Exposing the Mathematical Wizard:

Approximating Trigonometric and Other Transcendental FunctionsPRIVATE 


One of the more memorable scenes in the Wizard of Oz is when Toto draws back the curtain to expose the Wizard of Oz and Frank Morgan admits that “I am really a very good man, but just a poor wizard”.  In a sense, this is reminiscent of Arthur C. Clarke’s famous Third Law [1] that “any sufficiently advanced technology is indistinguishable from magic”.  For almost all of our students, the things that happen when they push the buttons on their calculators are essentially magic and the techniques employed are seemingly pure wizardry.  


In this article, we will draw back the curtains to expose some of the mathematics behind the computational wizardry that turns out to be both fundamental and yet highly accessible to students at the precalculus level.  At the same time, some of these mathematical ideas are truly inspirational for many students and really turn them on to the subject.  And, in the process, we will show how these ideas provide a wonderful opportunity to make connections between seemingly disparate mathematical threads (such as the behavior of polynomials, the behavior of the sine and cosine, and the use of trigonometric identities and data analysis) to link them in precalculus courses.  Simultaneously, we will demonstrate how these ideas provide teachers with new ways to reinforce important concepts and methods.


Actually, since all that a calculator or computer can do is to add and subtract numbers, every other operation, such as multiplication, taking the square root, and so on, necessarily involves some very clever kind of numerical scheme.  So, perhaps a better image for this article might be Mickey Mouse in the Sorcerer’s Apprentice section of Disney’s Fantasia in which the naïve apprentice uses a magical spell that sets thousands of wizardly creations into action.  However, we focus on just one such mathematical wizard here; several future articles may expose some of the others lurking behind other curtains on a calculator.


In particular, we will consider the notion of how one approximates a function, typically a transcendental function such as the sine or the cosine, with a simpler function, usually a polynomial, to allow us to calculate values of the original function.  Consider the function y = sin x. In reality, there are only a miniscule number of values for x for which one can calculate values exactly – in fact, only for integer multiples of 30( and 45( and, if one is willing to apply the half-angle identity, for 30(/2n and for 45(/2n, for any positive integer n.  However, if you are asked to calculate the value for sin 29( instead of sin 30(, it is not possible to do exactly.  The only game in town is to approximate this value.  For instance, you might argue that since the sine function is increasing in the neighborhood of 29(, the value must be somewhat less than sin 30( = 0.5, say something like 0.48 or 0.49 as an educated guess.   Alternatively, you could use a calculator to find that sin 29( ( 0.4848096202, but this is only an approximation that is accurate to 10 decimal places.  And, if your students ever think about it, the techniques used to get this approximation are, as Clarke said, indistinguishable from magic. 

Throughout this article, unless specifically mentioned, we work with radian measure.  The methods developed do not apply directly in degree measurement without making some appropriate adjustments involving the fact that π radians = 180(. 

Approximating the Sine Function  

We begin by looking at the sine function and, in particular, its behavior very close to the origin, as shown in Figure 1, where we have zoomed in repeatedly.   SEQ CHAPTER \h \r 1 This portion of the graph looks remarkably like a straight line rather than a part of a sine curve. In fact, if you zoom in sufficiently [image: image7.wmf]-0.3
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on any smooth curve, it will eventually look like a straight line. 
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 SEQ CHAPTER \h \r 1Let's find the equation of this seeming "line". Because it passes through the origin, the vertical intercept must be 0. To find the slope, we either trace along the sine curve very close to the origin or use the Value option on a TI-84 graphing calculator, for instance, to find that (0.001, 0.0009999998) is a point on the curve. The slope of the line through this point and the origin is 0.9999998 ( 1 and so y = x is a line that very closely hugs the sine curve near x = 0. We show the graph of this line, along with the sine curve, in Figure 2.  Clearly, when x is very close to 0, the graphs of y = sin x and y = x are virtually indistinguishable. This is true from about x = -0.5 to x = 0.5. That is,

sin x ≈ x,   when x is very close to 0.

For instance, if x = 0.001234, which is quite close to the origin, then we would approx​imate the value of sin(0.001234), which is 0.0012339997, with
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Thus, this approximation is accurate to six decimal places. On the other hand, if we take x = 0.0789, then we would estimate that sin (0.0789) ( 0.0789 compared to the actual value of sin (0.0789) = 0.078818164, so this approximation is only accurate to three decimal places.  Also, we asked above about the value of sin 29(.  This is actually quite close to sin ½ in radians (½ radian ( 28.648() and we will use sin ½ as a target throughout this article.  The linear approximation then gives sin ½ ( 0.5 compared to the calculator’s approximated value of 0.4794255, so it is fairly inaccurate.  
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 SEQ CHAPTER \h \r 1The reason that the accuracy diminishes as the value of x gets farther from 0 can be seen from Figure 3 where x extends from x = -2 to x = 2 and you can obviously see the first pair of turning points on the sine curve while the line continues to extend in a linear pattern.  Thus, the further that x is from 0, the more that the sine curve bends away from the line y = x.  You can dramatize this important point with students by asking them to construct a table of sample values for x and the corresponding entries for sin x, the linear approxi​mation sin x ( x, and the error in the approximation, which is the difference sin x – x between the actual value and the approxi​mate value.  We show the possible format for this activity in Table 1.
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Before going on, a comment is in order. While the theme of this article is illustrating the mathematical techniques used to calculator values of the common transcendental functions, we do cite the results of a calculator as giving the “correct” value to the number of decimal places displayed, for the sine and the cosine.  Clearly, these “correct” values are also approximations, but the key notion is to demonstrate where such approximations come from.  
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 SEQ CHAPTER \h \r 1Using Linear Regression We presume that linear, as well as non-linear regression, has been treated in extensive detail both in previous courses and earlier in the precalculus course we are discussing in this article.  In mathematics classrooms, linear regression is typically applied to find the line that is the best fit, in the least squares sense, to sets of real-world data.  However, the technique can also be applied to find the line that best fits “mathematical data”. In particular, as illustrated in Figure 4, the regression line is the unique line that has the property that the sum of the squares of the vertical distances between the line and the data points is a minimum.  Although the equation y = ax + b of this least squares line is usually proved based on techniques of multivariate calculus, it can also be derived [2] using only precalculus-level mathematics having to do with locating the vertex of a quadratic function, which leads to a system of two linear equations in the parameters a and b. (The authors believe that students should be exposed to such an argument, if not the full derivation, so that another piece of seeming mathematical wizardry is exposed to view to make mathematics a more transparent subject.)
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We now use linear regression to create a linear function that approximates the sine function near x = 0. To do this, we select a set of points that lie on the sine curve that are very close to the origin. One such set of values, rounded to 6 decimal places, is shown in Table 2, though the calculations were done using the calculator’s values for sin (-0.025), sin (-0.020), …rather than the values -0.024997, -0.019999, … cited in Table 2.  The line that best fits these "data" is y = 0.999926x with a correlation coefficient r = 1.000000000, which tells us that a line with slope of about 1 is a virtually perfect fit. So, once again, we find that

                                                                sin x  (  x,

when x is very close to the origin.  The “catch”, of course, is the phrase “very close” and we will discuss this below.

 SEQ CHAPTER \h \r 1
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We note that the results obtained from this kind of investigation are extremely sensitive to the choice of the values for x.  If you take other values, particularly values that are further away from the origin, or a different number of points, the results may change quite dramatically.  Moreover, both in this case and in others that will arise later in this article when we are interested in approximating the sine function over a wider interval centered at the origin, we focus on points that are very close to the origin.  The approximation formulas we construct here are all “centered” at the origin and work well only if we stay sufficiently close to x = 0.  Moreover, although we avoid calculus here, the best approximation formulas centered at the origin are the Taylor polynomial approximations, we aim to construct approximations that are close to, if not precisely the same, as the Taylor polynomials.

