196		0.000134		0.000134		-0.5637139911		0.5637139911

		12		0.5670673519		-0.000076		0.000076		-0.5731810993		0.5731810993

		13		0.5671863601		0.000043		0.000043		-0.5566350146		0.5566350146

		14		0.5671188643		-0.000024		0.000024		-0.5860067219		0.5860067219

		15		0.5671571437		0.000014		0.000014		-0.534961618		0.534961618

		16		0.5671354337		-0.000008		0.000008		-0.6272953858		0.6272953858

		17		0.5671477463		0.000005		0.000005		-0.4712546112		0.4712546112

		18		0.5671407633		-0.000002		0.000002		-0.7706168952		0.7706168952

		19		0.5671447237		0.000002		0.000002		-0.3031041072		0.3031041072																								base b =		0.588193		for expo fit				y=0.029e^-0.5307x

		20		0.5671424776		-0.000001		0.000001		-1.4382596746		1.4382596746																								r =		0.9838

		21		0.5671437514		0.000001		0.000001		0.0385304667		0.0385304667

		22		0.567143029		0.000000		0.000000		15.152201797		15.152201797

		23		0.5671434387		0.000000		0.000000		0.4702864406		0.4702864406

		24		0.5671432063		0.000000		0.000000		1.6388095752		1.6388095752

		25		0.5671433381		0.000000		0.000000		0.7789269866		0.7789269866

		26		0.5671432634		0.000000		0.000000		1.1609651188

		27		0.5671433058		0.000000

		1st digit		2

		2nd digit		6

		3rd digit		10

		4th digit		16

		5th digit		20

		6th digit		22





SimpleIteration

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0



Errors

n

En

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0



Sheet2

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0



Ratio of Errors

n

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0



Tables

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0



│Errors│

│En│

n

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0



		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0



Ratio of Errors

│En+1/En│

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0



		





		n		xn		Error En		│Error│		n		xn		Error En		│Error│

		0		0.5

		1		0.6065306597		0.039388		0.039388		13		0.5671863601		0.000043		0.000043

		2		0.5452392119		-0.021904		0.021904		14		0.5671188643		-0.000024		0.000024

		3		0.5797030949		0.012560		0.012560		15		0.5671571437		0.000014		0.000014

		4		0.5600646279		-0.007078		0.007078		16		0.5671354337		-0.000008		0.000008

		5		0.571172149		0.004029		0.004029		17		0.5671477463		0.000005		0.000005

		6		0.564862947		-0.002280		0.002280		18		0.5671407633		-0.000002		0.000002

		7		0.5684380476		0.001295		0.001295		19		0.5671447237		0.000002		0.000002

		8		0.5664094527		-0.000734		0.000734		20		0.5671424776		-0.000001		0.000001

		9		0.5675596343		0.000417		0.000417		21		0.5671437514		0.000001		0.000001

		10		0.5669072129		-0.000236		0.000236		22		0.567143029		0.000000		0.000000

		11		0.567277196		0.000134		0.000134		23		0.5671434387		0.000000		0.000000

		12		0.5670673519		-0.000076		0.000076		24		0.5671432063		0.000000		0.000000






