Doubling Time for Non-Linear Families of Functions

One of the special characteristics of any exponential growth or decay function y f(t) = Abt is its unique doubling time or half-life, respectively, that depends only on the base b.  That is, for a given value of b > 1, the corresponding doubling time is the time needed for the quantity to double in size, and this is independent of the values of either t or y.  Similarly, for a given value of b with 0 < b < 1, the half-life is the time needed for the quantity to be reduced to half of its size and, again, this is independent of the values of either t or y.


One can see these facts formally by applying the definitions of doubling time and half-life algebraically.  The doubling time, DT, is the solution of the equation

f(t + DT)  =  2f(t).



(1)
Thus,

Abt+DT  =  2 Abt,

so that

bDT  =  2.

When we take logarithms of both sides, we obtain

DT log b  =  log 2

so that
DT  =  log 2/ log b,
and this depends only on the growth factor b > 1.  In a totally analogous fashion, the half-life HL is found to be 
HL  =  log ½/ log b,

and this also depends only on the decay factor 0 < b < 1. 

Since both the doubling time and the half-life depend only on the parameter b, we can think of them as functions of b and, in Figure 1, we show the graphs of these two functions.  Clearly, there is a vertical asymptote for both functions at b = 1.
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subject of interest to them personally, find the linear, exponential, and power functions that fit the data, decide based on a variety of criteria which function is the best fit, and answer a variety of predictive questions in the context, including finding the doubling time for the exponential model, among other things.  One of the students, Deborah Gordon, came to class one day puzzled by some of the “help” she had received in the Math Department’s Tutoring Center.  She had asked someone working there to check her calculations on the doubling time for her exponential function, but the “helper” then proceeded to show her how to find the doubling time for the linear and power functions she had created for the project as well.  The fact that I had only discussed doubling time for an exponential function bothered the student enough to lead her to raise the question in class and I explained to her that doubling time only made sense for exponential functions, because only they have the property that the time needed to double does not depend on the values of either variable, as discussed above.

However, this incident has been nagging away at me ever since, if for no other reason that I find it disturbing that the “helper” in the Tutoring Center was clearly not aware of the significance of what doubling time really means and so was giving my students misleading, if not wrong, information.  In the process, the mathematical issue of what actually happens when one attempts to extend the notions of doubling time and half-life to non-exponential functions began to emerge.   Some of the answers are the subject of the present note.  Actually, it seems that one can apply these ideas to any monotonic function, but we will only consider some of the basic families of function here.
Linear Functions We start with a linear function f(t) = mt + b.  To find a formula for the doubling time DT, we solve the equation (1), which now becomes

m(t + DT) + b =  2(mt + b),
provided that m > 0 for doubling time to make any sense.  After some simple algebra, we find that

DT  =  t + b/m,

so that the doubling time depends not only on the two parameters m and b, but also on the value of the independent variable t and this relationship is a linear one.  In a similar way, when m < 0, we find that the half-life is
HL  =  -½t - ½b/m,
when m < 0, and again the half-life is a linear function of t.

Power Functions  We next consider the family of power functions of the form f(t) = Atp, with t > 0.  When p > 1, the function is an increasing, concave up function;  when 0 < p < 1, it is an increasing, concave down function; and when p < 0, it is a decreasing, concave up function for t > 0.  To find a formula for the doubling time, which only makes sense for the cases with p > 1, we solve the equation
A(t + DT)p =  2 At p.
Dividing both sides by the parameter A and by t p gives
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so that
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and therefore,
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Thus, the doubling time for a power function is a linear function of t, although it also clearly depends on the parameter p.  Also, the larger the value of p, the smaller the slope of this linear function.

We note that the idea of the doubling time for a power function makes little sense at the point where t = 0, since the function also has the value 0 there.  While we can solve the above equation for the doubling time to find that DT = 0, this does not make any sense.  By the same token, for any monotonically increasing function f(t), the notion of doubling time does not make sense at any point t0 that is a real root of the function.  In fact, if we use the defining equation (1) for doubling time, then if f(t0) = 0, we have to solve f(t0 + DT) = 0, and this leads to DT = 0.  This complication did not arise with an exponential function because it is always non-negative.