 SEQ CHAPTER \h \r 1Improving on the Linear Approximation to the Sine  Unfortunately, the linear approximation sin x ≈ x to the sine curve is only accurate if x is very close to the origin, roughly from x = -0.5 to x = 0.5. Moreover, this interval is based on only a visual inspection, which in turn depends on the choice of the viewing window.  We can also formalize the notion of how well one function matches another on an interval to something more analytic rather than graphical, but will not go into that here.
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Let's see how we can improve on this linear approximation sin x ≈ x when x is somewhat farther from 0. In Figure 1, we zoomed in on the sine curve very close to the origin (from x = -0.3 to x = 0.3), so that the curve looked like a line. Now we zoom out a bit to see what happens for values of x from - 3.5 to 3.5, as shown in Figure 5. This portion of the sine curve has two turning points and one obvious inflection point (although there are two other inflection points at x = ((, but we will ignore them for now), so the overall shape suggests a cubic polynomial with a negative leading coefficient. This observation suggests that we try to approximate this portion of the sine curve with a cubic curve rather than a linear function. (Of course, if you zoom out a bit farther, more turning points appear and the cubic-like appearance disappears.)  A discussion at the precalculus level of how calculators and software fit polynomials to sets of data, a process called polynomial regression, is presented in [3]; a somewhat more sophisticated discus​sion using calculus is in [5].  In general, the idea is to extend the least-squares notion to find the parabola or higher degree polynomial curve that comes closest to all of the data points, as illustrated in Figure 6.

We again use the data in Table 2 to fit a cubic polynomial instead and get 

y = -0.1666601 x3 + 0 x2 + 0.999999999 x + 0.

Note that 


(1) the constant term is 0, which assures us that the cubic passes through the origin; 


(2) the coefficient of the linear term is essentially 1; 


(3) the coefficient of the quadratic term is 0; 


(4) the leading coefficient is negative, which is what we should expect because this portion of the sine curve ends up decreasing to the right; and 


(5) the value of the leading coefficient, -0.1666601, is quite close to -1/6 = -0.16666667. Thus a cubic polynomial that can be used to approximate the sine function is 

y =  T3(x) =  -x3/6  +  x
so that
sin x  (  x – x3/6

when x is fairly close to 0.  We use the notation T3(x) here to suggest that this is actually a Taylor polynomial of degree 3.
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Figure 7 shows both the sine curve (dashed) and this cubic polynomial (solid) for x from -3.5 to 3.5. Note that the two curves are indistinguishable from about x = -1.2 to x = 1.2, which is a considerably larger interval than the one for the linear approximation, which is accurate only from about x = -0.5 to x = 0.5. So, the cubic polynomial provides a good approximation over a considerably wider interval centered at the origin.  


To check the accuracy of this cubic approximation to sin x for values of x near 0, we consider, for example, x = 0.125, and find that



               sin(0.125) ( (0.125) -  (0.125)3/6



                                    =  0.124674479,

which agrees to six decimal places with the calculator’s value of sin(0.125) = 0.124674733. If we move farther from x = 0 and try our target x = ½ instead, we find that

sin(½) ( (½) -  (½)3/6   = 0.47916667,            

[image: image25.wmf]-1

1

-3.5

3.5

x

y

y

 = sin 

x

y = x - x

3

/6

[image: image26.wmf]-1

1

-4

x

y

y

 = sin 

x

y = x - x

3

/6 + 

x

5

/120 

compared to the actual value of sin(½) = 0.4794255.  This is correct to three decimal places, so the approximation is still fairly accurate. However, we know that eventually the two curves will separate as the cubic shoots off to ±∞ and the sine function continues its oscillations. We suggest that you encourage your students to perform such investigations both graphically and numerically to drive home this key point.  In particular, we would suggest asking the students to extend Table 1 to include columns for both this cubic approximation and the associated differences.

 SEQ CHAPTER \h \r 1Can we improve on the approximation further so that we would be able to estimate values for sin x when x is still farther from the origin? Consider the graph of the sine curve from x = -6 to x = 6 shown in Figure 8. This portion of the curve has four turning points and three inflection points, which suggests a polynomial of degree 5 with a positive leading coefficient. Although graphing calculators don't fit a fifth degree polynomial to a set of data, that task can be accomplished by many software packages. Using a spreadsheet such as Excel (details on how to do this are shown in the Appendix), we find that a fifth degree polynomial that fits the data in Table 2 is

T5(x) = 0.0083 x5 + 0 x4 - 0.1667 x3 + 0 x2 + 0.999999999x + 0,

or essentially,

T5(x) = 0.0083 x5   -  x3/6 + x.

Because the leading coefficient 0.0083 ( 1/120, we can write this polynomial as
T5(x) = x5/120  -  x3/6   + x     

or, if we reverse the order of the terms,

    T5(x) =  x -  x3/6  +  x5/120.

Note that this fifth degree polynomial has a positive leading coefficient, so it increases toward the right, as we want. It also has a 0 constant coefficient, so it passes through the origin. Note also that the only change from the cubic polynomial T3(x) = x  -  x3/6 to this fifth degree polynomial T5(x) = x  -  x3/6 +  x5/120 is the fifth degree term – all other terms remain the same.
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Using this polynomial, we can now write 

sin x  (  x  -  x3/6 +  x5/120.
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We show the graphs of the sine function and this fifth degree polynomial approximation from x = -4 to x = 4 in Figure 9 and observe that they match very closely over a reasonably large interval.  In fact, this fifth degree approximation to the sine function is better than the cubic approximation

  sin x  (  x – x3/6
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because we get more accurate estimates for the values of sin x over a considerably larger interval of x-values centered at 0.  From Figure 9, we estimate that the two curves are indistinguishable from about x = -2 to x = 2, so we have achieved a considerable improvement over the cubic approximation, which was a good match for x between roughly x = -1.2 and x = 1.2.  To illustrate this improvement, we again consider our target value of x = ½ and now estimate that

sin ½ ( ½ - (½)3/6 + (½)5/120  = 0.47942708

compared to the correct value of 0.47943554, so we now have four decimal place accuracy.  


You can see the basic ideas most clearly in Figure 10, where we show the graph of the sine function along with the graphs of the three approximating polynomials (the linear, the cubic, and the 5th degree) we have created.  As the degree of the approximating polynomial increases, it is evident that the successive polynomials hug the sine curve ever more closely over larger and larger intervals centered at the origin.  Furthermore, if you look at the figure, it makes sense that, in order to improve on the fifth degree polynomial T5(x) that rises up from -∞ on the left and rises toward +∞ on the right, we would need a higher degree polynomial with a negative leading coefficient that would “pull” the fifth degree polynomial up toward the left and down toward the right.  That is, we would need a 7th degree polynomial where the addi​tional term has a negative leading coefficient to adjust the 5th degree polynomial so as to hug the sine curve over a larger interval.


Moreover, we again suggest having students create a table similar to Table 1 that includes columns for both the fifth degree approximation and the associated differences.  In the process of performing these investigations personally, the students should begin to grasp the following two fundamental facts about approximating functions with polynomials:

1. For each approximation, the further you move from the “center” point, the poorer the approximation is.  

2. To compare successive approximations, the higher the degree of the polynomial, the more accurate the approximation is.

Patterns in the Approximation Formulas  Consider the three approximation formulas we have developed so far:

sin x  (  x,

          sin x  (  x -  x3/6

                            sin x  (  x -  x3/6  + x5/120.  

There is a fairly recognizable pattern for the coefficients 1, 6 and 120 in these three formulas; they are simply 1!, 3!, and 5!, respectively, so we can rewrite the approximation formulas for the sine function as



  sin x  (  x

sin x  (  x – x3/3!     

    
sin x (  x -  x3/3!  +  x5/5!.

Notice the following facts about the above approximation formulas:

1.  Each successive polynomial involves just one additional term, compared to the preceding polynomial. 

2.  Each polynomial involves only odd powers. 

3.  The signs of the successive coefficients alternate between positive and negative. 

4.  The coefficient of x2n+1 is 1/(2n+1)! for each positive integer value of n.


These observations allow us to construct still higher degree polynomial approximations to the sine function that give greater accuracy and that match the sine function well over larger intervals of values for x.  For instance, you would likely expect that the next higher degree polynomial approximation will be

sin x (  x -  x3/3!  +  x5/5!  -  x7/7!.

