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One of the most powerful notions in mathematics is the idea of approximating a function with other functions.  Students’ first exposure to this concept typically is Taylor approximations at the end of second semester calculus where a function f(x) is approximated by a polynomial, which can be thought of as a linear combination of power functions with non-negative integer exponents.  Thus, these power functions can be thought of as a basis for the vector space of Taylor polynomial approximations.


The next exposure to this concept for those students majoring in mathematics and some related fields is the notion of Fourier series in differential equations or a more advanced course.  Here, a function f(x), usually a periodic function, is approximated by a linear combination of sinusoidal functions of the form sin (nx) and cos (nx).  In this case, the sinusoidal functions can be thought of as a basis for a vector space.  However, by the time students see Fourier approximations, typically in courses several semesters after Calculus II, most of them usually lose the thread of the idea of approximating one function by another.  Also, Fourier approximations are derived in quite a different manner from the way that Taylor approximations are derived, by using definite integrals of the form 
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for n = 0, 1, 2, … to define the coefficients in

f(x)  =  
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As a result, the possible linkage between the two types of approximation is further weakened, if not completely lost, in many students’ minds.

In this article, we will look at exponential functions, probably the second most important family of functions (after linear functions), and see whether it is possible and/or reasonable to use exponential functions as a basis for a vector space to approximate a function f(x).  In particular, we will consider the exponential functions ex, e2x, e3x, … as our basis and attempt to approximate a function f(x) as a linear combination of these functions.  That is, for instance, we wish to determine constants A, B, C, and D, say, so that

f(x)  ≈  Aex + B e2x + C e3x + De4x
on some interval.  
To do this, we use some ideas that parallel the development of Taylor approximations.  We will look for approximations that are centered about a given point and, for convenience, choose x = 0 as that point.  We will write En to denote the approximating function up to enx;  we will call this an exponential approximation of order n.  (Actually, if we use some value x = c other than zero as the center of our interval, then the basis functions would be of the form ek(x-c), k = 1,2, …, n.)

Finally, when we speak of the agreement between a function f and an approximation En of order n, we will use the interpretation that f and En agree in value at the indicated point and that all derivatives up to order n also agree at that point.  Thus, at x = 0, say, we require that
f ’(0) = En’(0),      f “(0) = En”(0),  …,    f (n)(0)  = En(n) (0).  
Approximations of Order 1 and 2  We begin by considering first-order and second-order approximations to a function.  To provide some “targets” to see how effective these, and subsequent, approximations are, we will use  F(x) = sin x and G(x) = cos x as examples throughout.  


For a first-order exponential approximation E1(x) to a function f(x), we want

f(x)  (  A ex
subject to the condition that there be exact agreement between the function and the approximation at x = 0.  Thus, 
f(0) = A e0  =  A.
Therefore, the first-order exponential approximation is simply

f(x)  (  f(0) ex.  

In particular, for F(x) = sin x, we have the rather sorry approximation  sin x ( 0 and for G(x) = cos x, we have the equally poor approximation cos x ( cos 0 × ex = ex.  


Next, let’s consider the second-order exponential approximations E2(x) to a function f(x), so that

f(x)  (  A ex  +  B e2x
subject to the conditions that, at x = 0, there is exact agreement between the value of the function and the approximation and exact agreement between the slope of the function and the slope of the approximation.  Thus we have
f(0)  =  A e0 +  B e(2(0)  =  A + B

f’(0)  =  A e0 +  2B e(2(0)  =  A + 2B.
We can solve this system of two linear equations in two unknowns easily;  subtract the first equation from the second to get

B  =  f ’(0) – f(0)

and then substitute the result into the first equation to get
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A = f(0) – [f ’(0) – f(0)]  = 2f(0) –f ’(0).
Consequently, the second-order exponential approximation E2 is

f(x)  (  [2f(0) –f ’(0)] ex  +  [f ’(0) – f(0)] e2x.


To see how good this approximation is, we first consider the target function F(x) = sin x and find that

F(x) = sin x (  –ex  + e2x .
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We show the graph of the two functions on the interval [-1, 1] in Figure 1 and observe that the exponential approximation (the solid curve) appears reasonably accurate if we remain very close to the origin, but the two certainly diverge from one another as we move away from the point of tangency.


