Polynomial Curve Fitting and Lagrange Interpolation

Background  Just as two points determine a line, three (non-collinear) points determine a quadratic function and, in general, n + 1 points determine a polynomial of degree n, presuming that they do not fall onto a polynomial of lower degree.  The process of finding such a polynomial is called interpolation and one of the most important approaches used is the Lagrange interpolating formula.  In this article, we show how the Lagrange interpolating polynomial can be introduced and developed at the precalculus level.  This brings one of the most powerful and useful tools of numerical analysis to the attention of lower division students while simultaneously building on and reinforcing some of the fundamental ideas in precalculus mathematics.     

Interpolation and Precalculus Mathematics  In precalculus, we emphasize the connection between the real zeros of a polynomial and the linear factors of the polynomial [1].  For example, if
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 has two real zeros, 
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, each corresponding to the linear factor 
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, respectively.  Also, we connect a real zero with an x-intercept.  If a parabola is given with two known x-intercepts 
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, then its quadratic function must be of the form 
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, where c is a constant that can be determined based on additional information about the parabola.  

For example, suppose that a parabola has two x-intercepts 
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, and passes through the point 
[image: image12.wmf](3,20)

, as shown in Figure 1.  Then we know
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To see how the information of the parabola is used in the formula of the quadratic function, we will express the quadratic function as 
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However, what if both x-intercepts are not given or if the parabola sits entirely above (or below) the x-axis?  How do we find the quadratic polynomial if three points on the parabola are given?  If we are fortunate enough to have two of the three points on a parabola that share the same y-coordinate, then we may overcome the difficulty by doing the following.  To illustrate the idea, suppose that we have the three points 
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, as shown in Figure 2.  We first shift the points up by 30, equivalently, we let 
[image: image21.wmf]30

vy

=+

; then in the xv-plane, we obtain the three corresponding new points 
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.  Therefore, we turn this case into the first example where we have 
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But the general case is where we have three points such as 
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 with different heights on a parabola.  Then neither of the above approaches will work and we have to look for a different way to find the quadratic polynomial.  One way to proceed is to associate each of the given points with an equation, that is, 
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.  These three equations are sufficient for solving the three unknown coefficients of a quadratic function 
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.  The evaluation of the function at 
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Using either the substitution or elimination method, we find that 
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.  The graph of the function is shown in Figure 3 along with the three interpolating points.
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The above approach sounds like a very good strategy;  it is simple and straightforward.  But this method has its own limitation if we want to extend it to more than three interpolating points. When we try to fit a polynomial to 
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 points, we would have to solve a system of n + 1 linear equations in  
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 variables.  Is there another way we can find such an interpolating polynomial without involving heavy computations?  Let’s re-visit the case where we found the quadratic polynomial, given the two x-intercepts 
[image: image44.wmf]1

x

 and 
[image: image45.wmf]2

x

and a point 
[image: image46.wmf](,)

ab

 on the parabola.  If we repeat the derivation used previously with these parameters instead of the specific coordinates in the example, we obtain the quadratic function 
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.  It may be obvious, but it is important to note that 
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.  This observation holds the key to a new way of determining the quadratic function that passes through all three given points.  It also provides the specific insight needed to extend the process to more than three points.  

Suppose that we have the three points 
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 are different, though not necessarily uniformly spaced.  The observation in the previous paragraph suggests that we may break up the quadratic function 
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Now we look at the above expression vertically.  We pair each of the three numbers in the first column with 
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.  Similarly, we can construct 
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The sum of 
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The equation of the parabola that passes through the three points 
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Figure 4 shows 
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 along with its three component functions 
[image: image90.wmf]0

()

fx

, 
[image: image91.wmf]1

()

fx

 and 
[image: image92.wmf]2

()

fx

.  Let’s focus on the three solid dots that represent the given points in the problem.  We see that at the point 
[image: image93.wmf](1,2)

, only the two graphs of 
[image: image94.wmf]()

fx

 and 
[image: image95.wmf]0

()

fx

 pass through it while the other two curves go through the x-intercept at 
[image: image96.wmf]1

x

=

.  Only the graphs of 
[image: image97.wmf]()

fx

 and 
[image: image98.wmf]1

()

fx

 meet at the point 
[image: image99.wmf](3,8)
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This formula 
[image: image105.wmf](3)(6)(1)(6)(1)(3)