These polynomials are known as Taylor polynomial approximations after English mathematician Brook Taylor, who investigated them in the early 1700's, though some of the simpler approximation formulas have apparently been traced further back to the work of Indian mathematicians in the 14th century. Similar polynomial approximation formulas exist for other important classes of transcendental functions, most notably the cosine function (which we discuss below), the tangent function, the other three trigonometric functions, some of the inverse trigonometric functions, the exponential function, and the logarithmic function.  Many mathematicians consider Taylor polynomial approximations so important as to be the climax of the first full year of calculus.  

 SEQ CHAPTER \h \r 1Improving the Approximation Using the Behavior of sin x  We could continue the above process and construct Tay​lor polynomial approximations of ever higher degree and each successive poly​nomial will give a higher level of accuracy over a larger interval. However, that isn't necessary if we cleverly use some of the basic behavioral properties of the sine function. Since the sine function is periodic with period 2π, we know that if x is any number greater than π ( 3.14 or less than -π, the value of sin x is the same as the value of sin x0, where x0 is the corresponding number between -π and π radians. Consequently, we need only obtain an approximation that is sufficiently accurate as far out as π to the right or –π to the left. We can handle anything beyond that by reducing the value of x to an appropriate value x0 between -π and π by "removing" all mul​tiples of 2π.

   Next picture the sine curve from x = 0 to x = π. Clearly, the two sides are symmetric left-to-right, so for any point x between π/2 and π, the value of sin x is the same as that at a corresponding point between 0 and π/2. The same reasoning applies to negative values for x. Therefore, all we really need is an approximation to sin x that is sufficiently accurate for x between –π/2 ( -1.57 and π/2 ( 1.57 and the sine of any other value can be found from the sine of a number between –π/2 and π/2. But, our fifth degree polynomial T5(x) = x - x3/3! + x5/5!  gives two-decimal accuracy for any value of x in this interval, so if that is all the accuracy we want, we are done. If we need more than two-decimal accuracy, we have to use a higher degree polynomial – say, a seventh degree Taylor polynomial T7(x).

Dynamic Investigations of Polynomial Approximations  The kinds of explorations discussed so far are somewhat static in the sense that one enters specific values, such as the data points or the equations of functions, into a calculator or computer program and then waits for the results to be plotted.  A far more dynamic approach can also be used that brings added dimensions to the investigations.  This can be done using Geometer’s Sketchpad, for example, or various dynamic tools available on the Web.  There is one particular tool specifically designed to accompany this kind of exploration. The present author has been developing a very extensive package of dynamic investigatory graphical modules for Mathematics (…  removed to avoid author’s identity).  This package consists of exploratory spreadsheets in Excel that cover most of the important topics in precalculus-level courses and are available to interested readers at the author’s website …...  They are intended for both classroom demonstrations by teachers and for individual and small group investigations by students.  Each of these modules uses sliders to allow the user to experiment with the effects of changing the various parameters associated with each class of function or topic and the associated graphs change instantaneously.  This real-time effect is something that cannot be accomplished using graphing calculators, so these modules provide a dynamic new dimension to the mathematics.


One of the modules is an investigation of approximating the sine (as well as the cosine) with polynomials.  For either function, the approximating polynomial used is of the form
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where the user selects the desired values for the seven parameters a, b, c, d, e, f, and g using sliders. As the user changes the value for any of the parameters with the slider, the corresponding graph changes instantaneously, thus providing the appearance of a smooth animation effect with no wait, let alone change of input values, between one value of a parameter and the next.  The spreadsheet also has the provision for selecting any of the coefficients to be zero, so that the students are able to conduct the investigation in a systematic way by concentrating first on identifying the best fit among the possible polynomials of lower degree and then increasing the degree one step at a time.


Essentially, the exploration is a two-fold challenge.  Graphically, the object is to create the polynomial that is the best fit, visually, to the target function, which usually means that the polynomial effectively is superimposed over the function.  Numerically, the spreadsheet measures the goodness of the fit using the Sum of the Squares of the vertical distances between the target function and the approximating polynomial (see [4]).  The smaller the value is for the Sum of the Squares, the better the fit.  The objective then is to find what appears to be the minimum value of the Sum of the Squares to achieve the optimal fit.


In the process of conducting these explorations, the students quickly come to realize that small changes in the values of the parameters often result in relatively small changes in the graph or in the value for the Sum of the Squares, but that often the resulting changes are surprisingly large. 


For many of the students, the ability to conduct this kind of experimental approach is much more convincing in a visceral way than any more mathematical approach that often comes across as too intellectual.  Thus, this approach provides a way for these students to come to a deeper level of understanding of some extremely fundamental mathematical ideas, including the notion of approximating a function and assessing the level of accuracy in an approximation.  
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Analyzing the Errors There is yet another way that one can look at these ideas on approximating polynomials that provides a different and, in some ways, a more insightful way of understanding the basic ideas, particularly the level of accuracy achieved.  Rather than considering the sine function and any of the approximating polynomials separately, we look at the error function associated with a given approximation.  Thus, for the linear approxima​tion sin x ( x, we have the error function E(x) = sin x – x.  The graph of this function for x between -0.5 and 0.5 is shown in Figure 11.  


There are two significant aspects to this graph.  The first is the vertical range shown, which extends from -0.02 to 0.02.  Thus, the maximum error in the linear approximation is roughly 0.02 when x is between -0.05 and 0.05.  Clearly, if we restrict ourselves to a smaller interval centered about the origin, the maximum error in the approximation becomes significantly smaller.  This approach to estimating how accurate the approximation is certainly is considerably more precise than the eyeball approach we used previously.


The second aspect to the graph of the error function is its shape.  The graph suggests what appears to be a cubic polynomial with a negative leading coefficient.  The figure was produced using Excel with x from -0.5 to 0.5 in 50 steps each of length 0.02.  We can then apply polynomial regression to those 51 points and Excel then produces the cubic polynomial 

y = -0.1643x3 – 5E-15 x2 – 0.0001x – 4E-16.

The associated coefficient of determination R2 = 1.000000, which indicates virtually a perfect fit to the “data”. A discussion of the meaning of R2 is in the Appendix to this article.

If we round the coefficient of the quadratic term and the constant term to 0, we have 

E(x)  = sin x - x ( -0.1643x3 – 0.0001x,

so that

sin x ( -0.1643x3 – 0.0001x + x  =  -0.1643x3 + 0.9999x.

Moreover, the leading coefficient -0.1643 = 1/6.086427 ( 1/6, and so we essentially have our cubic Taylor approximation sin x ( x – x3/6.


We note that this approach can be extended by examining the error function relating the cubic polynomial and the sine function and so on.  However, each successive application of the method tends to bring with it greater discrepancies, so the accuracy of the successive approximation formulas certainly deteriorates.  On the other hand, examining the behavior of the error functions provides a much deeper understanding of the accuracy achievable with each approximation.

Approximating the Cosine Function  We now consider the comparable problem of approxi​mating the cosine function. If you zoom in on the cosine curve very close to x = 0, it appears indis​tin​guishable from the horizontal line y = 1. So, for x very close to 0, 

cos x ( 1.

In particular, if x = 0.02, then cos (0.02) = 0.999800 ≈ 1. However, once you move further away from x = 0, the cosine curve bends away from the horizontal line y = 1 and this constant approximation breaks down very rapidly.  