Similarly we consider our other target function G(x) = cos x and find that

G(x) = cos x  (  2ex  - e2x.
We show both functions in Figure 2, also on the interval [-1, 1], and again observe that there is reasonably good agreement very close to x = 0.  However, it is worth noting that the accuracy breaks down much more dramatically to the right than toward the left.  This is attributable to the behavior of the exponential terms used in the approximation, where each one approaches ∞ as x increases positively and each approaches 0 as x increases negatively.

We can measure the error between a function f and an approximation in several ways.  Perhaps the simplest is to look at the maximum deviation between the two:

Error1  =  
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For our second-order approximation to the sine function on the interval [-1, 1], this becomes

Error1  =  
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The graph of this error function is shown in Figure 3.  We observe that the minimum error occurs at the origin, as we should expect because that is the point where the sine function and the approximation agree.  The maximum errors occur at the endpoints of the interval, most notably at x = 1, so that Error1 = 3.8293. 

Similarly, for the second-order approximation to the cosine function, we have

Error1  =  
[image: image6.wmf]2

11

maxcos()(2)

xx

x

xee

-££

--

.

[image: image24.emf]Figure 5

-1

1

-1 1

x

y

E

2

E

3

The graph of this error function is in Figure 4a, where we observe that the absolute maximum occurs at the right endpoint x = 1.  However, between x = -1 and about x = 0.25, we see that the size of the error is quite small (no greater than 0.05, in fact), so the approximation is fairly accurate in this interval.  See Figure 4b for a closer view.  Moreover, we can apply some calculus ideas to locate all the critical points for this error function on the original interval [-1, 1].  The critical points consist of the endpoints of the interval x = -1 and x = 1, as well as those points where either the absolute value term is zero (and the derivative may not be defined), so that
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(sin x  + ex – e2x(  =  0,
or the derivative is zero, which occurs when

cos x  =  - ex  + 2 e2x.

We can solve both of these transcendental equations with a variety of technological tools.  In particular, from the graph of the first equation, we see that the only solution is x = 0 and this corresponds to the minimum of the error function.  The solutions to the second equation are  x = -0.799754 and at x = 0.  The latter corresponds to the minimum of the error function and the former corresponds to the local maximum value for this error, which is 1.212072.  The global maximum for this error function on this interval corresponds to x = 1 and is Error1 = 2.492798.

A second way to measure the error in such approximations is to look at the total error.  This can be interpreted as the total area between the two curves in the calculus sense, so that
Error2  =  
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For our first target function sin x, the total error for the second-order approximation is

Error2  =  
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Using technology to evaluate this, we obtain a value of Error2 = 1.276458.  In a comparable way, the total error for the second-order exponential approximation to the cosine function turns out to be 

Error2  =  
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  =  0.620005.

A third, and perhaps most widely used measure of error in practice, is the L2-norm approach,  
Error3  =  
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We note that this approach, like the Error2 approach, circumvents the fact that the difference between the function and its approximation can be either positive or negative, depending on the points in the interval.  However, this approach has the advantage of avoiding the absolute value, which can complicate calculations in the Error2 approach.  For our target functions, we then obtain, using technology to evaluate the definite integrals,

Error3  =  
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 =  1.513085
Error3  =  
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  =  0.909403.
We note that the error measures obtained with the three approaches are not at all comparable –each gives a very different ways of measuring how well an approximation fits the original function f.   However, it is worth observing that for each of the three different error measures, the approximation to the cosine function is better than that to the sine function.
Third-order Approximations  We now extend what we did before to obtain a third-order approximation E3(x) to a function f(x) in terms of exponential functions: 

f(x)  (  A ex  +  B e2x + C e3x, 

subject to the conditions that there be exact agreement at x = 0 between the given function and the approximating function as well as the first two derivatives.  This leads to the system of linear equations

 f(0)  =   A e0  +   B e(2(0)   +  C e(3(0)   =  A + B + C

   f’(0)   =  A e0  +  2B e(2(0) +  3C e(3(0)   =  A + 2B + 3C
   f” (0)  =  A e0  +  4B e(2(0) +  9C e(3(0)   =  A + 4B + 9C.
This system can be solved fairly readily using algebraic methods.  If we take the difference between the first two equations and the difference between the second two equations, we reduce the system to a system of two equations in two unknowns:
B  +  2C  =  f ’(0) – f(0)

