The Flavor of a Modeling-Based College Algebra or Precalculus Course
Sheldon P. Gordon


In a companion article [1] (in this issue), the author presented the case for changing the focus of existing college algebra and precalculus courses to make mathematical modeling the central and organizing theme.  This would make the courses far more appropriate to the actual needs of the overwhelming majority of the students who take them and would simultaneously transform the courses into offerings that would meet the current mathematical needs of the other disciplines who make these courses pre- and co-requisities and so who send us most of our students.  


 In addition to the broad principles and generalities presented in the companion article, we now provide some specific examples of problems (along with a discussion of each) that the author has used in class and on exams to illustrate how many of the ideas and suggestions discussed there can actually play out with real students at the college algebra or precalculus level.  We begin, however, with a brief overview of the structure that such a modeling-based course might have.  
Topic 1:  Data Everywhere  The analysis of data (means, medians, standard deviation, the five-number summary, etc), the display of data (histograms, frequency distributions, interval charts as a precursor to confidence intervals, box-and-whisker plots, scatterplots, etc.), the interpretation of data, and the use of data in making decisions about the topic under consideration.

The concept of function and the associated terminology (independent and dependent variable, domain and range) are introduced in the context of frequency distributions and displays such as histograms and are used systematically thereafter.  This sets the stage to use these ideas subsequently when the usual applications of functions occur and provides a new setting for those students who have previously been exposed to the function concept in a more traditional algebraic setting.  There will also be an emphasis on the notation for variables, the concept of scaling when constructing/reading a graph, and the use of functions for predictive purposes.

The transition from statistics to functions is based on two-variable data sets.  Scatterplots for different patterns of data – linear, non-linear, increasing/decreasing, concave up/down – are used to motivate the need to create formulas for functions that capture each pattern and this requires families of functions having each of the behavior patterns.  

Topic 2:  Functions Everywhere  Development of the basic concept of function, behavior of functions (increasing and decreasing, concave up and down, turning points, inflection points), practical meaning of domain and range, functional notation, interplay among graphical, numerical, and symbolic representations of function.  

Topic 3:  Linear Functions  This involves:

(1)  The meaning of linearity – graphical, numerical, and symbolic

(2)  Modeling with linear functions.

(3)  Solving a linear equation in one variable.

(4)  Linear regression and correlation. 

(5)  Solving systems of linear functions using matrices.  

Topic 4:  Matrix Algebra and its Applications  A short introduction to matrix methods based on the use of technology.  

Topic 5:  Fundamental Families of Nonlinear Functions  

(1)  Exponential growth, including growth rates and growth factors, doubling time, exponential models, solving exponential equations numerically, graphically, and algebra​ically.

(2)  Exponential decay, including decay rates and decay factors, half life, exponential models, solving exponential equations.

(3)  Fitting exponential functions to data and using the resulting functions to answer predictive questions in context.

(4)  Logarithmic functions, particularly their use in solving exponential equations and graphs of logarithmic functions.  

(5)  Power functions and solutions of power function equations using roots.

(6)  Fitting power functions to data and using the resulting functions to answer predictive questions in context.  

Topic 6:  Extended Families of Functions  

(1)  Behavior of polynomials, focusing on the relationship between the graph, the degree, the number of roots, the number of turning points, and the number of inflection points.

(2)  Fitting polynomials to data.

(3)  Shifting and stretching functions.

(4)  Operations on functions, including simple composite functions.

(5)  The normal distribution function and normal probability based on the Rule of Thumb about the likelihood of a value falling within one, two, or three standard deviations of the mean. 

(6)  The Central Limit Theorem (from the point of view that the distribution of sample means is a transformation of the normal distribution based on the sample size n.

(7)  Functions of several variables in the sense of interpreting tables, contour diagrams, and working with formulas having multiple variables.

Topic 7:  Modeling Periodic Phenomena  Introduction to the sine and cosine as models for periodic behavior, but no discussion of right angle trigonometry or trigonometric identities. 


