Errors in Mathematics Are Not Always Bad

In baseball and in mathematics, the conventional wisdom is to avoid errors at all costs.  That advice might be on target in baseball, but in mathematics, it is not always a good idea to avoid errors.  Sometimes an analysis of errors provides much deeper insights into mathematical ideas and, rather than something to eschew, certain types of errors can be extremely valuable.  
One of the most important branches of mathematics today deals with numerical methods for rapidly approximating quantities that we need calculated to high levels of accuracy.  As Richard Hamming, one of the giants of modern numerical analysis put it, “The purpose of computing is insight, not numbers”.  In any approximation process, there is obviously some error; otherwise, it would not be an approximation.  For instance, when we say π ( 3.14159, there is a discrepancy between the approximate value and the actual value, π = 3.14159265359…

In this article, we look at a situation at the precalculus level that demonstrates how an understanding of errors leads to much better approximation methods.  In several companion articles, the author considers a number of other situations at the calculus level – involving the errors in numerical differentiation and in numerical integration – that similarly demonstrate the insights gained from an analysis of errors.
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Approximating the Natural Logarithm with Polynomials  As with any transcendental function, it is not possible to find the exact value of the natural logarithm ln x for any but a relative handful of values of x.  Instead, we approximate the logarithm with a simpler function, usually a polynomial P(x), and use the value P(x0) as the approximation for ln x0.  Although we could approximate y = ln x, the approach we use, based on examining the errors in successive approximations, works much better with y = ln (1 + x).  Afterwards, we will show how to adjust the resulting formulas to approximate y = ln x itself.

We begin with the graph of y = ln (1 + x) in Figure 1.  Very close to the origin, say from x = -0.1 to x = 0.1, the function looks almost like a straight line, so that the logarithmic function is indistinguishable from the linear function y = x with slope m = 1 at points very close to 0.  Moreover, the closer you come to the origin, the closer the values of the two functions.  Thus, for x very close to 0,

ln (1 + x)  (  x.
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Figure 2 shows the graphs of y = ln (1 + x) and y = x on [-0.3, 0.3];  they are indistinguishable on, roughly, [-0.10, 0.10].  For instance, if x = 0.07, then ln (1 + 0.07) = 0.0677, correct to four decimal places, compared to the approximation 0.07, so the estimate is reasonably accurate.  If x = 0.02, then ln(1+0.02) = 0.0198 compared to the approximation 0.0200, which is more accurate.  In general, the closer x is to the origin, the more accurate the approximation.  However, outside [-0.1, 0.1], Figure 2 shows that the curve and the line diverge from one another.

Instead of focusing on the approximating function, we now consider the associated error function – the difference E1(x) = x – ln (1+x) between the linear approximation and the function.  Its graph in Figure 3 suggests a somewhat lop-sided parabola with [image: image25.wmf]0

0.15

-0.5

0.5

vertex at the origin and a positive leading coefficient.  To find a parabola that matches this function, we use a calculator’s quadratic regression routine applied to the values of the error function in Table 1 at points very close to the origin.
	x
	-0.04
	-0.03
	-0.02
	-0.01
	0
	0.01
	0.02
	0.03
	0.04

	E1(x)
	0.00082
	0.00046
	0.0002
	0.00005
	0
	0.00005
	0.0002
	0.00044
	0.00078
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The resulting quadratic is Q(x) = 0.5004x2 – 0.0004x – 8E-08.  Since the coefficients of the linear and constant terms are nearly zero, the quadratic polynomial is essentially Q(x) = 0.5x2.  (If you, or your students, take a set of points that overall are closer to the origin, the result will be even closer to y = 0.5x2.)  Figure 4 shows the functions superimposed; notice that the curves are indistinguishable between about -0.15 and 0.15.
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Therefore, since
Error  =  x – ln (1 + x)  ( ½x2,

we have

ln (1 + x)  (  
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We compare the logarithmic function to this quadratic in Figure 5 and similarly conclude that they are indistinguishable between about -0.15 and 0.15.  This is slightly better than what we had with the linear approximation that was good on [-0.10, 0.10].  
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To see how effective this quadratic approximation is, we again consider x = 0.07 and 0.02. Correct to 7 decimal places, ln (1.07) = 0.0676586 while the quadratic approximation yields 0.06755, which is accurate to three decimal places.  At x = 0.02, which is considerably closer to the origin, we have ln (1.02) = 0.01980263 while the quadratic polynomial gives 0.019800, so it is correct to five decimal places. This is certainly better than the linear approximation.

We continue the process by considering the error function associated with the quadratic approximation, 
E2(x) = 
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From Figure 6 suggests a cubic polynomial with a negative leading coefficient that passes through the origin.  Using the same x-values we used before, we have the new “data” in Table 2.  The results are shown to 7 decimal places to avoid having most of the entries rounded to 0, so the corresponding errors are extremely small.
	x
	-0.04
	-0.03
	-0.02
	-0.01
	0
	0.01
	0.02
	0.03
	0.04

	E2(x)
	0.0000220
	0.0000092
	0.0000027
	0.0000003
	0.0000000
	-0.0000003
	-0.0000026
	-0.0000088
	-0.0000207
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The cubic regression polynomial that fits these error values is
C(x)  =  -0.3337x3 + 4.1114 E-4 x2 + 1.5937E-7 x – 7.7249 E-8. 
Since the last three coefficients are nearly 0 and the leading coefficient is approximately -⅓, we conclude 

C(x)  (  -⅓ x3.

(If you, or your students, choose a set of points that, overall, are even closer to the origin, the resulting leading coefficient will be closer to -⅓ and all subsequent coefficients will be closer to 0.)  Therefore, since

Error  =  
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we have the approximating formula 
ln(1 + x)  ( 
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We show the logarithmic function and this approximating cubic polynomial in Figure 7, where they are indistinguishable on, roughly, [-0.4, 0.4].  This is a considerably larger interval over which we can accurately approximate y = ln (1 + x).    
We again consider our target values of 0.07 and 0.02.  When x = 0.07, we have ln (1.07) = 0.0676586 while the cubic polynomial gives 0.06766, which is correct to five decimal places.  When x = 0.02, we have ln (1.02) = 0.01980263 compared to the approximation 0.01980267, which is accurate to 7 decimal places.  
Thus, there are two key facts:

1.  The closer that x is to the origin, the more accurate a given approximation formula is;  

2.  The higher the degree of the approximating polynomial, the more accurate the result.  
To reinforce these fundamental ideas in students’ minds, we recommend having each student or small groups of students select a value of x between -1 and 1 and create a table of successive approximations using the linear, quadratic, and cubic polynomial approximations, along with the error values.  You can then compile an ordered list (based on the magnitude of the x value) of the results on the board with columns for the approximations with n = 1, 2, and 3 to demonstrate the above two facts. This exploration can be extended once the further approximations we discuss below are available.
We note that the above two statements are only valid on (-1, 1), the interval of convergence for the polynomial approximations.  (We note that the approximations also converge for x = 1 where you get the alternating harmonic series 1 – ½ + ⅓ – ¼ +…;  but the approximations do not converge for x = -1 where you get the harmonic series 1 + ½ + ⅓ + ¼ +….)    If you pick x outside this interval, you will find that not only do the approximations totally break down, but also that they break down ever more dramatically the higher the degree of the polynomial and the farther that x is outside the interval.  
A valuable lesson is to have individual or small groups of students pick a value of x outside this interval and create a table of the various “approximations” to see how quickly the successive values diverge not only from the correct value of ln x, but also from each other.   

The results so far,
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suggest a clear pattern for constructing still better polynomial approximations to ln (1 + x).  In particular, the quartic approximation is
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and, in general, for any positive integer n, the polynomial of degree n that approximates ln (1 + x)  is 
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We suggest that interested readers and their students experiment with these ideas using higher degree polynomials.  It is also worthwhile to continue the above derivation to construct the fourth and perhaps fifth degree polynomials using the behavior of the error functions and data analysis. Graphing calculators can only fit up to quartic polynomials to data; Excel can fit polynomials up to sixth degree.  Another investigation might focus on the effects of using other values of x, say some that are less than 0.  And still another investigation might see what happens to the subsequent polynomials outside the interval of convergence.  

The fact that the above approximating formulas for ln (1 + x) only work for x between -1 and 1 (and not terribly well for x near the interval’s endpoints) might suggest that this approach is not particularly useful.  However, a clever twist using one of the properties of logarithms allows us to apply the approximation formulas to most values of x beyond 1.  If x0 > 1, then 1 + x0 > 2 and so 
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Therefore, applying one of the primary properties of logarithms,
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We see that ln (1 + x) can be approximated to any desired degree of accuracy using the above formulas and their natural extensions.