2B + 6C = f ”(0) – f ‘(0)

and from this we readily obtain the solutions for the three parameters.  Therefore, we find that the third-order exponential approximation E3 to a function f(x) is given by
f(x)  (  
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where all three terms f, f ‘, and f “ on the right-hand side are evaluated at x = 0.
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As before we investigate how accurate this third-order exponential approximation is for our two target functions.  First, with F(x) = sin x, we use the fact that F(0) = 0, F ’(0) = 1, and F”(0) = 0 to write the approximation  
sin x  (  
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In Figure 5, we show the graph of the sine function (the dashed curve) along with both the second-order approximation and this third-order exponential approximation (the heavier curve) on the interval [-1, 1].  Although both exponential approximations are good very close to the origin, we notice that the third-order exponential approximation remains close to the sine curve for somewhat longer, particularly to the left.  On the other hand, toward the right, once the approximation begins to diverge from the sine graph, it diverges much more rapidly than the second-order approximation does because -3/2 e3x dominates the long-term behavior of the approximation function.   
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In a comparable way, we consider how well a third-order exponential approximation matches the cosine function.  We use the fact that G(0) = 1, G ’(0) = 0 and G”(0) = -1 to write the approximation  
cos x  (  
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In Figure 6, we show the graph of the cosine function along with the graphs of both the second and third-order approximations.  Clearly, the third-order exponential approxi​mation remains closer to the target curve over a wider interval than the second-order approximation does, so it is a better fit.  

There is one striking difference between these approximations with linear combinations of exponential functions and Taylor polynomial approximations.  With the latter, when the degree of the approximation is increased, all that changes is the inclusion of an additional term in the approximating polynomial.   In contrast, with exponential approximations, when the order increases, not only does a new term enter the expression, but also all prior terms change in the sense of an entirely different collection of coefficients.  Thus, it does not seem that there is any natural way to extend an approximation En (x) of order n to a better approximation En+1(x) of order n + 1 in a predictable fashion.  We will discuss this again later in the article.

Approximations of Fourth and Higher Orders Despite our inability to extend the exponential approximation formulas we derived above in a simple way, it is actually a fairly simple procedure to continue developing additional formulas of higher orders.  Suppose we wish to create fourth-order approximations to our two target functions F and G.  In terms of a general function f, we seek the exponential approximation 

f(x)  (  A ex  +  B e2x + C e3x  +  D e4x,
subject to the conditions that there be exact agreement at x = 0 between the given function and the approximating function as well as their first three derivatives.  This leads to the system of linear equations

 f(0)  =   A e0  +   B e(2(0)   +  C e(3(0) +  D e(4(0)     =  A + B + C + D

   f’(0)   =  A e0  +  2B e(2(0) +  3C e(3(0) +  4D e(4(0)       =  A + 2B + 3C + 4D
   f” (0)  =  A e0  +  4B e(2(0) +  9C e(3(0)  +  16D e(4(0)   =  A + 4B + 9C + 16D
   f’” (0)  =  A e0  +  8B e(2(0) +  27C e(3(0)  +  64D e(4(0) =  A + 8B + 27C + 64D.
Instead of seeking a solution for A, B, C, and D in general, suppose we consider our first target function F(x) = sin x, so that f(0) = 0, f ‘(0) = 1, f “(0) = 0, and f ‘”(0) = -1.  We therefore seek the solution to the specific system of linear equations

A + B + C + D  =  0
A + 2B + 3C + 4D  =  1
A + 4B + 9C + 16D  =  0

A + 8B + 27C + 64D  =  -1.
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Using either the matrix features of any graphing calculator or the POLY function on some models, we quickly find the solution.  In exact form, it is A =-25/6, B = 9, C = -13/2, and D = 5/3, so that the fourth-order exponential approximation to the sine function is 
sin x  (  
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We show the graph of this approximation (the heavier curve) along with the previous approxi​mations of lower order in Figure 7.  As we would expect, this exponential approximation hugs the sine curve over a longer interval than any of the lower order approximations do.