Let's now look at the cosine curve in a somewhat wider interval centered at x = 0, say, from x = -2 to x = 2, as shown in Figure 12. Its overall shape suggests a parabola with a negative leading coefficient. We can find an equation for such a parabola by fitting a quadratic function to some set of values for cos x when x is relatively close to 0. Consider the values in Table 3.  Using a calculator, we find that a quadratic function that fits these data well is




y =  T2(x)  = -0.49973 x2 + 0x + 0.99999.

	x
	-0.08
	-0.06
	-0.04
	-0.02
	0
	0.02
	0.04
	0.06
	0.08

	y = cos x
	0.99680
	0.99820
	0.99920
	0.99980
	1
	0.99980
	0.99920
	0.99820
	0.99680
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Table 3

Notice that the constant term is essentially 1, the coefficient of x is 0, and the leading coefficient is approximately -0.5 = -½. Hence we have the quadratic approximation to the cosine function near x = 0:
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Figure 13 shows the graphs of the cosine function and this quadratic polynomial T2(x) for x be​tween -2 and 2. The two are virtually indistinguishable between about x = -0.8 and x = 0.8. However, beyond that, the quadratic heads down toward -∞ in both directions while the cosine curve begins to change concavity to head back up.  For instance, cos (0.5) = 0.87758 compared to the value of the approxi​mating quadratic,

cos (0.5)  (  1 – (0.5)2/2  =  0.875,

so we have two decimal place accuracy. Again, we suggest asking students to create a table such as that in Table 1 to compare the way that the accuracy of the approximation depends on the distance away from the origin.
If we zoom out somewhat farther – say, from x = -5 to x = 5, as shown in Figure 14 – this portion of the cosine curve has four real roots, three turning points, and two inflection points, which suggest a polynomial of degree 4 with a positive leading coefficient.  Using a calculator and rounding the resulting coefficients slightly, we find that 

cos x  (  1 – x2/2  +  x4/4!.


Clearly, these two approximation formulas can be extended to higher degree polynomial approximations to the cosine and we encourage interested readers and their students to continue these investigations.  The key aspect is to estimate an interval over which each successive approximation is visually accurate.  In the process of conducting this kind of investigation, we have found that students get repeated reinforcement of the properties of polynomials as well as a deeper appreciation for the notion of approximation.


In summary, however, we indicate that:
     (1)  Each successive polynomial involves just one additional term; 

     (2)  Each polynomial involves only even powers (the reason that the cosine function is called an even function); 

     (3)  The signs of successive coefficients alternate; and 

     (4) The coefficient of x2n is 1/(2n)! for each positive integer value of n.

We note that the dynamic investigatory graphical tool in Excel developed by the author and described above also has the capability of performing the same kind of exploration with the cosine function as with the sine function. 
Some Investigations Using Trigonometric Identities The notion of approximating the sine and cosine with polynomials also provides some nice opportunities to bring in some trig identities to reinforce them for the students, as well as to provide some non-trivial situations in which such identities can be used.  We start with our linear approximation to the sine function, sin x ( x, and use it in conjunction with one of the double angle identities for the cosine to write

cos x  =  1 - 2 sin2((x)  

                      ( 1 - 2((x)2   = 1 - x2/2.

Thus, we obtain a quadratic approximation to the cosine function near the origin which is, in fact, the quadratic Taylor polynomial for the cosine.

 
We next use the double angle identity for the sine along with the above two approximations to obtain

sin x  =  2 sin((x) cos((x)  

                        (  2((x)[1 - ((x)2/2]  =  x - x3/8,
after a little algebraic simplification. This is not precisely equivalent to the Taylor polynomial of degree 3.  However, we leave the question to the reader of seeing how good this approximation actually is.  Over what interval does it agree well with the sine function?  How does its accuracy compare to that  of the third degree Taylor polynomial  y = T3(x) =  x - x3/3!? 
The interested reader can continue this process using


     cos x  =  1 - 2 sin2((x)  

                          (  1 - 2[((x) - ((x)3/8]2  

                   =  1 - x2/2 + x4/25 -  x6/211,
after the appropriate simplification. Observe that this polynomial consists of only even powers of x, which makes sense because the cosine is an even function and any functions that are used to construct it should also be even functions.  How good is this approximation?  How does this compare to the sixth degree Taylor approximation

cos x  (  1 - x2/2 + x4/4! -  x6/6!?

We can bring trigonometric identities into play in a very different role.  Specifically, let’s start with the Pythagorean relationship and our Taylor polynomial approximations

sin x ( x   and   cos x ( 1 – x2/2.

When x is close to 0, we should expect that the sum of the squares of these two approximation expressions will be close to 1, but how close?  We find that

(x)2  +  (1 – x2/2)2  =  (x)2  +  1 – x2 + x4/4  =  1 + x4/4.
The graph of this expression as a function of x is shown in Figure 15, where we see that the curve becomes extremely flat at a height of 1 for x relatively close to 0.  From an educational point of view, this is a good point to make to demonstrate one of the key facts about power functions of the form y = Axp, with p > 0; namely, the larger the value for p, the flatter the curve is as it comes out of the origin.
Let’s see what happens if we use a slightly more accurate approximation, sin x ( x – x3/3!.  We then obtain, after some relatively routine algebra,

(x – x3/3!)2  +  (1 – x2/2)2  =  x2  -  x4/3   + x6/36  +1 – x2 + x4/4  

                 =  1 - x4/12 + x6/36.

We leave it to the interested reader to examine the graph of this expression to see how much closer it is to a height of 1 near the origin compared to the previous expression.

If CAS technology such as the TI-89 is readily available for classroom demonstrations, we suggest continuing this exploration using successively higher degree Taylor polynomial approximations to demonstrate that the successive functions come closer and closer to a height of 1 over ever wider intervals.

In a similar vein, we suggest that the interested reader may also want to explore the effects on other trigonometric identities, particularly the double angle formulas, of replacing sine and cosine by their various polynomial approximations.  For instance, how close is sin (2x) to 2 sin x cos x?  The results might be rather surprising.

Related Activities  Finally, we note that very comparable activities can be applied to create Taylor polynomial approximations to a wide variety of other transcendental functions although we don’t go into any details here. Perhaps the most famous is the approximation to the exponential function y = ex, namely 
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for any positive integer n.  The larger n is, the more accurate the approximation and, in the limit as n ( (, we get the exact representation
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The methods we used above to construct approximating polynomials for the sine and cosine functions based on fitting polynomials to data can be applied equally effectively here.  As for the natural logarithm function y = ln x, because ln (0) is not defined, it is necessary to use a point other than x = 0 as the “center” and the natural choice is x = 1.  This means that the resulting approximating polynomial is expressed in powers of (x – 1) instead of powers of x:
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for any positive integer n.  Again, the larger that n is, the better the approximation and, in the limit as n → ∞, we get exact agreement:
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However, to get this formula requires some judicious re-arrangements of the terms shown by a calculator or spreadsheet since the regression polynomials are expressed in terms of powers of x, not powers of x - 1.  


We do encourage interested readers to explore these approximation formulas with their students.  To help in this, we note that the author has also developed comparable … modules for investigating the creation of polynomial approximations to the exponential and natural logarithm functions and these can also be downloaded from the aforementioned website.

Appendix:  Curve Fitting in Excel
   
In this discussion of fitting functions to data using Excel, we refer to the Excel 2003, since it is the one most widely available as of this writing.  The process is actually fairly simple and straightforward.  You begin by entering your data values with the x-values listed in the first column A and the y-values in the second column B.  


To create a scatterplot of the data, click on Insert at the top of the Excel Window and then select Chart.  This brings up the Chart Wizard and presents you with a choice of about 15 different charts;  select the fifth one in the list, the XY (Scatter) plot and click Next.  This opens the Source Data Window where you indicate where your data values are located.  Click on the icon at the far right of the Data range box and then highlight the cells in Columns A and B where you entered the data and press Enter.  If needed, press the button marked Columns, though that should be marked automatically.  Press Finish to complete the scatterplot.


To fit a function to the data in the scatterplot, right click on any of the data points in the chart and select the fourth option, Add Trendline.  This gives you the choice of six different families of functions, including Linear, Power, and Exponential, and for our purposes here, Polynomial.  When you click on the icon for Polynomial, the box beside it comes alive where you can choose the degree of the polynomial you want, anything from n = 2 for a quadratic up to n = 6.  After making that choice, click on the tab above marked Options and click on the last two entries, Display equation on chart and Display R-squared value on chart.  Finally, click on OK and Excel will display the desired regression polynomial, as well as its equation and the value for R2, known as the coefficient of determination.  This quantity represents the percentage of the variation in the data that can be attributed to, or explained by, the regression function.  For instance, if R2 = 0.75 for a cubic function, then 75% of the variation in the data is explained by the cubic polynomial.