A Different Perspective on the Approximations
The above approximation formulas and some properties of exponential and logarithmic functions provide a unique opportunity to look at these approximations in a very different way.  For instance, since 
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we can eliminate the logarithm by taking powers of e on both sides to write
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We show the linear function y = 1 + x and the exponential expression on [-1, 1] in Figure 8.  Notice that the exponential expression is surprisingly linear across most of the interval, though it begins to bend at the ends as the curve starts to diverge from the line.  Figure 9 shows the successive approximations
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to demonstrate the convergence fairly dramatically.  We recommend that you examine what happens if you extend the window slightly to see how rapidly the curve diverges from the line as you move farther from the interval of convergence. Furthermore, as the number of terms in the approximation increases, the curve certainly “sticks” to the line over a longer interval within (-1, 1), but it then diverges correspondingly faster as you pass beyond this interval in either direction.  
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Figure 8






Figure 9
Approximation Formulas for y = ln x  We promised that we would discuss how to adjust the polynomial approximation formulas 
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that were derived for ln (1+x) to obtain comparable approximation formulas for ln x.  First, it is evident that there is something special about the origin in the sense that all of these formulas are “centered” there.  The comparable special point for y = ln x is at x = 1.  However, to generate polynomial formulas based on x = 1 involves using powers of (x – 1) instead of powers of x.  But, the data fitting techniques on graphing calculators and in Excel are all designed to produce polynomials in powers of x, which is why we worked with y = ln (1 + x).  Having constructed these formulas, we now introduce a simple transformation – a horizontal shift – to convert to equivalent formulas for y = ln x.  Specifically, if we let u = 1 + x, so that x = u – 1, then 
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becomes

ln u  (  
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If we now simply replace u with x, we have the desired result




ln x  ( 
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and this is the standard Taylor series expansion for ln x.  The corresponding interval of convergence is (0,2) and the sequence of approximations does converge at the left endpoint x = 0, but does not converge at the right point x = 2.
Conclusions  Many mathematicians consider Taylor polynomial approximations and Taylor series to be the climax for the first year of calculus.  As such, it makes sense for a “precalculus” course to lay some of the groundwork for these ideas to make them more familiar and accessible when students eventually see them in calculus. In this connection, the present author [1] has treated some comparable ideas for approximating the sine and cosine with polynomials at the precalculus level in a previous article.

Hopefully, the examples shown here will provide readers with a greater appreciation for the valuable role that errors can play in numerical techniques.  One of the hallmarks of modern mathematics education is the importance of conceptual understanding and analysis of errors can give much insight into that kind of understanding, as well as provide the opportunity to reinforce other basic mathematical ideas and methods in the classroom.

Reference
1.  This Author,  Exposing the Mathematical Wizard: Approximating Trigonometric and Other Transcendental Functions, The Mathematics Teacher, (to appear).
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Figure 5








Table 2:  Points on the Error Curve with the Quadratic Function
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Figure 7
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Table 1: Points on the Error Curve with Linear Function
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-0.32

-0.3710636814

-0.31

-0.3566749439

-0.3

-0.3424903089

-0.29

-0.328504067

-0.28

-0.3147107448

-0.27

-0.3011050928

-0.26

-0.2876820725

-0.25

-0.2744368457

-0.24

-0.2613647641

-0.23

-0.2484613593

-0.22

-0.2357223335

-0.21

-0.2231435513

-0.2

-0.2107210313

-0.19

-0.1984509387

-0.18

-0.1863295782

-0.17

-0.1743533871

-0.16

-0.1625189295

-0.15

-0.1508228897

-0.14

-0.1392620673

-0.13

-0.1278333715

-0.12

-0.1165338163

-0.11

-0.1053605157

-0.1

-0.0943106795

-0.09

-0.0833816089

-0.08

-0.0725706928

-0.07

-0.0618754037

-0.06

-0.0512932944

-0.05

-0.0408219945

-0.04

-0.0304592075

-0.03

-0.0202027073

-0.02

-0.0100503359

-0.01

2.22044604925031E-16

3.08780778723872E-16

0.0099503309

0.01

0.0198026273

0.02

0.0295588022

0.03

0.0392207132

0.04

0.0487901642

0.05

0.0582689081

0.06

0.0676586485

0.07

0.0769610411

0.08

0.0861776962

0.09

0.0953101798

0.1

0.1043600153

0.11

0.1133286853

0.12

0.1222176327

0.13

0.1310282624

0.14

0.1397619424

0.15

0.1484200051

0.16

0.1570037488

0.17

0.1655144385

0.18

0.1739533071

0.19

0.1823215568

0.2

0.1906203596

0.21

0.1988508587

0.22

0.2070141694

0.23

0.2151113796

0.24

0.2231435513

0.25

0.231111721

0.26

0.2390169005

0.27

0.2468600779

0.28

0.2546422184

0.29

0.2623642645

0.3

0.2700271372

0.31

0.2776317366

0.32

0.2851789422

0.33

0.292669614

0.34

0.3001045925

0.35

0.3074846997

0.36

0.3148107398

0.37

0.3220834992

0.38

0.3293037471

0.39

0.3364722366

0.4

0.3435897044

0.41

0.3506568716

0.42

0.3576744443

0.43

0.3646431136

0.44

0.3715635564

0.45

0.3784364357

0.46

0.3852624008

0.47

0.3920420878

0.48

0.39877612

0.49

0.4054651081

0.5



RiemannSums

		n		LHS		RHS				n		LHS		Error		RHS		Error				n		LHS		RHS		Average		Error

		2		0.555360		1.340758				2		0.555360		-0.444640		1.340758		0.340758				2		0.555360		1.340758		0.948059		-0.051941

		4		0.790766		1.183465				4		0.790766		-0.209234		1.183465		0.183465				4		0.790766		1.183465		0.987116		-0.012885

		8		0.898610		1.094960				8		0.898610		-0.101390		1.094960		0.094960				8		0.898610		1.094960		0.996785		-0.003215

		16		0.950109		1.048284				16		0.950109		-0.049891		1.048284		0.048284				16		0.950109		1.048284		0.999197		-0.000803

		32		0.975255		1.024048				32		0.975255		-0.024745		1.024048		0.024048				32		0.975255		1.024048		0.999652		-0.000348

		64		0.987678		1.011770				64		0.987678		-0.012322		1.011770		0.011770				64		0.987678		1.011770		0.999724		-0.000276

				Rimann Sums for integral of sin x on 0 to pi/2
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ln(x)

						x		ln x																		x		ln x		Error

		a =		-0.1		-0.1		-0.1053605157														a =		-0.5		-0.5		-0.6931471806		0.1931471806

		b =		0.1		-0.098		-0.1031407589														b =		0.5		-0.49		-0.6733445533		0.1833445533

		dx =		0.002		-0.096		-0.1009259186														dx =		0.01		-0.48		-0.6539264674		0.1739264674