We note that this matrix procedure is very simple to extend, given the clear patterns in the values of the successive derivatives and in the coefficients in the systems of linear equations. For comparison, then, we simply cite the resulting fifth order approximation 

sin x  (  
[image: image17.wmf]2345

354733255

63233

xxxxx

eeeee

-+-+-


[image: image29.emf]Figure 11

-1

1

-3 3

x

y

and show the graphs in Figure 8.  Again, the highest order exponential approximation (shown as the heaviest curve) hugs the sine curve over the widest interval, roughly from x = -0.45 to x = 0.25.

In comparison, for our second target function G(x) = cos x, we have f(0) = 1, f ‘(0) = 0, f “(0) = -1, and f ‘”(0) = 0.  We therefore seek the solution to the specific system of linear equations

     A + B + C + D  =  1   

A + 2B + 3C + 4D  =  0

A + 4B + 9C + 16D  =  -1
A + 8B + 27C + 64D  =  0.

The resulting exponential approximation of fourth-order is 

cos x  (  
[image: image18.wmf]234

5

1

22

20

xxxx

eeee

-++


and, surprisingly, this is identical to the exponential approximation of third-order.  To find the approximation of fifth order, we need to solve the system of linear equations
     A  +  B  +  C  +  D  +  E  =  1   

A +  2B + 3C  + 4D   + 5E   =  0

A + 4B + 9C + 16D   + 25E =  -1
A + 8B + 27C + 64D   + 125E  =  0

A + 16B + 81C + 256D  +  625E  =  1.
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The resulting exponential approximation of fifth order is 

cos x  (  
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As seen in Figure 9, the higher order exponential approximation (the darker curve) is a better fit to the cosine curve, matching it reasonably well (at least to the naked eye) from about x = -0.50 to x = 0.35.
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Some Comparisons with Taylor Approximations  To get a feel for how exponential approximations compare to Taylor approximations in the sense of how well each fits the sine curve, we show the graph of the sine function along with the Taylor polynomial approximation of degree 5 in Figure 10.  The interval is [-3, 3], which is considerably wider than the intervals we used above for the exponential approxi​mations.  We there​fore see that there is far better agreement between these two functions than there was with the exponential approximations before.  

In the same way, in Figure 11, we show both the cosine function and the Taylor approximation of degree 4, again on the interval [-3, 3].  Once more, we see that the Taylor approximation is far more accurate than the exponential approximation of comparable, or even somewhat higher, order.
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Thus, a Taylor approximation is considerably better – certainly, at least for our target functions.  For a given level, it is considerably more accurate than an exponential approximation.  In addition, it is easier to write an approximation of any desired degree. 


Let’s look more closely at this issue of the coefficients changing with an increase in the order of exponential approximations.  With a Taylor approximation, the coefficient of the nth degree term is f (n)(c)/n!, where x = c is the point where the approximation is centered.  Because we are working with a polynomial, the nth derivative annihilates all terms of degree less than n  and all terms of degree n + 1 and higher contain a factor of  (x – c), so they contribute zero when evaluated at x = c.  So, when we increase the degree of the Taylor polynomial by 1, only one additional term arises and all terms of lower degree remain the same.

On the other hand, with exponential approximations, things are very different.  Consider what happens when we go from an approximation of order 4 to one of order 5.  The first equation in the system of linear equations for the coefficients when n = 4 is

A + B + C + D = f (c),
while the first equation for the coefficients when n = 5 is

A + B + C + D + E = f (c).

With just this first equation, the only way that the first four coefficients can be preserved unchanged is the rather unlikely case that E = 0.  The same reasoning occurs with the next three equations.  (This is precisely what happened above with the third- and fourth-order approximations to the cosine.)