Note that Excel does not display values for the correlation coefficient r and, for that matter, r is not defined for multivariate regression. In fact, the process of fitting a polynomial to a set of data is an application of multivariate linear regression – the desired polynomial, say y = ax2 + bx+ c, is considered as a linear function of the two variables, x and x2.  The square root of R2, known as the multivariate correlation coefficient, plays the same role as r and actually reduces to r in the case of univariate regression (e.g., when fitting a linear, exponential or power function to data).
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Figure 1:  y  = sin x on [-0.3, 0.3] 1 1





� EMBED Excel.Chart.8 \s ���





Figure 2:  y = sin x vs. y = x on [-1, 1] 1 1
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Figure 3:  y = sin x vs. y = x on [-2, 2]





Table 1





Figure 4:  Fitting a line to data: Least Squares
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Figure 6:  Fitting a parabola to data: Least Squares





Figure 5: y = sin x on [-3.5, 3.5]
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  Figure 7:  y = sin x vs. cubic on [-3.5, 3.5]
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          Figure 8:  y = sin x on [-6, 6]
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Figure 9: y = sin x vs. fifth degree polynomial 


on [-4,4]
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Figure 10:  sin x vs. the 3rd and the 5th degree approximations on [-5, 5]
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  Figure 11:  y = sin x - x on [-0.5, 0.5]
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   Figure 12:  y = cos x on [-2, 2]
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       Figure 13:  cos x vs. quadratic on [-2, 2]
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         Figure 14:  y = cos x on [-5, 5]
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 Figure 15:  Sum of the squares of the polynomial


approximations on [-0. 5, 0.5]








_1287388353.unknown

_1294588518.unknown

_1294600750.unknown

_1294640776.xls
Chart1

		-0.5

		-0.48

		-0.46

		-0.44

		-0.42

		-0.4

		-0.38

		-0.36

		-0.34

		-0.32

		-0.3

		-0.28

		-0.26

		-0.24

		-0.22

		-0.2

		-0.18

		-0.16

		-0.14

		-0.12

		-0.1

		-0.08

		-0.06

		-0.04

		-0.02

		1.73472347597681E-16

		0.02

		0.04

		0.06

		0.08

		0.1

		0.12

		0.14

		0.16

		0.18

		0.2

		0.22

		0.24

		0.26

		0.28

		0.3

		0.32

		0.34

		0.36

		0.38

		0.4

		0.42

		0.44

		0.46

		0.48

		0.5



x

y

0.0205744614

0.0182208245

0.016051893

0.0140605349

0.0122395469

0.0105816577

0.0090795306

0.0077257667

0.0065129079

0.0054334394

0.0044797933

0.0036443514

0.0029194481

0.0022973736

0.0017703769

0.0013306692

0.0009704266

0.0006817934

0.0004568854

0.0002877927

0.0001665834

0.000085306

0.0000359935

0.0000106658

0.0000013333

0

-0.0000013333

-0.0000106658

-0.0000359935

-0.000085306

-0.0001665834

-0.0002877927

-0.0004568854

-0.0006817934

-0.0009704266

-0.0013306692

-0.0017703769

-0.0022973736

-0.0029194481

-0.0036443514

-0.0044797933

-0.0054334394

-0.0065129079

-0.0077257667

-0.0090795306

-0.0105816577

-0.0122395469

-0.0140605349

-0.016051893

-0.0182208245

-0.0205744614



Sheet1

		xStart=		x		Function				Diff

		-0.5		-0.5		-0.4794255386		-0.5		0.0205744614

		xEnd=		-0.48		-0.4617791755		-0.48		0.0182208245

		0.5		-0.46		-0.443948107		-0.46		0.016051893

				-0.44		-0.4259394651		-0.44		0.0140605349

		DeltaX=		-0.42		-0.4077604531		-0.42		0.0122395469

		0.02		-0.4		-0.3894183423		-0.4		0.0105816577

				-0.38		-0.3709204694		-0.38		0.0090795306

				-0.36		-0.3522742333		-0.36		0.0077257667

				-0.34		-0.3334870921		-0.34		0.0065129079

				-0.32		-0.3145665606		-0.32		0.0054334394

				-0.3		-0.2955202067		-0.3		0.0044797933

				-0.28		-0.2763556486		-0.28		0.0036443514

				-0.26		-0.2570805519		-0.26		0.0029194481

				-0.24		-0.2377026264		-0.24		0.0022973736

				-0.22		-0.2182296231		-0.22		0.0017703769

				-0.2		-0.1986693308		-0.2		0.0013306692						6.0864272672

				-0.18		-0.1790295734		-0.18		0.0009704266

				-0.16		-0.1593182066		-0.16		0.0006817934

				-0.14		-0.1395431146		-0.14		0.0004568854

				-0.12		-0.1197122073		-0.12		0.0002877927

				-0.1		-0.0998334166		-0.1		0.0001665834

				-0.08		-0.079914694		-0.08		0.000085306

				-0.06		-0.0599640065		-0.06		0.0000359935

				-0.04		-0.0399893342		-0.04		0.0000106658

				-0.02		-0.0199986667		-0.02		0.0000013333

				1.73472347597681E-16		1.73472347597681E-16		1.73472347597681E-16		0

				0.02		0.0199986667		0.02		-0.0000013333

				0.04		0.0399893342		0.04		-0.0000106658

				0.06		0.0599640065		0.06		-0.0000359935

				0.08		0.079914694		0.08		-0.000085306

				0.1		0.0998334166		0.1		-0.0001665834

				0.12		0.1197122073		0.12		-0.0002877927

				0.14		0.1395431146		0.14		-0.0004568854

				0.16		0.1593182066		0.16		-0.0006817934

				0.18		0.1790295734		0.18		-0.0009704266

				0.2		0.1986693308		0.2		-0.0013306692

				0.22		0.2182296231		0.22		-0.0017703769

				0.24		0.2377026264		0.24		-0.0022973736

				0.26		0.2570805519		0.26		-0.0029194481

				0.28		0.2763556486		0.28		-0.0036443514

				0.3		0.2955202067		0.3		-0.0044797933

				0.32		0.3145665606		0.32		-0.0054334394

				0.34		0.3334870921		0.34		-0.0065129079

				0.36		0.3522742333		0.36		-0.0077257667

				0.38		0.3709204694		0.38		-0.0090795306

				0.4		0.3894183423		0.4		-0.0105816577

				0.42		0.4077604531		0.42		-0.0122395469

				0.44		0.4259394651		0.44		-0.0140605349

				0.46		0.443948107		0.46		-0.016051893

				0.48		0.4617791755		0.48		-0.0182208245

				0.5		0.4794255386		0.5		-0.0205744614





Sheet1

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0



x

y

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0



Sheet2

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0



x

y

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0



Sheet3

		





		