						-0.094		-0.0987159729																		-0.47		-0.6348782724		0.1648782724

						-0.092		-0.0965109004																		-0.46		-0.6161861394		0.1561861394

						-0.09		-0.0943106795																		-0.45		-0.5978370008		0.1478370008

						-0.088		-0.0921152889																		-0.44		-0.5798184953		0.1398184953

						-0.086		-0.0899247075																		-0.43		-0.5621189182		0.1321189182

						-0.084		-0.0877389143																		-0.42		-0.5447271754		0.1247271754

						-0.082		-0.0855578884																		-0.41		-0.5276327421		0.1176327421

						-0.08		-0.0833816089																		-0.4		-0.5108256238		0.1108256238

						-0.078		-0.0812100554																		-0.39		-0.4942963218		0.1042963218

						-0.076		-0.0790432073																		-0.38		-0.4780358009		0.0980358009

						-0.074		-0.0768810443																		-0.37		-0.4620354596		0.0920354596

						-0.072		-0.0747235462																		-0.36		-0.4462871026		0.0862871026

						-0.07		-0.0725706928																		-0.35		-0.4307829161		0.0807829161

						-0.068		-0.0704224643																		-0.34		-0.415515444		0.075515444

						-0.066		-0.0682788408																		-0.33		-0.4004775666		0.0704775666

						-0.064		-0.0661398025																		-0.32		-0.3856624808		0.0656624808

						-0.062		-0.06400533																		-0.31		-0.3710636814		0.0610636814

						-0.06		-0.0618754037																		-0.3		-0.3566749439		0.0566749439

						-0.058		-0.0597500044																		-0.29		-0.3424903089		0.0524903089

						-0.056		-0.0576291128																		-0.28		-0.328504067		0.048504067

						-0.054		-0.0555127099																		-0.27		-0.3147107448		0.0447107448

						-0.052		-0.0534007767																		-0.26		-0.3011050928		0.0411050928

						-0.05		-0.0512932944																		-0.25		-0.2876820725		0.0376820725

						-0.048		-0.0491902442																		-0.24		-0.2744368457		0.0344368457

						-0.046		-0.0470916075																		-0.23		-0.2613647641		0.0313647641

						-0.044		-0.0449973659																		-0.22		-0.2484613593		0.0284613593

						-0.042		-0.042907501																		-0.21		-0.2357223335		0.0257223335

						-0.04		-0.0408219945																		-0.2		-0.2231435513		0.0231435513

						-0.038		-0.0387408283																		-0.19		-0.2107210313		0.0207210313

						-0.036		-0.0366639844																		-0.18		-0.1984509387		0.0184509387

						-0.034		-0.0345914448																		-0.17		-0.1863295782		0.0163295782

						-0.032		-0.0325231917																		-0.16		-0.1743533871		0.0143533871				Error = x - ln x

						-0.03		-0.0304592075																		-0.15		-0.1625189295		0.0125189295

						-0.028		-0.0283994745																		-0.14		-0.1508228897		0.0108228897

						-0.026		-0.0263439753																		-0.13		-0.1392620673		0.0092620673

						-0.024		-0.0242926926																		-0.12		-0.1278333715		0.0078333715

						-0.022		-0.0222456089																		-0.11		-0.1165338163		0.0065338163

						-0.02		-0.0202027073																		-0.1		-0.1053605157		0.0053605157

						-0.018		-0.0181639706																		-0.09		-0.0943106795		0.0043106795

						-0.016		-0.0161293819																		-0.08		-0.0833816089		0.0033816089

						-0.014		-0.0140989244																		-0.07		-0.0725706928		0.0025706928

						-0.012		-0.0120725812																		-0.06		-0.0618754037		0.0018754037

						-0.01		-0.0100503359																		-0.05		-0.0512932944		0.0012932944

						-0.008		-0.0080321717																		-0.04		-0.0408219945		0.0008219945

						-0.006		-0.0060180723																		-0.03		-0.0304592075		0.0004592075

						-0.004		-0.0040080214																		-0.02		-0.0202027073		0.0002027073

						-0.002		-0.0020020027																		-0.01		-0.0100503359		0.0000503359

						6.93889390390723E-17		0																		3.08780778723872E-16		2.22044604925031E-16		8.67361737988404E-17

						0.002		0.0019980027																		0.01		0.0099503309		0.0000496691

						0.004		0.0039920213																		0.02		0.0198026273		0.0001973727

						0.006		0.0059820717																		0.03		0.0295588022		0.0004411978

						0.008		0.0079681696																		0.04		0.0392207132		0.0007792868				x		x-ln(1+x)

						0.01		0.0099503309																		0.05		0.0487901642		0.0012098358				-0.05		0.0012932944

						0.012		0.0119285709																		0.06		0.0582689081		0.0017310919				-0.03		0.0004592075

						0.014		0.0139029052																		0.07		0.0676586485		0.0023413515				-0.02		0.0002027073

						0.016		0.0158733492																		0.08		0.0769610411		0.0030389589				-0.01		0.0000503359

						0.018		0.0178399181																		0.09		0.0861776962		0.0038223038				0		0

						0.02		0.0198026273																		0.1		0.0953101798		0.0046898202				0.01		0.0000496691

						0.022		0.0217614918																		0.11		0.1043600153		0.0056399847				0.02		0.0001973727

						0.024		0.0237165266																		0.12		0.1133286853		0.0066713147				0.03		0.0004411978

						0.026		0.0256677467																		0.13		0.1222176327		0.0077823673				0.05		0.0012098358

						0.028		0.027615167																		0.14		0.1310282624		0.0089717376

						0.03		0.0295588022																		0.15		0.1397619424		0.0102380576

						0.032		0.0314986671																		0.16		0.1484200051		0.0115799949

						0.034		0.0334347761																		0.17		0.1570037488		0.0129962512

						0.036		0.0353671438																		0.18		0.1655144385		0.0144855615

						0.038		0.0372957847																		0.19		0.1739533071		0.0160466929

						0.04		0.0392207132																		0.2		0.1823215568		0.0176784432

						0.042		0.0411419433																		0.21		0.1906203596		0.0193796404

						0.044		0.0430594895																		0.22		0.1988508587		0.0211491413

						0.046		0.0449733656																		0.23		0.2070141694		0.0229858306

						0.048		0.0468835859																		0.24		0.2151113796		0.0248886204

						0.05		0.0487901642																		0.25		0.2231435513		0.0268564487

						0.052		0.0506931143																		0.26		0.231111721		0.028888279

						0.054		0.0525924501																		0.27		0.2390169005		0.0309830995

						0.056		0.0544881853																		0.28		0.2468600779		0.0331399221

						0.058		0.0563803334																		0.29		0.2546422184		0.0353577816

						0.06		0.0582689081																		0.3		0.2623642645		0.0376357355

						0.062		0.0601539228																		0.31		0.2700271372		0.0399728628

						0.064		0.0620353909																		0.32		0.2776317366		0.0423682634

						0.066		0.0639133257																		0.33		0.2851789422		0.0448210578

						0.068		0.0657877405																		0.34		0.292669614		0.047330386

						0.07		0.0676586485																		0.35		0.3001045925		0.0498954075

						0.072		0.0695260626																		0.36		0.3074846997		0.0525153003

						0.074		0.0713899961																		0.37		0.3148107398		0.0551892602

						0.076		0.0732504617																		0.38		0.3220834992		0.0579165008

						0.078		0.0751074725																		0.39		0.3293037471		0.0606962529

						0.08		0.0769610411																		0.4		0.3364722366		0.0635277634

						0.082		0.0788111804																		0.41		0.3435897044		0.0664102956

						0.084		0.080657903																		0.42		0.3506568716		0.0693431284

						0.086		0.0825012215																		0.43		0.3576744443		0.0723255557

						0.088		0.0843411484																		0.44		0.3646431136		0.0753568864

						0.09		0.0861776962																		0.45		0.3715635564		0.0784364436

						0.092		0.0880108773																		0.46		0.3784364357		0.0815635643

						0.094		0.089840704																		0.47		0.3852624008		0.0847375992

						0.096		0.0916671885																		0.48		0.3920420878		0.0879579122

						0.098		0.0934903431																		0.49		0.39877612		0.09122388

						0.1		0.0953101798																		0.5		0.4054651081		0.0945348919
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y = 0.5007x2 - 0.0006x - 2E-07
R2 = 0.9997
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RiemannSums

		n		LHS		RHS				n		LHS		Error		RHS		Error				n		LHS		RHS		Average		Error

		2		0.555360		1.340758				2		0.555360		-0.444640		1.340758		0.340758				2		0.555360		1.340758		0.948059		-0.051941

		4		0.790766		1.183465				4		0.790766		-0.209234		1.183465		0.183465				4		0.790766		1.183465		0.987116		-0.012885

		8		0.898610		1.094960				8		0.898610		-0.101390		1.094960		0.094960				8		0.898610		1.094960		0.996785		-0.003215

		16		0.950109		1.048284				16		0.950109		-0.049891		1.048284		0.048284				16		0.950109		1.048284		0.999197		-0.000803

		32		0.975255		1.024048				32		0.975255		-0.024745		1.024048		0.024048				32		0.975255		1.024048		0.999652		-0.000348

		64		0.987678		1.011770				64		0.987678		-0.012322		1.011770		0.011770				64		0.987678		1.011770		0.999724		-0.000276

				Rimann Sums for integral of sin x on 0 to pi/2
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						-0.058		-0.0597500044																		-0.29		-0.3424903089		0.0524903089		-0.33205																				-0.29		-0.3424903089		-0.33205		0.0104403089																		-0.29		-0.3424903089		-0.3401796667		0.0023106423

						-0.056		-0.0576291128																		-0.28		-0.328504067		0.048504067		-0.3192																				-0.28		-0.328504067		-0.3192		0.009304067																		-0.28		-0.328504067		-0.3265173333		0.0019867336