()284

(13)(16)(31)(36)(61)(63)

xxxxxx

fx

------

=++

------

 is called the Lagrange formula for the interpolating polynomial and is named after Joseph Louis Lagrange, a famous Italian-born French mathematician. [2].  The idea discussed here can be extended beyond interpolating three points on a curve.  When more points are presented in a problem, a polynomial of higher degree is required to fit all the points.  The Lagrange formula gives a simple way to construct the polynomial function of higher degree.  For instance, the four points 
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will determine a cubic polynomial (assuming that the points do not lie on a line or a parabola).  The fourth degree Lagrange interpolating polynomial, f(x) will then be composed of four cubic components f0(x), f1(x), f2(x), and f3(x), each constructed in the comparable way.  The result is
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Notice that, at each of the interpolating points, only one of the four cubic components is not automatically zero and so contributes precisely the associated value of y at each of those points.  The other three cubic components must contribute zero at these points.
The simplicity of the Lagrange interpolating formula makes it a widely used result.  It provides a foundation for the development of methods in numerical integration and differentiation, approximating theory, and numerical solution of differential equations.  Consequently, it becomes a very important formula in the interpolation theory of numerical analysis.  

The idea of the Lagrange’s interpolating formula is often hidden in the derivation of the formula.  Many students learn the Lagrange formula in an upper level math course where the formula is usually given and just shown that it satisfies all the given points.  But the question that the students often ask (and more often don’t ask, even though it is something they don’t see) is where did the formula come about in the first place.  At least, precalculus is a place where the Lagrange formula can be investigated by posting a sequence of what-if questions when we discuss a simple case of curve fitting.  It is also a place to foster deep learning of mathematics by using a number of topics together during the investigation.  Through our discussion, we touch upon many important concepts at the introductory level of mathematics, for instance, the connection between the real zeros of a polynomial and both its linear factors and the x-intercepts of the graph of the polynomial, the transformations of functions, combining functions, and systems of linear equations.  It is a wonderful opportunity for students to see how seemingly unrelated mathematics topics are used collectively to solve a simple question such as fitting a quadratic function to three points.  
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Figure 1: A parabola passes x-intercepts 
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Figure 2: A parabola passes through the three points ((2, (30), (6, (30) and (3, (10)
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Figure 3: A parabola passes three points 


(1, 2), (3, 8) and (6, 4)








Figure 4: � EMBED Equation.DSMT4  ���  


	  � EMBED Equation.DSMT4  ���


	  � EMBED Equation.DSMT4  ���


	  � EMBED Equation.DSMT4  ���


	











(6, 4) 





(1, 2) 















































PAGE  
7

[image: image115.wmf]-20

-15

-10

-5

0

5

10

15

20

25

-3

-2

-1

0

1

2

3

4

5

6

7

[image: image116.wmf]-10

-5

0

5

10

0

1

2

3

4

5

6

7

8

[image: image117.wmf]0

1

()(3)(6)

5

fxxx

=--

[image: image118.wmf]1

4

()(1)(6)

3

fxxx

=---

[image: image119.wmf]2

4

()(1)(3)

15

fxxx

=--

[image: image120.wmf]012

()()()()