_1287897378.xls
Chart1

		-3.5		-3.5

		-3.36		-3.36

		-3.22		-3.22

		-3.08		-3.08

		-2.94		-2.94

		-2.8		-2.8

		-2.66		-2.66

		-2.52		-2.52

		-2.38		-2.38

		-2.24		-2.24

		-2.1		-2.1

		-1.96		-1.96

		-1.82		-1.82

		-1.68		-1.68

		-1.54		-1.54

		-1.4		-1.4

		-1.26		-1.26

		-1.12		-1.12

		-0.98		-0.98

		-0.84		-0.84

		-0.7		-0.7

		-0.56		-0.56

		-0.42		-0.42

		-0.28		-0.28

		-0.14		-0.14

		0		0

		0.14		0.14

		0.28		0.28

		0.42		0.42

		0.56		0.56

		0.7		0.7

		0.84		0.84

		0.98		0.98

		1.12		1.12

		1.26		1.26

		1.4		1.4

		1.54		1.54

		1.68		1.68

		1.82		1.82

		1.96		1.96

		2.1		2.1

		2.24		2.24

		2.38		2.38

		2.52		2.52

		2.66		2.66

		2.8		2.8

		2.94		2.94

		3.08		3.08

		3.22		3.22

		3.36		3.36

		3.5		3.5



x

y

y = sin x

y = x - x3/6

0.3507832277

3.6458333333

0.2166750804

2.962176

0.0783270335

2.3443746667

-0.0615537174

1.7896853333

-0.2002299847

1.295364

-0.3349881502

0.8586666667

-0.4631912649

0.4768493333

-0.5823306495

0.147168

-0.6900749836

-0.1331213333

-0.7843159251

-0.3667626667

-0.8632093666

-0.5565

-0.9252115208

-0.7050773333

-0.9691091289

-0.8152386667

-0.9940432022

-0.889728

-0.9995258306

-0.9312893333

-0.98544973

-0.9426666667

-0.9520903416

-0.926604

-0.9001004422

-0.8858453333

-0.8304973705

-0.8231346667

-0.74464312

-0.741216

-0.6442176872

-0.6428333333

-0.5311861979

-0.5307306667

-0.4077604531

-0.407652

-0.2763556486

-0.2763413333

-0.1395431146

-0.1395426667

0

0

0.1395431146

0.1395426667

0.2763556486

0.2763413333

0.4077604531

0.407652

0.5311861979

0.5307306667

0.6442176872

0.6428333333

0.74464312

0.741216

0.8304973705

0.8231346667

0.9001004422

0.8858453333

0.9520903416

0.926604

0.98544973

0.9426666667

0.9995258306

0.9312893333

0.9940432022

0.889728

0.9691091289

0.8152386667

0.9252115208

0.7050773333

0.8632093666

0.5565

0.7843159251

0.3667626667

0.6900749836

0.1331213333

0.5823306495

-0.147168

0.4631912649

-0.4768493333

0.3349881502

-0.8586666667

0.2002299847

-1.295364

0.0615537174

-1.7896853333

-0.0783270335

-2.3443746667

-0.2166750804

-2.962176

-0.3507832277

-3.6458333333



Sheet1

		xStart=		x		Function

		-3.5		-3.5		0.3507832277		3.6458333333

		xEnd=		-3.36		0.2166750804		2.962176

		3.5		-3.22		0.0783270335		2.3443746667

				-3.08		-0.0615537174		1.7896853333

		DeltaX=		-2.94		-0.2002299847		1.295364

		0.14		-2.8		-0.3349881502		0.8586666667

				-2.66		-0.4631912649		0.4768493333

				-2.52		-0.5823306495		0.147168

				-2.38		-0.6900749836		-0.1331213333

				-2.24		-0.7843159251		-0.3667626667

				-2.1		-0.8632093666		-0.5565

				-1.96		-0.9252115208		-0.7050773333

				-1.82		-0.9691091289		-0.8152386667

				-1.68		-0.9940432022		-0.889728

				-1.54		-0.9995258306		-0.9312893333

				-1.4		-0.98544973		-0.9426666667

				-1.26		-0.9520903416		-0.926604

				-1.12		-0.9001004422		-0.8858453333

				-0.98		-0.8304973705		-0.8231346667

				-0.84		-0.74464312		-0.741216

				-0.7		-0.6442176872		-0.6428333333

				-0.56		-0.5311861979		-0.5307306667

				-0.42		-0.4077604531		-0.407652

				-0.28		-0.2763556486		-0.2763413333

				-0.14		-0.1395431146		-0.1395426667

				0		0		0

				0.14		0.1395431146		0.1395426667

				0.28		0.2763556486		0.2763413333

				0.42		0.4077604531		0.407652

				0.56		0.5311861979		0.5307306667

				0.7		0.6442176872		0.6428333333

				0.84		0.74464312		0.741216

				0.98		0.8304973705		0.8231346667

				1.12		0.9001004422		0.8858453333

				1.26		0.9520903416		0.926604

				1.4		0.98544973		0.9426666667

				1.54		0.9995258306		0.9312893333

				1.68		0.9940432022		0.889728

				1.82		0.9691091289		0.8152386667

				1.96		0.9252115208		0.7050773333

				2.1		0.8632093666		0.5565

				2.24		0.7843159251		0.3667626667

				2.38		0.6900749836		0.1331213333

				2.52		0.5823306495		-0.147168

				2.66		0.4631912649		-0.4768493333

				2.8		0.3349881502		-0.8586666667

				2.94		0.2002299847		-1.295364

				3.08		0.0615537174		-1.7896853333

				3.22		-0.0783270335		-2.3443746667

				3.36		-0.2166750804		-2.962176

				3.5		-0.3507832277		-3.6458333333
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Zoom Again

		xStart=		x		Function

		-2		-2		-0.4161468365		-1

		xEnd=		-1.92		-0.3421496512		-0.8432

		2		-1.84		-0.2659638756		-0.6928

				-1.76		-0.1880768389		-0.5488

		DeltaX=		-1.68		-0.1089867522		-0.4112

		0.08		-1.6		-0.0291995223		-0.28

				-1.52		0.0507744849		-0.1552

				-1.44		0.1304237087		-0.0368

				-1.36		0.2092386659		0.0752

				-1.28		0.2867152096		0.1808

				-1.2		0.3623577545		0.28

				-1.12		0.4356824463		0.3728

				-1.04		0.5062202572		0.4592

				-0.96		0.5735199861		0.5392

				-0.88		0.6371511442		0.6128

				-0.8		0.6967067093		0.68

				-0.72		0.7518057291		0.7408

				-0.64		0.8020957579		0.7952

				-0.56		0.847255111		0.8432

				-0.48		0.8869949228		0.8848

				-0.4		0.921060994		0.92

				-0.32		0.9492354181		0.9488

				-0.24		0.9713379749		0.9712

				-0.16		0.9872272834		0.9872

				-0.08		0.9968017063		0.9968

				6.93889390390723E-16		1		1

				0.08		0.9968017063		0.9968

				0.16		0.9872272834		0.9872

				0.24		0.9713379749		0.9712

				0.32		0.9492354181		0.9488

				0.4		0.921060994		0.92

				0.48		0.8869949228		0.8848

				0.56		0.847255111		0.8432

				0.64		0.8020957579		0.7952

				0.72		0.7518057291		0.7408

				0.8		0.6967067093		0.68

				0.88		0.6371511442		0.6128

				0.96		0.5735199861		0.5392

				1.04		0.5062202572		0.4592

				1.12		0.4356824463		0.3728

				1.2		0.3623577545		0.28

				1.28		0.2867152096		0.1808

				1.36		0.2092386659		0.0752

				1.44		0.1304237087		-0.0368

				1.52		0.0507744849		-0.1552

				1.6		-0.0291995223		-0.28

				1.68		-0.1089867522		-0.4112

				1.76		-0.1880768389		-0.5488

				1.84		-0.2659638756		-0.6928

				1.92		-0.3421496512		-0.8432

				2		-0.4161468365		-1
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Zoom Again