						-0.054		-0.0555127099																		-0.27		-0.3147107448		0.0447107448		-0.30645																				-0.27		-0.3147107448		-0.30645		0.0082607448																		-0.27		-0.3147107448		-0.313011		0.0016997448

						-0.052		-0.0534007767																		-0.26		-0.3011050928		0.0411050928		-0.2938																				-0.26		-0.3011050928		-0.2938		0.0073050928																		-0.26		-0.3011050928		-0.2996586667		0.0014464261

						-0.05		-0.0512932944																		-0.25		-0.2876820725		0.0376820725		-0.28125																				-0.25		-0.2876820725		-0.28125		0.0064320725																		-0.25		-0.2876820725		-0.2864583333		0.0012237391

						-0.048		-0.0491902442																		-0.24		-0.2744368457		0.0344368457		-0.2688																				-0.24		-0.2744368457		-0.2688		0.0056368457																		-0.24		-0.2744368457		-0.273408		0.0010288457

						-0.046		-0.0470916075																		-0.23		-0.2613647641		0.0313647641		-0.25645																				-0.23		-0.2613647641		-0.25645		0.0049147641																		-0.23		-0.2613647641		-0.2605056667		0.0008590975

						-0.044		-0.0449973659																		-0.22		-0.2484613593		0.0284613593		-0.2442																				-0.22		-0.2484613593		-0.2442		0.0042613593																		-0.22		-0.2484613593		-0.2477493333		0.000712026

						-0.042		-0.042907501																		-0.21		-0.2357223335		0.0257223335		-0.23205																				-0.21		-0.2357223335		-0.23205		0.0036723335																		-0.21		-0.2357223335		-0.235137		0.0005853335

						-0.04		-0.0408219945																		-0.2		-0.2231435513		0.0231435513		-0.22																				-0.2		-0.2231435513		-0.22		0.0031435513																		-0.2		-0.2231435513		-0.2226666667		0.0004768846

						-0.038		-0.0387408283																		-0.19		-0.2107210313		0.0207210313		-0.20805																				-0.19		-0.2107210313		-0.20805		0.0026710313																		-0.19		-0.2107210313		-0.2103363333		0.000384698

						-0.036		-0.0366639844																		-0.18		-0.1984509387		0.0184509387		-0.1962																				-0.18		-0.1984509387		-0.1962		0.0022509387																		-0.18		-0.1984509387		-0.198144		0.0003069387

						-0.034		-0.0345914448																		-0.17		-0.1863295782		0.0163295782		-0.18445																				-0.17		-0.1863295782		-0.18445		0.0018795782																		-0.17		-0.1863295782		-0.1860876667		0.0002419115

						-0.032		-0.0325231917																		-0.16		-0.1743533871		0.0143533871		-0.1728						Error = x - ln (1 +x)														-0.16		-0.1743533871		-0.1728		0.0015533871				Error = (x - x^2/2) - ln(1+ x)														-0.16		-0.1743533871		-0.1741653333		0.0001880538				Error = (x - x^2/2) - ln(1+ x)

						-0.03		-0.0304592075																		-0.15		-0.1625189295		0.0125189295		-0.16125																				-0.15		-0.1625189295		-0.16125		0.0012689295																		-0.15		-0.1625189295		-0.162375		0.0001439295

						-0.028		-0.0283994745																		-0.14		-0.1508228897		0.0108228897		-0.1498																				-0.14		-0.1508228897		-0.1498		0.0010228897																		-0.14		-0.1508228897		-0.1507146667		0.0001082231

						-0.026		-0.0263439753																		-0.13		-0.1392620673		0.0092620673		-0.13845																				-0.13		-0.1392620673		-0.13845		0.0008120673																		-0.13		-0.1392620673		-0.1391823333		0.000079734

						-0.024		-0.0242926926																		-0.12		-0.1278333715		0.0078333715		-0.1272																				-0.12		-0.1278333715		-0.1272		0.0006333715																		-0.12		-0.1278333715		-0.127776		0.0000573715

						-0.022		-0.0222456089																		-0.11		-0.1165338163		0.0065338163		-0.11605																				-0.11		-0.1165338163		-0.11605		0.0004838163																		-0.11		-0.1165338163		-0.1164936667		0.0000401496

						-0.02		-0.0202027073																		-0.1		-0.1053605157		0.0053605157		-0.105																				-0.1		-0.1053605157		-0.105		0.0003605157																		-0.1		-0.1053605157		-0.1053333333		0.0000271823

						-0.018		-0.0181639706																		-0.09		-0.0943106795		0.0043106795		-0.09405																				-0.09		-0.0943106795		-0.09405		0.0002606795																		-0.09		-0.0943106795		-0.094293		0.0000176795

						-0.016		-0.0161293819																		-0.08		-0.0833816089		0.0033816089		-0.0832																				-0.08		-0.0833816089		-0.0832		0.0001816089																		-0.08		-0.0833816089		-0.0833706667		0.0000109423

						-0.014		-0.0140989244																		-0.07		-0.0725706928		0.0025706928		-0.07245																				-0.07		-0.0725706928		-0.07245		0.0001206928																		-0.07		-0.0725706928		-0.0725643333		0.0000063595

						-0.012		-0.0120725812																		-0.06		-0.0618754037		0.0018754037		-0.0618																				-0.06		-0.0618754037		-0.0618		0.0000754037																		-0.06		-0.0618754037		-0.061872		0.0000034037

						-0.01		-0.0100503359																		-0.05		-0.0512932944		0.0012932944		-0.05125																				-0.05		-0.0512932944		-0.05125		0.0000432944																		-0.05		-0.0512932944		-0.0512916667		0.0000016277

						-0.008		-0.0080321717																		-0.04		-0.0408219945		0.0008219945		-0.0408																				-0.04		-0.0408219945		-0.0408		0.0000219945																		-0.04		-0.0408219945		-0.0408213333		0.0000006612

						-0.006		-0.0060180723																		-0.03		-0.0304592075		0.0004592075		-0.03045																				-0.03		-0.0304592075		-0.03045		0.0000092075																		-0.03		-0.0304592075		-0.030459		0.0000002075

						-0.004		-0.0040080214																		-0.02		-0.0202027073		0.0002027073		-0.0202																				-0.02		-0.0202027073		-0.0202		0.0000027073																		-0.02		-0.0202027073		-0.0202026667		0.0000000407

						-0.002		-0.0020020027																		-0.01		-0.0100503359		0.0000503359		-0.01005																				-0.01		-0.0100503359		-0.01005		0.0000003359																		-0.01		-0.0100503359		-0.0100503333		0.0000000025

						6.93889390390723E-17		0																		3.08780778723872E-16		2.22044604925031E-16		8.67361737988404E-17		3.08780778723872E-16																				3.08780778723872E-16		2.22044604925031E-16		3.08780778723872E-16		8.67361737988403E-17																		3.08780778723872E-16		2.22044604925031E-16		3.08780778723872E-16		8.67361737988403E-17

						0.002		0.0019980027																		0.01		0.0099503309		0.0000496691		0.00995																				0.01		0.0099503309		0.00995		-0.0000003309																		0.01		0.0099503309		0.0099503333		0.0000000025

						0.004		0.0039920213																		0.02		0.0198026273		0.0001973727		0.0198																				0.02		0.0198026273		0.0198		-0.0000026273																		0.02		0.0198026273		0.0198026667		0.0000000394

						0.006		0.0059820717																		0.03		0.0295588022		0.0004411978		0.02955																				0.03		0.0295588022		0.02955		-0.0000088022																		0.03		0.0295588022		0.029559		0.0000001978

						0.008		0.0079681696																		0.04		0.0392207132		0.0007792868		0.0392						x		x-ln(1+x)												0.04		0.0392207132		0.0392		-0.0000207132				x		x-ln(1+x)												0.04		0.0392207132		0.0392213333		0.0000006202				x		x-ln(1+x)

						0.01		0.0099503309																		0.05		0.0487901642		0.0012098358		0.04875						-0.04		0.0008219945												0.05		0.0487901642		0.04875		-0.0000401642				-0.04		0.0008219945												0.05		0.0487901642		0.0487916667		0.0000015025				-0.04		0.0008219945

						0.012		0.0119285709																		0.06		0.0582689081		0.0017310919		0.0582						-0.03		0.0004592075												0.06		0.0582689081		0.0582		-0.0000689081				-0.03		0.0004592075												0.06		0.0582689081		0.058272		0.0000030919				-0.03		0.0004592075