fxfxfxfx

=++

[image: image121.wmf]-45

-35

-25

-15

-5

-3

-2

-1

0

1

2

3

4

5

6

7

[image: image122.wmf]-10

-5

0

5

10

0

1

2

3

4

5

6

7

8

[image: image123.wmf]-10

-5

0

5

10

0

1

2

3

4

5

6

7

8

_1412359444.unknown

_1412361691.unknown

_1412414819.unknown

_1412433948.unknown

_1412434299.unknown

_1412587006.unknown

_1412587237.unknown

_1412434165.unknown

_1412427634.unknown

_1412433542.xls
Chart1

		-1		-1				-1				-1

		1		1				1				1

		3		3				3				3

		6		6				6				6

		9		9				9				9



5.6

-18.6666666667

2.1333333333

-10.9333333333

2

0

0

2

0

8

0

8

0

0

4

4

3.6

-32

12.8

-15.6



Sheet1

		x		y = f0		y = f1		y = f2		f

		-1		5.6		-18.6666666667		2.1333333333		-10.9333333333

		1		2		0		0		2

		3		0		8		0		8

		6		0		0		4		4

		9		3.6		-32		12.8		-15.6

		0		0

		0		0

		0.25		0

		0.25		0

		0.25		173162230554.894

		0.5		173162230554.894

		0.5		0

		0.5		416127.661367151

		0.75		416127.661367151

		0.75		0

		0.75		214.8769099744

		0.875		214.8769099744

		0.875		0

		0.875		12.092506892

		1		12.092506892

		1		0

		0		0

		0		1

		0.25		1

		0.25		0

		0.25		1.2840254167

		0.5		1.2840254167

		0.5		0

		0.5		1.6487212707

		0.625		1.6487212707

		0.625		0

		0.625		1.8682459574

		0.75		1.8682459574

		0.75		0

		0.75		2.1170000166

		0.875		2.1170000166

		0.875		0

		0.875		2.398875294

		1		2.398875294

		1		0





Sheet1

		-1		-1				-1		-1

		1		1				1		1

		3		3				3		3

		6		6				6		6

		9		9				9		9



5.6

-18.6666666667

2.1333333333

-10.9333333333

2

0

0

2

0

8

0

8

0

0

4

4

3.6

-32

12.8

-15.6



Sheet2

		0		-1

		0		1

		0.25		3

		0.25		6

		0.25		9

		0.5

		0.5

		0.5

		0.75

		0.75

		0.75

		0.875

		0.875

		0.875

		1

		1



0

5.6

0

2

0

0

0

0

173162230554.894

3.6

173162230554.894

0

416127.661367151

416127.661367151

0

214.8769099744

214.8769099744

0

12.092506892

12.092506892

0



Sheet3

		0		-1

		0		1

		0.25		3

		0.25		6

		0.25		9

		0.5

		0.5

		0.5

		0.625

		0.625

		0.625

		0.75

		0.75

		0.75

		0.875

		0.875

		0.875

		1

		1



0

5.6

1

2

1

0

0

0

1.2840254167

3.6

1.2840254167

0

1.6487212707

1.6487212707

0

1.8682459574

1.8682459574

0

2.1170000166

2.1170000166

0

2.398875294

2.398875294

0



		





		