		xStart=		x		Function

		-0.5		-0.5		0.8775825619		0.984375

		xEnd=		-0.48		0.8869949228		0.98672896

		0.5		-0.46		0.8960524975		0.98880636

				-0.44		0.9047516632		0.99062976

		DeltaX=		-0.42		0.9130889403		0.99222076

		0.02		-0.4		0.921060994		0.9936

				-0.38		0.9286646356		0.99478716

				-0.36		0.9358968237		0.99580096

				-0.34		0.9427546655		0.99665916

				-0.32		0.9492354181		0.99737856

				-0.3		0.9553364891		0.997975

				-0.28		0.9610554383		0.99846336

				-0.26		0.9663899781		0.99885756

				-0.24		0.9713379749		0.99917056

				-0.22		0.9758974493		0.99941436

				-0.2		0.9800665778		0.9996

				-0.18		0.9838436928		0.99973756

				-0.16		0.9872272834		0.99983616

				-0.14		0.9902159962		0.99990396

				-0.12		0.9928086359		0.99994816

				-0.1		0.9950041653		0.999975

				-0.08		0.9968017063		0.99998976

				-0.06		0.9982005399		0.99999676

				-0.04		0.9992001067		0.99999936

				-0.02		0.9998000067		0.99999996

				1.73472347597681E-16		1		1

				0.02		0.9998000067		0.99999996

				0.04		0.9992001067		0.99999936

				0.06		0.9982005399		0.99999676

				0.08		0.9968017063		0.99998976

				0.1		0.9950041653		0.999975

				0.12		0.9928086359		0.99994816

				0.14		0.9902159962		0.99990396

				0.16		0.9872272834		0.99983616

				0.18		0.9838436928		0.99973756

				0.2		0.9800665778		0.9996

				0.22		0.9758974493		0.99941436

				0.24		0.9713379749		0.99917056

				0.26		0.9663899781		0.99885756

				0.28		0.9610554383		0.99846336

				0.3		0.9553364891		0.997975

				0.32		0.9492354181		0.99737856

				0.34		0.9427546655		0.99665916

				0.36		0.9358968237		0.99580096

				0.38		0.9286646356		0.99478716

				0.4		0.921060994		0.9936

				0.42		0.9130889403		0.99222076

				0.44		0.9047516632		0.99062976

				0.46		0.8960524975		0.98880636

				0.48		0.8869949228		0.98672896

				0.5		0.8775825619		0.984375
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Zoom Again

		xStart=		x		Function

		-6		-6		0.2794154982		-6

		xEnd=		-5.76		0.4996418831		-5.76

		6		-5.52		0.6912267716		-5.52

				-5.28		0.8431877419		-5.28

		DeltaX=		-5.04		0.9468137756		-5.04

		0.24		-4.8		0.9961646088		-4.8

				-4.56		0.9884112519		-4.56

				-4.32		0.9239981587		-4.32

				-4.08		0.8066177486		-4.08

				-3.84		0.6429987421		-3.84

				-3.6		0.4425204433		-3.6

				-3.36		0.2166750804		-3.36

				-3.12		-0.0215909757		-3.12

				-2.88		-0.2586193497		-2.88

				-2.64		-0.480822615		-2.64

				-2.4		-0.6754631806		-2.4

				-2.16		-0.8313834608		-2.16

				-1.92		-0.9396454737		-1.92

				-1.68		-0.9940432022		-1.68

				-1.44		-0.9914583482		-1.44

				-1.2		-0.932039086		-1.2

				-0.96		-0.8191915683		-0.96

				-0.72		-0.659384672		-0.72

				-0.48		-0.4617791755		-0.48

				-0.24		-0.2377026264		-0.24

				0		0		0

				0.24		0.2377026264		0.24

				0.48		0.4617791755		0.48

				0.72		0.659384672		0.72

				0.96		0.8191915683		0.96

				1.2		0.932039086		1.2

				1.44		0.9914583482		1.44

				1.68		0.9940432022		1.68

				1.92		0.9396454737		1.92

				2.16		0.8313834608		2.16

				2.4		0.6754631806		2.4

				2.64		0.480822615		2.64

				2.88		0.2586193497		2.88

				3.12		0.0215909757		3.12

				3.36		-0.2166750804		3.36

				3.6		-0.4425204433		3.6

				3.84		-0.6429987421		3.84
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-0.7909677119

-0.6536436209

-0.4902608213

-0.30733287

-0.1121525269

0.0874989834

0.2836621855



Zoom Again

		xStart=		x		Function

		-5		-5		0.2836621855		-11.5

		xEnd=		-4.8		0.0874989834		-10.52

		5		-4.6		-0.1121525269		-9.58

				-4.4		-0.30733287		-8.68

		DeltaX=		-4.2		-0.4902608213		-7.82

		0.2		-4		-0.6536436209		-7

				-3.8		-0.7909677119		-6.22

				-3.6		-0.8967584163		-5.48

				-3.4		-0.9667981926		-4.78

				-3.2		-0.9982947758		-4.12

				-3		-0.9899924966		-3.5

				-2.8		-0.9422223407		-2.92

				-2.6		-0.8568887534		-2.38

				-2.4		-0.7373937155		-1.88

				-2.2		-0.5885011173		-1.42

				-2		-0.4161468365		-1

				-1.8		-0.2272020947		-0.62

				-1.6		-0.0291995223		-0.28

				-1.4		0.1699671429		0.02

				-1.2		0.3623577545		0.28

				-1		0.5403023059		0.5

				-0.8		0.6967067093		0.68

				-0.6		0.8253356149		0.82

				-0.4		0.921060994		0.92

				-0.2		0.9800665778		0.98

				0		1		1

				0.2		0.9800665778		0.98

				0.4		0.921060994		0.92

				0.6		0.8253356149		0.82

				0.8		0.6967067093		0.68

				1		0.5403023059		0.5

				1.2		0.3623577545		0.28

				1.4		0.1699671429		0.02

				1.6		-0.0291995223		-0.28

				1.8		-0.2272020947		-0.62

				2		-0.4161468365		-1

				2.2		-0.5885011173		-1.42

				2.4		-0.7373937155		-1.88

				2.6		-0.8568887534		-2.38

				2.8		-0.9422223407		-2.92

				3		-0.9899924966		-3.5

				3.2		-0.9982947758		-4.12

				3.4		-0.9667981926		-4.78

				3.6		-0.8967584163		-5.48

				3.8		-0.7909677119		-6.22

				4		-0.6536436209		-7

				4.2		-0.4902608213		-7.82

				4.4		-0.30733287		-8.68

				4.6		-0.1121525269		-9.58

				4.8		0.0874989834		-10.52

				5		0.2836621855		-11.5
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_1278083912.unknown

_1278150927.xls
Chart1

		-0.3

		-0.288

		-0.276

		-0.264

		-0.252

		-0.24

		-0.228

		-0.216

		-0.204

		-0.192

		-0.18

		-0.168

		-0.156

		-0.144

		-0.132

		-0.12

		-0.108

		-0.096

		-0.084

		-0.072
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		-0.048

		-0.036
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		-0.012

		1.35308431126191E-16

		0.012

		0.024

		0.036

		0.048

		0.06

		0.072

		0.084

		0.096

		0.108

		0.12

		0.132

		0.144

		0.156

		0.168

		0.18

		0.192

		0.204

		0.216

		0.228

		0.24

		0.252

		0.264

		0.276

		0.288

		0.3



x

y

y = sin (x)

-0.2955202067

-0.2840351667

-0.2725092262

-0.2609440449

-0.249341288

-0.2377026264

-0.2260297361

-0.2143242979

-0.2025879973

-0.1908225244

-0.1790295734

-0.1672108425

-0.1553680335

-0.1435028517

-0.1316170058

-0.1197122073

-0.1077901704

-0.0958526119

-0.0839012508

-0.0719378081

-0.0599640065

-0.0479815701

-0.0359922245

-0.0239976961

-0.011999712

1.35308431126191E-16

0.011999712

0.0239976961

0.0359922245

0.0479815701

0.0599640065

0.0719378081

0.0839012508

0.0958526119

0.1077901704

0.1197122073

0.1316170058

0.1435028517

0.1553680335

0.1672108425

0.1790295734

0.1908225244

0.2025879973

0.2143242979

0.2260297361

0.2377026264

0.249341288

0.2609440449

0.2725092262

0.2840351667

0.2955202067



Zoom Again

		xStart=		x		Function

		-0.3		-0.3		-0.2955202067

		xEnd=		-0.288		-0.2840351667

		0.3		-0.276		-0.2725092262

				-0.264		-0.2609440449

		DeltaX=		-0.252		-0.249341288

		0.012		-0.24		-0.2377026264

				-0.228		-0.2260297361

				-0.216		-0.2143242979

				-0.204		-0.2025879973

				-0.192		-0.1908225244

				-0.18		-0.1790295734

				-0.168		-0.1672108425

				-0.156		-0.1553680335

				-0.144		-0.1435028517

				-0.132		-0.1316170058

				-0.12		-0.1197122073

				-0.108		-0.1077901704

				-0.096		-0.0958526119

				-0.084		-0.0839012508

				-0.072		-0.0719378081

				-0.06		-0.0599640065

				-0.048		-0.0479815701

				-0.036		-0.0359922245

				-0.024		-0.0239976961

				-0.012		-0.011999712

				1.35308431126191E-16		1.35308431126191E-16

				0.012		0.011999712

				0.024		0.0239976961

				0.036		0.0359922245

				0.048		0.0479815701

				0.06		0.0599640065

				0.072		0.0719378081

				0.084		0.0839012508

				0.096		0.0958526119

				0.108		0.1077901704

				0.12		0.1197122073

				0.132		0.1316170058

				0.144		0.1435028517

				0.156		0.1553680335

				0.168		0.1672108425

				0.18		0.1790295734

				0.192		0.1908225244

				0.204		0.2025879973

				0.216		0.2143242979

				0.228		0.2260297361

				0.24		0.2377026264

				0.252		0.249341288

				0.264		0.2609440449

				0.276		0.2725092262

				0.288		0.2840351667

				0.3		0.2955202067





Zoom Again

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0



x

y

y = sin (x)