						0.014		0.0139029052																		0.07		0.0676586485		0.0023413515		0.06755						-0.02		0.0002027073												0.07		0.0676586485		0.06755		-0.0001086485				-0.02		0.0002027073												0.07		0.0676586485		0.0676643333		0.0000056849				-0.02		0.0002027073

						0.016		0.0158733492																		0.08		0.0769610411		0.0030389589		0.0768						-0.01		0.0000503359												0.08		0.0769610411		0.0768		-0.0001610411				-0.01		0.0000503359												0.08		0.0769610411		0.0769706667		0.0000096255				-0.01		0.0000503359

						0.018		0.0178399181																		0.09		0.0861776962		0.0038223038		0.08595						0		0												0.09		0.0861776962		0.08595		-0.0002276962				0		0												0.09		0.0861776962		0.086193		0.0000153038				0		0

						0.02		0.0198026273																		0.1		0.0953101798		0.0046898202		0.095						0.01		0.0000496691												0.1		0.0953101798		0.095		-0.0003101798				0.01		0.0000496691												0.1		0.0953101798		0.0953333333		0.0000231535				0.01		0.0000496691

						0.022		0.0217614918																		0.11		0.1043600153		0.0056399847		0.10395						0.02		0.0001973727												0.11		0.1043600153		0.10395		-0.0004100153				0.02		0.0001973727												0.11		0.1043600153		0.1043936667		0.0000336513				0.02		0.0001973727

						0.024		0.0237165266																		0.12		0.1133286853		0.0066713147		0.1128						0.03		0.0004411978												0.12		0.1133286853		0.1128		-0.0005286853				0.03		0.0004411978												0.12		0.1133286853		0.113376		0.0000473147				0.03		0.0004411978

						0.026		0.0256677467																		0.13		0.1222176327		0.0077823673		0.12155						0.04		0.0007792868												0.13		0.1222176327		0.12155		-0.0006676327				0.04		0.0007792868												0.13		0.1222176327		0.1222823333		0.0000647006				0.04		0.0007792868

						0.028		0.027615167																		0.14		0.1310282624		0.0089717376		0.1302																				0.14		0.1310282624		0.1302		-0.0008282624																		0.14		0.1310282624		0.1311146667		0.0000864043

						0.03		0.0295588022																		0.15		0.1397619424		0.0102380576		0.13875																				0.15		0.1397619424		0.13875		-0.0010119424																		0.15		0.1397619424		0.139875		0.0001130576

						0.032		0.0314986671																		0.16		0.1484200051		0.0115799949		0.1472																				0.16		0.1484200051		0.1472		-0.0012200051																		0.16		0.1484200051		0.1485653333		0.0001453282

						0.034		0.0334347761																		0.17		0.1570037488		0.0129962512		0.15555																				0.17		0.1570037488		0.15555		-0.0014537488																		0.17		0.1570037488		0.1571876667		0.0001839179

						0.036		0.0353671438																		0.18		0.1655144385		0.0144855615		0.1638																				0.18		0.1655144385		0.1638		-0.0017144385																		0.18		0.1655144385		0.165744		0.0002295615

						0.038		0.0372957847																		0.19		0.1739533071		0.0160466929		0.17195																				0.19		0.1739533071		0.17195		-0.0020033071																		0.19		0.1739533071		0.1742363333		0.0002830262

						0.04		0.0392207132																		0.2		0.1823215568		0.0176784432		0.18																				0.2		0.1823215568		0.18		-0.0023215568																		0.2		0.1823215568		0.1826666667		0.0003451099

						0.042		0.0411419433																		0.21		0.1906203596		0.0193796404		0.18795																				0.21		0.1906203596		0.18795		-0.0026703596																		0.21		0.1906203596		0.191037		0.0004166404

						0.044		0.0430594895																		0.22		0.1988508587		0.0211491413		0.1958																				0.22		0.1988508587		0.1958		-0.0030508587																		0.22		0.1988508587		0.1993493333		0.0004984746

						0.046		0.0449733656																		0.23		0.2070141694		0.0229858306		0.20355																				0.23		0.2070141694		0.20355		-0.0034641694																		0.23		0.2070141694		0.2076056667		0.0005914973

						0.048		0.0468835859																		0.24		0.2151113796		0.0248886204		0.2112																				0.24		0.2151113796		0.2112		-0.0039113796																		0.24		0.2151113796		0.215808		0.0006966204

						0.05		0.0487901642																		0.25		0.2231435513		0.0268564487		0.21875																				0.25		0.2231435513		0.21875		-0.0043935513																		0.25		0.2231435513		0.2239583333		0.000814782

						0.052		0.0506931143																		0.26		0.231111721		0.028888279		0.2262																				0.26		0.231111721		0.2262		-0.004911721																		0.26		0.231111721		0.2320586667		0.0009469457

						0.054		0.0525924501																		0.27		0.2390169005		0.0309830995		0.23355																				0.27		0.2390169005		0.23355		-0.0054669005																		0.27		0.2390169005		0.240111		0.0010940995

						0.056		0.0544881853																		0.28		0.2468600779		0.0331399221		0.2408																				0.28		0.2468600779		0.2408		-0.0060600779																		0.28		0.2468600779		0.2481173333		0.0012572554

						0.058		0.0563803334																		0.29		0.2546422184		0.0353577816		0.24795																				0.29		0.2546422184		0.24795		-0.0066922184																		0.29		0.2546422184		0.2560796667		0.0014374483

						0.06		0.0582689081																		0.3		0.2623642645		0.0376357355		0.255																				0.3		0.2623642645		0.255		-0.0073642645																		0.3		0.2623642645		0.264		0.0016357355

						0.062		0.0601539228																		0.31		0.2700271372		0.0399728628		0.26195																				0.31		0.2700271372		0.26195		-0.0080771372																		0.31		0.2700271372		0.2718803333		0.0018531961

						0.064		0.0620353909																		0.32		0.2776317366		0.0423682634		0.2688																				0.32		0.2776317366		0.2688		-0.0088317366																		0.32		0.2776317366		0.2797226667		0.0020909301

						0.066		0.0639133257																		0.33		0.2851789422		0.0448210578		0.27555																				0.33		0.2851789422		0.27555		-0.0096289422																		0.33		0.2851789422		0.287529		0.0023500578

						0.068		0.0657877405																		0.34		0.292669614		0.047330386		0.2822																				0.34		0.292669614		0.2822		-0.010469614																		0.34		0.292669614		0.2953013333		0.0026317194

						0.07		0.0676586485																		0.35		0.3001045925		0.0498954075		0.28875																				0.35		0.3001045925		0.28875		-0.0113545925																		0.35		0.3001045925		0.3030416667		0.0029370742

						0.072		0.0695260626																		0.36		0.3074846997		0.0525153003		0.2952																				0.36		0.3074846997		0.2952		-0.0122846997																		0.36		0.3074846997		0.310752		0.0032673003

						0.074		0.0713899961																		0.37		0.3148107398		0.0551892602		0.30155																				0.37		0.3148107398		0.30155		-0.0132607398																		0.37		0.3148107398		0.3184343333		0.0036235935

						0.076		0.0732504617																		0.38		0.3220834992		0.0579165008		0.3078																				0.38		0.3220834992		0.3078		-0.0142834992																		0.38		0.3220834992		0.3260906667		0.0040071675

						0.078		0.0751074725																		0.39		0.3293037471		0.0606962529		0.31395																				0.39		0.3293037471		0.31395		-0.0153537471																		0.39		0.3293037471		0.333723		0.0044192529

						0.08		0.0769610411																		0.4		0.3364722366		0.0635277634		0.32																				0.4		0.3364722366		0.32		-0.0164722366																		0.4		0.3364722366		0.3413333333		0.0048610967
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		x		-0.04		-0.03		-0.02		-0.01		0		0.01		0.02		0.03		0.04

		x - ln(1+x)		0.00082		0.00046		0.00020		0.00005		0.00000		0.00005		0.00020		0.00044		0.00078

		x		-0.04		-0.03		-0.02		-0.01		0		0.01		0.02		0.03		0.04

		Quad - ln()		0.0000220		0.0000092		0.0000027		0.0000003		0.0000000		-0.0000003		-0.0000026		-0.0000088		-0.0000207
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RiemannSums

		n		LHS		RHS				n		LHS		Error		RHS		Error				n		LHS		RHS		Average		Error

		2		0.555360		1.340758				2		0.555360		-0.444640		1.340758		0.340758				2		0.555360		1.340758		0.948059		-0.051941

		4		0.790766		1.183465				4		0.790766		-0.209234		1.183465		0.183465				4		0.790766		1.183465		0.987116		-0.012885