The interested reader might want to investigate whether there are any functions f for which an increase in the order of the exponential approximation is accompanied by no change in any of the previous coefficients.


Another useful property of Taylor polynomials is the fact that the derivative of an approximation of order n produces the Taylor approximation of order n – 1 to f ’(x).  For instance, since sin x ( x – x3/3! + x5/5!, when we differentiate both sides of the approximation, we have cos x ( 1 – x2/2 + x4/4!.  However, it does not appear that the comparable property holds for exponential approximations.  For instance, if we start with the third-order approximation to the sine function, 

sin x  (  
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and differentiate both sides, we get

cos x  (  
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While this may be a reasonable approximation to sin x (it is actually quite poor), it certainly is not the E3, let alone the E2 approximation we developed above.  So once more, Taylor polynomials have a distinct advantage over exponential approximations.
Pedagogical Considerations  Although Taylor approximations are far better than exponential approximations, the author believes that there are some valuable lessons for students to learn from exposing them to these ideas.  First, as mathematicians, we appreciate the importance of Taylor approximations and Taylor’s Theorem.  Indeed, for many of us, these topics are the climax of a year-long development of first year calculus.


Unfortunately, many students do not gain the same kind of appreciation of these ideas.  In part, many of the fundamental uses of these concepts occur in subsequent courses.  In addition, it is often difficult to appreciate fundamental ideas when one has nothing to compare them to, and this is certainly the case with students in calculus.  However, if they have the opportunity to see similar ideas, particularly ones that do not work quite as well or quite so simply, in a somewhat different setting, then the students will gain much more of that appreciation.


The ideas in this article can provide that second vantage point.  The parallel development based on agreement between a function and its approximation at a point reinforces the underlying ideas on where Taylor approximations come from.  The fact that the resulting approximation formulas do not extend from one order to the next higher order dramatize the simplicity and elegance of Taylor approximations, as well as their effectiveness, and so can help students realize the importance of Taylor polynomials.  Also, the mathematical techniques involved, including solving systems of linear equations either algebraically or by using matrix methods, the max-min analysis for the Error1 approach , and the definite integral for the  Error2 and the  Error3 approaches, all provide good reviews of methods that many students have not seen in some time and so may have forgotten.  Finally, if students have been exposed to the notion of approximating functions by both polynomials and exponential functions, it becomes much more natural to get into the comparable idea of approximating functions with sinusoidal functions, even if the underlying approach to defining the coefficients is totally different.  In fact, the idea of approximating functions then becomes a much more central and important aspect of the mathematics curriculum, which certainly is the role it plays in the practice of mathematics today.

Admittedly, there usually is no extra time available in first year calculus to go off on a tangent such as this.  However, the development of exponential approximations does make an ideal activity when one has a laboratory attached to the calculus course or if one can create a guided series of exploratory questions/problems that have the students investigate these ideas in conjunction to a treatment of Taylor polynomial approximations.  
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Abstract  The possibility of approximating a function with a linear combination of exponential functions of the form ex, e2x, … is considered as a parallel development to the notion of Taylor polynomials which approximate a function with a linear combination of power function terms.  The sinusoidal functions sin x and cos x are used as targets to assess how well the various approximations fit a given function.  Some of the particularly nice properties of Taylor polynomials are shown not to apply to exponential approximations, a good lesson for students who can thereby gain a deeper appreciation of the power of Taylor approximations.
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				0.72		0.7518057291		-0.1118293957		1.0302602218		-0.0263313802

				0.76		0.7248360107		-0.2956727541		1.0895803657		-0.4043644314

				0.8		0.6967067093		-0.5019505674		1.1693756628		-0.9205580066

				0.84		0.6674628258		-0.7328220176		1.2741038315		-1.6217780356

				0.88		0.6371511442		-0.9906379816		1.4089762811		-2.5692596743

				0.92		0.6058201566		-1.2779574812		1.5800709269		-3.8426399692

				0.96		0.5735199861		-1.5975655224		1.7944608348		-5.5450514301

				1		0.5403023059		-1.952492442		2.0603608349		-7.8095431439
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