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0




_1278063807.xls
Chart1

		-3.5		-3.5

		-3.36		-3.36

		-3.22		-3.22

		-3.08		-3.08

		-2.94		-2.94

		-2.8		-2.8

		-2.66		-2.66

		-2.52		-2.52

		-2.38		-2.38

		-2.24		-2.24

		-2.1		-2.1

		-1.96		-1.96

		-1.82		-1.82

		-1.68		-1.68

		-1.54		-1.54

		-1.4		-1.4

		-1.26		-1.26

		-1.12		-1.12

		-0.98		-0.98

		-0.84		-0.84

		-0.7		-0.7

		-0.56		-0.56

		-0.42		-0.42

		-0.28		-0.28

		-0.14		-0.14

		0		0

		0.14		0.14

		0.28		0.28

		0.42		0.42

		0.56		0.56

		0.7		0.7

		0.84		0.84

		0.98		0.98

		1.12		1.12

		1.26		1.26

		1.4		1.4

		1.54		1.54

		1.68		1.68

		1.82		1.82

		1.96		1.96

		2.1		2.1

		2.24		2.24

		2.38		2.38

		2.52		2.52

		2.66		2.66

		2.8		2.8

		2.94		2.94

		3.08		3.08

		3.22		3.22

		3.36		3.36

		3.5		3.5



x

y

0.3507832277

-3.5

0.2166750804

0.0783270335

-0.0615537174

-0.2002299847

-0.3349881502

-0.4631912649

-0.5823306495

-0.6900749836

-0.7843159251

-0.8632093666

-0.9252115208

-0.9691091289

-0.9940432022

-0.9995258306

-0.98544973

-0.9520903416

-0.9001004422

-0.8304973705

-0.74464312

-0.6442176872

-0.5311861979

-0.4077604531

-0.2763556486

-0.1395431146

0

0.1395431146

0.2763556486

0.4077604531

0.5311861979

0.6442176872

0.74464312

0.8304973705

0.9001004422

0.9520903416

0.98544973

0.9995258306

0.9940432022

0.9691091289

0.9252115208

0.8632093666

0.7843159251

0.6900749836

0.5823306495

0.4631912649

0.3349881502

0.2002299847

0.0615537174

-0.0783270335

-0.2166750804

-0.3507832277

3.5



Sheet1

		xStart=		x		Function

		-3.5		-3.5		0.3507832277		-3.5

		xEnd=		-3.36		0.2166750804

		3.5		-3.22		0.0783270335

				-3.08		-0.0615537174

		DeltaX=		-2.94		-0.2002299847

		0.14		-2.8		-0.3349881502

				-2.66		-0.4631912649

				-2.52		-0.5823306495

				-2.38		-0.6900749836

				-2.24		-0.7843159251

				-2.1		-0.8632093666

				-1.96		-0.9252115208

				-1.82		-0.9691091289

				-1.68		-0.9940432022

				-1.54		-0.9995258306

				-1.4		-0.98544973

				-1.26		-0.9520903416

				-1.12		-0.9001004422

				-0.98		-0.8304973705

				-0.84		-0.74464312

				-0.7		-0.6442176872

				-0.56		-0.5311861979

				-0.42		-0.4077604531

				-0.28		-0.2763556486

				-0.14		-0.1395431146

				0		0

				0.14		0.1395431146

				0.28		0.2763556486

				0.42		0.4077604531

				0.56		0.5311861979

				0.7		0.6442176872

				0.84		0.74464312

				0.98		0.8304973705

				1.12		0.9001004422

				1.26		0.9520903416

				1.4		0.98544973

				1.54		0.9995258306

				1.68		0.9940432022

				1.82		0.9691091289

				1.96		0.9252115208

				2.1		0.8632093666

				2.24		0.7843159251

				2.38		0.6900749836

				2.52		0.5823306495

				2.66		0.4631912649

				2.8		0.3349881502

				2.94		0.2002299847

				3.08		0.0615537174

				3.22		-0.0783270335

				3.36		-0.2166750804

				3.5		-0.3507832277		3.5
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Chart2

		-4		-4

		-3.84		-3.84

		-3.68		-3.68

		-3.52		-3.52

		-3.36		-3.36

		-3.2		-3.2

		-3.04		-3.04

		-2.88		-2.88

		-2.72		-2.72

		-2.56		-2.56

		-2.4		-2.4

		-2.24		-2.24

		-2.08		-2.08

		-1.92		-1.92

		-1.76		-1.76

		-1.6		-1.6

		-1.44		-1.44

		-1.28		-1.28

		-1.12		-1.12

		-0.96		-0.96

		-0.8		-0.8

		-0.64		-0.64

		-0.48		-0.48

		-0.32		-0.32

		-0.16		-0.16

		0		0

		0.16		0.16

		0.32		0.32

		0.48		0.48

		0.64		0.64

		0.8		0.8

		0.96		0.96

		1.12		1.12

		1.28		1.28

		1.44		1.44

		1.6		1.6

		1.76		1.76

		1.92		1.92

		2.08		2.08

		2.24		2.24

		2.4		2.4

		2.56		2.56

		2.72		2.72

		2.88		2.88

		3.04		3.04

		3.2		3.2

		3.36		3.36

		3.52		3.52

		3.68		3.68

		3.84		3.84
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x

y

y = sin x

y = x - x3/6 + x5/120
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-1.3606630195

0.5127693074

-0.998156998

0.3694409585
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-0.9001004422
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-0.8191915683
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-0.7173560909

-0.7173973333
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Sheet1

		xStart=		x		Function

		-4		-4		0.7568024953		-1.8666666667

		xEnd=		-3.84		0.6429987421		-1.3606630195

		4		-3.68		0.5127693074		-0.998156998

				-3.52		0.3694409585		-0.75427769

		DeltaX=		-3.36		0.2166750804		-0.6065659085

		0.16		-3.2		0.0583741434		-0.5348693333

				-3.04		-0.1014179863		-0.5212376542

				-2.88		-0.2586193497		-0.5498177126

				-2.72		-0.4092141697		-0.6067486447

				-2.56		-0.5493554364		-0.6800570231

				-2.4		-0.6754631806		-0.759552

				-2.24		-0.7843159251		-0.8367204489

				-2.08		-0.8731329795		-0.9046221073

				-1.92		-0.9396454737		-0.9577847194

				-1.76		-0.9821543171		-0.9920991778

				-1.6		-0.999573603		-1.0047146667

				-1.44		-0.9914583482		-0.9939338035

				-1.28		-0.9580158603		-0.959107782

				-1.12		-0.9001004422		-0.900531514

				-0.96		-0.8191915683		-0.8193387725

				-0.8		-0.7173560909		-0.7173973333

				-0.64		-0.5971954414		-0.5972041182

				-0.48		-0.4617791755		-0.4617803366

				-0.32		-0.3145665606		-0.3145666287

				-0.16		-0.1593182066		-0.1593182071

				0		0		0

				0.16		0.1593182066		0.1593182071

				0.32		0.3145665606		0.3145666287

				0.48		0.4617791755		0.4617803366

				0.64		0.5971954414		0.5972041182
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