		8		0.898610		1.094960				8		0.898610		-0.101390		1.094960		0.094960				8		0.898610		1.094960		0.996785		-0.003215

		16		0.950109		1.048284				16		0.950109		-0.049891		1.048284		0.048284				16		0.950109		1.048284		0.999197		-0.000803

		32		0.975255		1.024048				32		0.975255		-0.024745		1.024048		0.024048				32		0.975255		1.024048		0.999652		-0.000348

		64		0.987678		1.011770				64		0.987678		-0.012322		1.011770		0.011770				64		0.987678		1.011770		0.999724		-0.000276

				Rimann Sums for integral of sin x on 0 to pi/2
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ln(x)

						x		ln x																		x		ln x		Error

		a =		-0.1		-0.1		-0.1053605157														a =		-0.5		-0.5		-0.6931471806		0.1931471806

		b =		0.1		-0.098		-0.1031407589														b =		0.5		-0.49		-0.6733445533		0.1833445533

		dx =		0.002		-0.096		-0.1009259186														dx =		0.01		-0.48		-0.6539264674		0.1739264674

						-0.094		-0.0987159729																		-0.47		-0.6348782724		0.1648782724

						-0.092		-0.0965109004																		-0.46		-0.6161861394		0.1561861394
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						-0.084		-0.0877389143																		-0.42		-0.5447271754		0.1247271754

						-0.082		-0.0855578884																		-0.41		-0.5276327421		0.1176327421

						-0.08		-0.0833816089																		-0.4		-0.5108256238		0.1108256238

						-0.078		-0.0812100554																		-0.39		-0.4942963218		0.1042963218

						-0.076		-0.0790432073																		-0.38		-0.4780358009		0.0980358009

						-0.074		-0.0768810443																		-0.37		-0.4620354596		0.0920354596

						-0.072		-0.0747235462																		-0.36		-0.4462871026		0.0862871026
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0.0656624808

0.0610636814

0.0566749439

0.0524903089

0.048504067

0.0447107448

0.0411050928

0.0376820725

0.0344368457

0.0313647641

0.0284613593

0.0257223335

0.0231435513

0.0207210313

0.0184509387

0.0163295782

0.0143533871

0.0125189295

0.0108228897

0.0092620673

0.0078333715

0.0065338163

0.0053605157

0.0043106795

0.0033816089

0.0025706928

0.0018754037

0.0012932944

0.0008219945

0.0004592075

0.0002027073

0.0000503359

8.67361737988404E-17

0.0000496691

0.0001973727

0.0004411978

0.0007792868

0.0012098358

0.0017310919

0.0023413515

0.0030389589

0.0038223038

0.0046898202

0.0056399847

0.0066713147

0.0077823673

0.0089717376

0.0102380576

0.0115799949

0.0129962512

0.0144855615

0.0160466929

0.0176784432

0.0193796404

0.0211491413

0.0229858306

0.0248886204

0.0268564487

0.028888279

0.0309830995

0.0331399221

0.0353577816

0.0376357355

0.0399728628

0.0423682634

0.0448210578

0.047330386

0.0498954075

0.0525153003

0.0551892602

0.0579165008

0.0606962529

0.0635277634

0.0664102956

0.0693431284

0.0723255557

0.0753568864

0.0784364436

0.0815635643

0.0847375992

0.0879579122

0.09122388

0.0945348919



RiemannSums

		n		LHS		RHS				n		LHS		Error		RHS		Error				n		LHS		RHS		Average		Error

		2		0.555360		1.340758				2		0.555360		-0.444640		1.340758		0.340758				2		0.555360		1.340758		0.948059		-0.051941

		4		0.790766		1.183465				4		0.790766		-0.209234		1.183465		0.183465				4		0.790766		1.183465		0.987116		-0.012885

		8		0.898610		1.094960				8		0.898610		-0.101390		1.094960		0.094960				8		0.898610		1.094960		0.996785		-0.003215

		16		0.950109		1.048284				16		0.950109		-0.049891		1.048284		0.048284				16		0.950109		1.048284		0.999197		-0.000803

		32		0.975255		1.024048				32		0.975255		-0.024745		1.024048		0.024048				32		0.975255		1.024048		0.999652		-0.000348

		64		0.987678		1.011770				64		0.987678		-0.012322		1.011770		0.011770				64		0.987678		1.011770		0.999724		-0.000276

				Rimann Sums for integral of sin x on 0 to pi/2
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ln(x)

						x		ln x																		x		ln x		Error

		a =		-0.1		-0.1		-0.1053605157														a =		-0.5		-0.5		-0.6931471806		0.1931471806

		b =		0.1		-0.098		-0.1031407589														b =		0.5		-0.49		-0.6733445533		0.1833445533

		dx =		0.002		-0.096		-0.1009259186														dx =		0.01		-0.48		-0.6539264674		0.1739264674

						-0.094		-0.0987159729																		-0.47		-0.6348782724		0.1648782724

						-0.092		-0.0965109004																		-0.46		-0.6161861394		0.1561861394

						-0.09		-0.0943106795																		-0.45		-0.5978370008		0.1478370008

						-0.088		-0.0921152889																		-0.44		-0.5798184953		0.1398184953

						-0.086		-0.0899247075																		-0.43		-0.5621189182		0.1321189182

						-0.084		-0.0877389143																		-0.42		-0.5447271754		0.1247271754

						-0.082		-0.0855578884																		-0.41		-0.5276327421		0.1176327421

						-0.08		-0.0833816089																		-0.4		-0.5108256238		0.1108256238

						-0.078		-0.0812100554																		-0.39		-0.4942963218		0.1042963218

						-0.076		-0.0790432073																		-0.38		-0.4780358009		0.0980358009

						-0.074		-0.0768810443																		-0.37		-0.4620354596		0.0920354596

						-0.072		-0.0747235462																		-0.36		-0.4462871026		0.0862871026

						-0.07		-0.0725706928																		-0.35		-0.4307829161		0.0807829161

						-0.068		-0.0704224643																		-0.34		-0.415515444		0.075515444

						-0.066		-0.0682788408																		-0.33		-0.4004775666		0.0704775666

						-0.064		-0.0661398025																		-0.32		-0.3856624808		0.0656624808

						-0.062		-0.06400533																		-0.31		-0.3710636814		0.0610636814

						-0.06		-0.0618754037																		-0.3		-0.3566749439		0.0566749439

						-0.058		-0.0597500044																		-0.29		-0.3424903089		0.0524903089

						-0.056		-0.0576291128																		-0.28		-0.328504067		0.048504067

						-0.054		-0.0555127099																		-0.27		-0.3147107448		0.0447107448

						-0.052		-0.0534007767																		-0.26		-0.3011050928		0.0411050928

						-0.05		-0.0512932944																		-0.25		-0.2876820725		0.0376820725

						-0.048		-0.0491902442																		-0.24		-0.2744368457		0.0344368457

						-0.046		-0.0470916075																		-0.23		-0.2613647641		0.0313647641

						-0.044		-0.0449973659																		-0.22		-0.2484613593		0.0284613593

						-0.042		-0.042907501																		-0.21		-0.2357223335		0.0257223335

						-0.04		-0.0408219945																		-0.2		-0.2231435513		0.0231435513

						-0.038		-0.0387408283																		-0.19		-0.2107210313		0.0207210313

						-0.036		-0.0366639844																		-0.18		-0.1984509387		0.0184509387

						-0.034		-0.0345914448																		-0.17		-0.1863295782		0.0163295782

						-0.032		-0.0325231917																		-0.16		-0.1743533871		0.0143533871				Error = x - ln x

						-0.03		-0.0304592075																		-0.15		-0.1625189295		0.0125189295

						-0.028		-0.0283994745																		-0.14		-0.1508228897		0.0108228897

						-0.026		-0.0263439753																		-0.13		-0.1392620673		0.0092620673

						-0.024		-0.0242926926																		-0.12		-0.1278333715		0.0078333715

						-0.022		-0.0222456089																		-0.11		-0.1165338163		0.0065338163

						-0.02		-0.0202027073																		-0.1		-0.1053605157		0.0053605157

						-0.018		-0.0181639706																		-0.09		-0.0943106795		0.0043106795

						-0.016		-0.0161293819																		-0.08		-0.0833816089		0.0033816089

						-0.014		-0.0140989244																		-0.07		-0.0725706928		0.0025706928

						-0.012		-0.0120725812																		-0.06		-0.0618754037		0.0018754037

						-0.01		-0.0100503359																		-0.05		-0.0512932944		0.0012932944

						-0.008		-0.0080321717																		-0.04		-0.0408219945		0.0008219945

						-0.006		-0.0060180723																		-0.03		-0.0304592075		0.0004592075

						-0.004		-0.0040080214																		-0.02		-0.0202027073		0.0002027073

						-0.002		-0.0020020027																		-0.01		-0.0100503359		0.0000503359

						6.93889390390723E-17		0																		3.08780778723872E-16		2.22044604925031E-16		8.67361737988404E-17

						0.002		0.0019980027																		0.01		0.0099503309		0.0000496691

						0.004		0.0039920213																		0.02		0.0198026273		0.0001973727

						0.006		0.0059820717																		0.03		0.0295588022		0.0004411978

						0.008		0.0079681696																		0.04		0.0392207132		0.0007792868				x		x-ln(1+x)