_1412433636.unknown

_1412427640.unknown

_1412414926.unknown

_1412427621.unknown

_1412414829.unknown

_1412408730.unknown

_1412414185.unknown

_1412414752.unknown

_1412414761.unknown

_1412414775.unknown

_1412414491.unknown

_1412408813.unknown

_1412409018.unknown

_1412409075.unknown

_1412409082.unknown

_1412409009.unknown

_1412408774.unknown

_1412362927.unknown

_1412408495.unknown

_1412408503.unknown

_1412364155.unknown

_1412364596.unknown

_1412364125.unknown

_1412362309.unknown

_1412361655.unknown

_1412361674.unknown

_1412360276.unknown

_1412360786.xls
Chart1

		-1

		1

		3

		6

		9



-10.9333333333

2

8

4

-15.6



Sheet1

		x		y

		-1		-10.9333333333

		1		2

		3		8

		6		4

		9		-15.6

		0		0

		0		0

		0.25		0

		0.25		0

		0.25		1

		0.5		1

		0.5		0

		0.5		1

		0.75		1

		0.75		0

		0.75		1

		0.875		1

		0.875		0

		0.875		1

		1		1

		1		0

		0		0

		0		1

		0.25		1

		0.25		0

		0.25		1.2840254167

		0.5		1.2840254167

		0.5		0

		0.5		1.6487212707

		0.625		1.6487212707

		0.625		0

		0.625		1.8682459574

		0.75		1.8682459574

		0.75		0

		0.75		2.1170000166

		0.875		2.1170000166

		0.875		0

		0.875		2.398875294

		1		2.398875294

		1		0





Sheet1

		0		0

		0		0

		0		0

		0		0

		0		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0



0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0



Sheet2

		0		-4

		0		-2

		0.25		3

		0.25		6

		0.25		8

		0.5

		0.5

		0.5

		0.75

		0.75

		0.75

		0.875

		0.875

		0.875

		1

		1



0

-56.6666666667

0

-30

0

-10

0

-30

1

-56.6666666667

1

0

1

1

0

1

1

0

1

1

0



Sheet3

		0		-4

		0		-2

		0.25		3

		0.25		6

		0.25		8

		0.5

		0.5

		0.5

		0.625

		0.625

		0.625

		0.75

		0.75

		0.75

		0.875

		0.875

		0.875

		1

		1



0

-56.6666666667

1

-30

1

-10

0

-30

1.2840254167

-56.6666666667

1.2840254167

0

1.6487212707

1.6487212707

0

1.8682459574

1.8682459574

0

2.1170000166

2.1170000166

0

2.398875294

2.398875294

0



		





		






_1412361628.unknown

_1412360302.unknown

_1412360254.unknown

_1412278111.unknown

_1412279830.unknown

_1412346378.unknown

_1412346423.unknown

_1412359432.unknown

_1412358924.xls
Chart1

		-4

		-2

		3

		6

		8



-56.6666666667

-30

-10

-30

-56.6666666667



Sheet1

		x		y

		-4		-56.6666666667

		-2		-30

		3		-10

		6		-30

		8		-56.6666666667

		0		0

		0		0

		0.25		0

		0.25		0

		0.25		1

		0.5		1

		0.5		0

		0.5		1

		0.75		1

		0.75		0

		0.75		1

		0.875		1

		0.875		0

		0.875		1

		1		1

		1		0

		0		0

		0		1

		0.25		1

		0.25		0

		0.25		1.2840254167

		0.5		1.2840254167

		0.5		0

		0.5		1.6487212707

		0.625		1.6487212707

		0.625		0

		0.625		1.8682459574

		0.75		1.8682459574

		0.75		0

		0.75		2.1170000166

		0.875		2.1170000166

		0.875		0

		0.875		2.398875294

		1		2.398875294

		1		0





Sheet1

		





Sheet2

		0		0

		0		0

		0		0

		0		0

		0		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0



0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0



Sheet3

		0		0

		0		0

		0		0

		0		0

		0		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0



0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0



		





		






_1412346404.unknown

_1412343997.unknown

_1412346355.unknown

_1412346369.unknown

_1412344027.unknown

_1412345930.xls
Chart1

		-4

		-2

		3

		6

		8



-26.6666666667

0

20

0

-26.6666666667



Sheet1

		x		y

		-4		-26.6666666667

		-2		0

		3		20

		6		0

		8		-26.6666666667

		0		0

		0		0

		0.25		0

		0.25		0

		0.25		1

		0.5		1

		0.5		0

		0.5		1

		0.75		1

		0.75		0

		0.75		1

		0.875		1

		0.875		0

		0.875		1

		1		1

		1		0

		0		0

		0		1

		0.25		1

		0.25		0

		0.25		1.2840254167

		0.5		1.2840254167

		0.5		0

		0.5		1.6487212707

		0.625		1.6487212707

		0.625		0

		0.625		1.8682459574

		0.75		1.8682459574

		0.75		0

		0.75		2.1170000166

		0.875		2.1170000166

		0.875		0

		0.875		2.398875294

		1		2.398875294

		1		0





Sheet1

		





Sheet2

		0		0

		0		0

		0		0

		0		0

		0		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0



0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0



Sheet3

		0		0

		0		0

		0		0

		0		0

		0		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0



0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0



		





		






_1412279863.unknown

_1412279874.unknown

_1412279844.unknown

_1412278163.unknown

_1412279637.unknown

_1412279749.unknown

_1412279769.unknown

_1412279739.unknown

_1412279656.unknown

_1412278554.unknown

_1412279406.unknown

_1412279595.unknown

_1412278267.unknown

_1412278154.unknown

_1412276174.unknown

_1412276337.unknown

_1412277505.unknown

_1412277517.unknown

_1412277529.unknown

_1412277252.unknown

_1412277243.unknown

_1412276255.unknown

_1412276261.unknown

_1412275885.unknown

_1412276086.unknown

_1412276109.unknown

_1412275927.unknown

_1412275910.unknown

_1412275842.unknown

_1412275868.unknown

_1412275793.unknown