In a similar way, we find that the half-life for a power function with p < 0 is

HL  =  [(½)1/p – 1]t,
so it also is a linear function of t.
Logarithmic Functions  We also consider the comparable ideas with the logarithmic function f(t) = log x.  To find its doubling time, we need to solve the equation
log (t + DT)  =  2 log t  =  log (t2).
Taking powers of 10 on both sides, we find that
(t + DT)  =  t2,
so that

DT  =  t2 – t,

a quadratic function of t with a positive leading coefficient.  When 0 < t < 1, we know that the logarithmic function is negative, and the corresponding value for the doubling time is also negative; that is, in order for the logarithmic function to double, it is necessary to move backward in time.  Moreover, for t > 1, the further to the right we look along the logarithmic curve, the slower the function is increasing, and so the longer it must take for it to double in size; and this increase is quadratic in nature.
The Tangent Function  We next consider the notion of the doubling time for the tangent function.  This is defined by the equation

tan (t + DT)  =  2 tan t.

When we expand this using the usual trigonometric identity, we get
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After some routine algebraic manipulations, we can solve for tan (DT) as
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and therefore the doubling time for the tangent function is given by
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While this is a rather unpleasant-looking expression, we can actually infer quite a bit by examining its graph as a function of t in Figure 2.  Notice that it passes through the origin, which suggests that DT = 0 when t = 0, but this is the same issue we discussed above when the original function has a real root.  Moreover, for t > 0, the doubling time is a positive quantity, as we would expect and, for t < 0, the doubling time is a negative quantity, which makes sense. Furthermore, notice that as t approaches (/2, where the underlying tangent function has a vertical asymptote, the value for the doubling time approaches 0.  This makes sense, because the tangent function grows ever more rapidly as it nears the vertical asymptote and so the time needed to double in size clearly must decrease toward zero.  A comparable argument applies to the doubling time for values of t close to -(/2, as seen in the graph.

The Logistic Function  For our last function, we consider the logistic function, which is the solution of the logistic, or inhibited growth, differential equation 

P’ = aP – bP2.

After some routine integration, the solution of this differential equation turns out to be
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where P0 is the initial population and L = a/b,  which is known as the maximum sustainable population or the carrying capacity of the environment.  The typical shape of this logistic function is the S-shaped curve shown in Figure 3.  Notice that it begins in a concave up pattern, passes its inflection point, and then tails off toward L as a horizontal asymptote.  It is easy to show, from the differential equation, that the inflection point always occurs at a height equal to ½L.  As a consequence, if the initial population is greater than ½L, then the logistic curve rises only in a concave down fashion and does not have an inflection point.
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We now consider the notion of the doubling time associated with this function.  To find DT, we need to solve the equation
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If we divide both sides of the equation by P0L and then cross-multiply, we obtain
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If we perform some routine algebraic manipulation, we find that
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so that, eventually,
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Suppose now that we have an initial population P0 = 100 with an initial growth rate of a = 0.05 and an inhibiting coefficient b = 0.0004, so that the maximum sustainable population is L = a/b = 0.05/0.00004 = 1250.  The graph of this particular population as a function of time is shown in Figure 4, where we see that P essentially attains its limiting value by about t = 120 and that the curve passes its inflection point, which is at a height of ½(1250) = 625, at about t = 50.  In Figure 5, we show the graph of the associated doubling time function and observe that it extends only to about t = 50, where it seemingly has a vertical asymptote.  To see why, recall that the inflection point for the logistic curve occurs at ½L.  Consequently, the closer one comes to this level on the logistic curve, the longer the doubling time must be to get to a height that is considerably closer to the limiting value L, which is a horizontal asymptote.  Thus, the doubling time function must have a vertical asymptote that corresponds to the inflection point of the logistic function.  Moreover, once one passes the inflection point, it is not possible for the function to double in size, so that the doubling time function is not defined beyond that point.

It is worth noting that some care must be taken in producing a correct graph for this doubling time function.  If we substitute the various values we have just used into the formula in Equation (1), it reduces to
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and the corresponding graph is shown in Figure 5.  However, if we perform the seemingly innocuous algebraic simplification
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then we get a very different graph with the curve apparently continuing to the right of the vertical asymptote.  The argument for the natural logarithm function is negative for t beyond the inflection point, so that the log is not defined there.  However, the 1/20th power serves to transform the argument to a positive quantity and the logarithm would then become defined.
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