						0.01		0.0099503309																		0.05		0.0487901642		0.0012098358				-0.04		0.0008219945

						0.012		0.0119285709																		0.06		0.0582689081		0.0017310919				-0.03		0.0004592075

						0.014		0.0139029052																		0.07		0.0676586485		0.0023413515				-0.02		0.0002027073

						0.016		0.0158733492																		0.08		0.0769610411		0.0030389589				-0.01		0.0000503359

						0.018		0.0178399181																		0.09		0.0861776962		0.0038223038				0		0

						0.02		0.0198026273																		0.1		0.0953101798		0.0046898202				0.01		0.0000496691

						0.022		0.0217614918																		0.11		0.1043600153		0.0056399847				0.02		0.0001973727

						0.024		0.0237165266																		0.12		0.1133286853		0.0066713147				0.03		0.0004411978

						0.026		0.0256677467																		0.13		0.1222176327		0.0077823673				0.04		0.0007792868

						0.028		0.027615167																		0.14		0.1310282624		0.0089717376

						0.03		0.0295588022																		0.15		0.1397619424		0.0102380576

						0.032		0.0314986671																		0.16		0.1484200051		0.0115799949

						0.034		0.0334347761																		0.17		0.1570037488		0.0129962512

						0.036		0.0353671438																		0.18		0.1655144385		0.0144855615

						0.038		0.0372957847																		0.19		0.1739533071		0.0160466929

						0.04		0.0392207132																		0.2		0.1823215568		0.0176784432

						0.042		0.0411419433																		0.21		0.1906203596		0.0193796404

						0.044		0.0430594895																		0.22		0.1988508587		0.0211491413

						0.046		0.0449733656																		0.23		0.2070141694		0.0229858306

						0.048		0.0468835859																		0.24		0.2151113796		0.0248886204

						0.05		0.0487901642																		0.25		0.2231435513		0.0268564487

						0.052		0.0506931143																		0.26		0.231111721		0.028888279

						0.054		0.0525924501																		0.27		0.2390169005		0.0309830995

						0.056		0.0544881853																		0.28		0.2468600779		0.0331399221

						0.058		0.0563803334																		0.29		0.2546422184		0.0353577816

						0.06		0.0582689081																		0.3		0.2623642645		0.0376357355

						0.062		0.0601539228																		0.31		0.2700271372		0.0399728628

						0.064		0.0620353909																		0.32		0.2776317366		0.0423682634

						0.066		0.0639133257																		0.33		0.2851789422		0.0448210578

						0.068		0.0657877405																		0.34		0.292669614		0.047330386

						0.07		0.0676586485																		0.35		0.3001045925		0.0498954075

						0.072		0.0695260626																		0.36		0.3074846997		0.0525153003

						0.074		0.0713899961																		0.37		0.3148107398		0.0551892602

						0.076		0.0732504617																		0.38		0.3220834992		0.0579165008

						0.078		0.0751074725																		0.39		0.3293037471		0.0606962529

						0.08		0.0769610411																		0.4		0.3364722366		0.0635277634

						0.082		0.0788111804																		0.41		0.3435897044		0.0664102956

						0.084		0.080657903																		0.42		0.3506568716		0.0693431284

						0.086		0.0825012215																		0.43		0.3576744443		0.0723255557

						0.088		0.0843411484																		0.44		0.3646431136		0.0753568864

						0.09		0.0861776962																		0.45		0.3715635564		0.0784364436

						0.092		0.0880108773																		0.46		0.3784364357		0.0815635643

						0.094		0.089840704																		0.47		0.3852624008		0.0847375992

						0.096		0.0916671885																		0.48		0.3920420878		0.0879579122

						0.098		0.0934903431																		0.49		0.39877612		0.09122388

						0.1		0.0953101798																		0.5		0.4054651081		0.0945348919
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RiemannSums

		n		LHS		RHS				n		LHS		Error		RHS		Error				n		LHS		RHS		Average		Error

		2		0.555360		1.340758				2		0.555360		-0.444640		1.340758		0.340758				2		0.555360		1.340758		0.948059		-0.051941

		4		0.790766		1.183465				4		0.790766		-0.209234		1.183465		0.183465				4		0.790766		1.183465		0.987116		-0.012885

		8		0.898610		1.094960				8		0.898610		-0.101390		1.094960		0.094960				8		0.898610		1.094960		0.996785		-0.003215
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		32		0.975255		1.024048				32		0.975255		-0.024745		1.024048		0.024048				32		0.975255		1.024048		0.999652		-0.000348

		64		0.987678		1.011770				64		0.987678		-0.012322		1.011770		0.011770				64		0.987678		1.011770		0.999724		-0.000276

				Rimann Sums for integral of sin x on 0 to pi/2
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ln(x)
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-0.0512932944

-0.05

-0.0408219945

-0.04

-0.0304592075

-0.03

-0.0202027073

-0.02

-0.0100503359

-0.01

2.22044604925031E-16

3.08780778723872E-16

0.0099503309

0.01

0.0198026273

0.02

0.0295588022

0.03

0.0392207132

0.04

0.0487901642

0.05

0.0582689081

0.06

0.0676586485

0.07

0.0769610411

0.08

0.0861776962

0.09

0.0953101798

0.1

0.1043600153

0.11

0.1133286853

0.12

0.1222176327

0.13

0.1310282624

0.14

0.1397619424

0.15

0.1484200051

0.16

0.1570037488

0.17

0.1655144385

0.18

0.1739533071

0.19

0.1823215568

0.2

0.1906203596

0.21

0.1988508587

0.22

0.2070141694

0.23

0.2151113796

0.24

0.2231435513

0.25

0.231111721

0.26

0.2390169005

0.27

0.2468600779

0.28

0.2546422184

0.29

0.2623642645

0.3

0.2700271372

0.31

0.2776317366

0.32

0.2851789422

0.33

0.292669614

0.34

0.3001045925

0.35

0.3074846997

0.36

0.3148107398

0.37

0.3220834992

0.38

0.3293037471

0.39

0.3364722366

0.4

0.3435897044

0.41

0.3506568716

0.42

0.3576744443

0.43

0.3646431136

0.44

0.3715635564

0.45

0.3784364357

0.46

0.3852624008

0.47

0.3920420878

0.48

0.39877612

0.49

0.4054651081

0.5



RiemannSums

		n		LHS		RHS				n		LHS		Error		RHS		Error				n		LHS		RHS		Average		Error

		2		0.555360		1.340758				2		0.555360		-0.444640		1.340758		0.340758				2		0.555360		1.340758		0.948059		-0.051941

		4		0.790766		1.183465				4		0.790766		-0.209234		1.183465		0.183465				4		0.790766		1.183465		0.987116		-0.012885

		8		0.898610		1.094960				8		0.898610		-0.101390		1.094960		0.094960				8		0.898610		1.094960		0.996785		-0.003215

		16		0.950109		1.048284				16		0.950109		-0.049891		1.048284		0.048284				16		0.950109		1.048284		0.999197		-0.000803

		32		0.975255		1.024048				32		0.975255		-0.024745		1.024048		0.024048				32		0.975255		1.024048		0.999652		-0.000348

		64		0.987678		1.011770				64		0.987678		-0.012322		1.011770		0.011770				64		0.987678		1.011770		0.999724		-0.000276

				Rimann Sums for integral of sin x on 0 to pi/2





RiemannSums
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ln(x)

						x		ln x																		x		ln x		Error

		a =		-0.1		-0.1		-0.1053605157														a =		-0.5		-0.5		-0.6931471806		0.1931471806

		b =		0.1		-0.098		-0.1031407589														b =		0.5		-0.49		-0.6733445533		0.1833445533

		dx =		0.002		-0.096		-0.1009259186														dx =		0.01		-0.48		-0.6539264674		0.1739264674

						-0.094		-0.0987159729																		-0.47		-0.6348782724		0.1648782724

						-0.092		-0.0965109004																		-0.46		-0.6161861394		0.1561861394

						-0.09		-0.0943106795																		-0.45		-0.5978370008		0.1478370008

						-0.088		-0.0921152889																		-0.44		-0.5798184953		0.1398184953

						-0.086		-0.0899247075																		-0.43		-0.5621189182		0.1321189182

						-0.084		-0.0877389143																		-0.42		-0.5447271754		0.1247271754

						-0.082		-0.0855578884																		-0.41		-0.5276327421		0.1176327421

						-0.08		-0.0833816089																		-0.4		-0.5108256238		0.1108256238

						-0.078		-0.0812100554																		-0.39		-0.4942963218		0.1042963218

						-0.076		-0.0790432073																		-0.38		-0.4780358009		0.0980358009

						-0.074		-0.0768810443																		-0.37		-0.4620354596		0.0920354596

						-0.072		-0.0747235462																		-0.36		-0.4462871026		0.0862871026

						-0.07		-0.0725706928																		-0.35		-0.4307829161		0.0807829161

						-0.068		-0.0704224643																		-0.34		-0.415515444		0.075515444

						-0.066		-0.0682788408																		-0.33		-0.4004775666		0.0704775666

						-0.064		-0.0661398025																		-0.32		-0.3856624808		0.0656624808

						-0.062		-0.06400533																		-0.31		-0.3710636814		0.0610636814

						-0.06		-0.0618754037																		-0.3		-0.3566749439		0.0566749439

						-0.058		-0.0597500044																		-0.29		-0.3424903089		0.0524903089

						-0.056		-0.0576291128																		-0.28		-0.328504067		0.048504067

						-0.054		-0.0555127099																		-0.27		-0.3147107448		0.0447107448

						-0.052		-0.0534007767																		-0.26		-0.3011050928		0.0411050928

						-0.05		-0.0512932944																		-0.25		-0.2876820725		0.0376820725

						-0.048		-0.0491902442																		-0.24		-0.2744368457		0.0344368457

						-0.046		-0.0470916075																		-0.23		-0.2613647641		0.0313647641

						-0.044		-0.0449973659																		-0.22		-0.2484613593		0.0284613593

						-0.042		-0.042907501																		-0.21		-0.2357223335		0.0257223335

						-0.04		-0.0408219945																		-0.2		-0.2231435513		0.0231435513

						-0.038		-0.0387408283																		-0.19		-0.2107210313		0.0207210313

						-0.036		-0.0366639844																		-0.18		-0.1984509387		0.0184509387

						-0.034		-0.0345914448																		-0.17		-0.1863295782		0.0163295782

						-0.032		-0.0325231917																		-0.16		-0.1743533871		0.0143533871				Error = x - ln x

						-0.03		-0.0304592075																		-0.15		-0.1625189295		0.0125189295

						-0.028		-0.0283994745																		-0.14		-0.1508228897		0.0108228897

						-0.026		-0.0263439753																		-0.13		-0.1392620673		0.0092620673

						-0.024		-0.0242926926																		-0.12		-0.1278333715		0.0078333715

						-0.022		-0.0222456089																		-0.11		-0.1165338163		0.0065338163

						-0.02		-0.0202027073																		-0.1		-0.1053605157		0.0053605157

						-0.018		-0.0181639706																		-0.09		-0.0943106795		0.0043106795

						-0.016		-0.0161293819																		-0.08		-0.0833816089		0.0033816089

						-0.014		-0.0140989244																		-0.07		-0.0725706928		0.0025706928

						-0.012		-0.0120725812																		-0.06		-0.0618754037		0.0018754037

						-0.01		-0.0100503359																		-0.05		-0.0512932944		0.0012932944

						-0.008		-0.0080321717																		-0.04		-0.0408219945		0.0008219945

						-0.006		-0.0060180723																		-0.03		-0.0304592075		0.0004592075

						-0.004		-0.0040080214																		-0.02		-0.0202027073		0.0002027073

						-0.002		-0.0020020027																		-0.01		-0.0100503359		0.0000503359

						6.93889390390723E-17		0																		3.08780778723872E-16		2.22044604925031E-16		8.67361737988404E-17

						0.002		0.0019980027																		0.01		0.0099503309		0.0000496691

						0.004		0.0039920213																		0.02		0.0198026273		0.0001973727

						0.006		0.0059820717																		0.03		0.0295588022		0.0004411978

						0.008		0.0079681696																		0.04		0.0392207132		0.0007792868				x		x-ln(1+x)

						0.01		0.0099503309																		0.05		0.0487901642		0.0012098358				-0.05		0.0012932944

						0.012		0.0119285709																		0.06		0.0582689081		0.0017310919				-0.03		0.0004592075

						0.014		0.0139029052																		0.07		0.0676586485		0.0023413515				-0.02		0.0002027073

						0.016		0.0158733492																		0.08		0.0769610411		0.0030389589				-0.01		0.0000503359

						0.018		0.0178399181																		0.09		0.0861776962		0.0038223038				0		0

						0.02		0.0198026273																		0.1		0.0953101798		0.0046898202				0.01		0.0000496691

						0.022		0.0217614918																		0.11		0.1043600153		0.0056399847				0.02		0.0001973727

						0.024		0.0237165266																		0.12		0.1133286853		0.0066713147				0.03		0.0004411978

						0.026		0.0256677467																		0.13		0.1222176327		0.0077823673				0.05		0.0012098358

						0.028		0.027615167																		0.14		0.1310282624		0.0089717376

						0.03		0.0295588022																		0.15		0.1397619424		0.0102380576

						0.032		0.0314986671																		0.16		0.1484200051		0.0115799949

						0.034		0.0334347761																		0.17		0.1570037488		0.0129962512

						0.036		0.0353671438																		0.18		0.1655144385		0.0144855615

						0.038		0.0372957847																		0.19		0.1739533071		0.0160466929

						0.04		0.0392207132																		0.2		0.1823215568		0.0176784432

						0.042		0.0411419433																		0.21		0.1906203596		0.0193796404

						0.044		0.0430594895																		0.22		0.1988508587		0.0211491413

						0.046		0.0449733656																		0.23		0.2070141694		0.0229858306

						0.048		0.0468835859																		0.24		0.2151113796		0.0248886204

						0.05		0.0487901642																		0.25		0.2231435513		0.0268564487

						0.052		0.0506931143																		0.26		0.231111721		0.028888279

						0.054		0.0525924501																		0.27		0.2390169005		0.0309830995

						0.056		0.0544881853																		0.28		0.2468600779		0.0331399221

						0.058		0.0563803334																		0.29		0.2546422184		0.0353577816

						0.06		0.0582689081																		0.3		0.2623642645		0.0376357355

						0.062		0.0601539228																		0.31		0.2700271372		0.0399728628

						0.064		0.0620353909																		0.32		0.2776317366		0.0423682634

						0.066		0.0639133257																		0.33		0.2851789422		0.0448210578

						0.068		0.0657877405																		0.34		0.292669614		0.047330386

						0.07		0.0676586485																		0.35		0.3001045925		0.0498954075

						0.072		0.0695260626																		0.36		0.3074846997		0.0525153003

						0.074		0.0713899961																		0.37		0.3148107398		0.0551892602

						0.076		0.0732504617																		0.38		0.3220834992		0.0579165008

						0.078		0.0751074725																		0.39		0.3293037471		0.0606962529

						0.08		0.0769610411																		0.4		0.3364722366		0.0635277634

						0.082		0.0788111804																		0.41		0.3435897044		0.0664102956

						0.084		0.080657903																		0.42		0.3506568716		0.0693431284

						0.086		0.0825012215																		0.43		0.3576744443		0.0723255557

						0.088		0.0843411484																		0.44		0.3646431136		0.0753568864

						0.09		0.0861776962																		0.45		0.3715635564		0.0784364436

						0.092		0.0880108773																		0.46		0.3784364357		0.0815635643

						0.094		0.089840704																		0.47		0.3852624008		0.0847375992

						0.096		0.0916671885																		0.48		0.3920420878		0.0879579122

						0.098		0.0934903431																		0.49		0.39877612		0.09122388

						0.1		0.0953101798																		0.5		0.4054651081		0.0945348919
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y = 0.5007x2 - 0.0006x - 2E-07
R2 = 0.9997
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