We note that the author’s vision for such courses is to place a substantial, though highly targeted, emphasis on certain manipulative skills needed to solve the kinds of problems that arise using algebraic techniques.  There are other visions for such modeling-based courses, particularly at the college algebra level, that require considerably less in the way of manipulation on the part of students.
Illustrative Examples and Problems  We next consider a variety of illustrative examples and problems that the author has used in class, on exams, or for homework, that implement many of these themes.  These have been chosen to give a feel for what the flavor of such a course feels like.
1. The following table shows the historic average rainfall, in inches, each month in Orlando.  
	Jan
	Feb
	Mar
	Apr
	May
	Jun
	Jul
	Aug
	Sep
	Oct
	Nov
	Dec

	2.43
	2.35
	3.54
	2.42
	3.74
	7.35
	7.15
	6.25
	5.76
	2.73
	2.32
	2.31


[image: image3.emf]2.43

2.35

3.54

2.42

3.74

7.35

7.15

6.25

5.76

2.73

2.322.31

0.0

1.5

3.0

4.5

6.0

7.5

Jan FebMarAprMayJun Jul AugSep Oct Nov Dec


Discussion This kind of example using a distribution or a histogram is an effective way to motivate the definition of function – for each month, there is a corresponding value for the monthly rainfall.  Students who have previously seen the notion of function, which includes most students, gain from a totally different perspective, so it does not seem to be repetitive material.  Simultaneously, it begins to integrate some fundamental statistical concepts into the algebra curriculum in a natural way, which starts to address the fact that almost every other discipline would like their students to know considerably more about statistical ideas and methods.  
2.  The following table shows the Average Worldwide Temperature, in (C, in different Years.  
	Year
	1880
	1900
	1920
	1940
	1960
	1980
	1990
	2000

	Temp
	13.80
	13.95
	13.90
	14.15
	14.00
	14.20
	14.40
	14.50


a.  Which is the independent variable and which is the dependent variable?

b.  Decide on appropriate scales for the two variables for a scatterplot.

c. State precisely which letters you will use for the two variables and state what each variable you use stands for.

d.  Draw the associated scatterplot. 

e.  Raise some predictive questions in this context that could be answered when we have a formula relating the two variables.
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Discussion  Many students have inordinate difficulty identifying the dependent and the independent variables, particularly if the variables are other than x and y, yet this is fundamental in all  other disciplines.  They also have trouble with the scales for variables and graphs.  Finally, it is valuable to emphasize repeatedly that the on-going objective in doing mathematics is to be able to answer predictive questions.  

3. Identify each of the following functions (a) - (n) as linear, exponential, power, or something else.  In each case, explain your reasoning.

(g)   y = 1.05x
  (h) y = x1.05    (i)  P = (0.7)t    (j) z = w0.7   (k)  W = q(-½)       (l) 3U – 5V =  4

	(m) 
	
	x
	y
	  (n)
	x
	y

	
	
	0
	3
	
	0
	5

	
	
	1
	5.1
	
	1
	7

	
	
	2
	7.2
	
	2
	9.8

	
	
	3
	9.3  
	
	3
	13.72


Discussion  At first look, this problem likely appears trivial.  But students find it very difficult.  It goes to the heart of many of their problems in mathematics – the inability to recognize functional form, their difficulty with seeing beyond x and y, their inexperience with recognizing the behavioral patterns of different families of functions, etc.  For instance, many students use the words “line” and “curve” interchangeably, so that any one of the graphs in (a) through (f) can be declared  “linear”.  If they are using graphing calculators, they must determine an appropriate window;  if not, any smooth function appears linear on a small interval.  So this type of problem actually keys on many of the major conceptual misunderstandings of students at this level.  Also, students need to know the subtle differences between the various families of functions if they are to select an appropriate candidate when fitting functions to data.  For instance, exponential growth functions have a non-zero vertical intercept while power functions with power p >1 pass through the origin;  exponential decay functions have a non-zero vertical intercept while power functions with p < 0 are not defined at 0.
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4. The following table gives measurements for the chirp rate (chirps per minute) of the striped ground cricket as a function of the temperature in (F.
	T
	89
	72
	93
	84
	81
	75
	70
	82

	R
	20
	16
	20
	18
	17
	16
	15
	17

	T
	69
	83
	80
	83
	81
	84
	76
	 

	R
	15
	16
	15
	17
	16
	17
	14
	 


a.  Find a linear function that models the chirp-rate as a function of temperature.

b. Discuss the practical meaning of the slope and the vertical intercept and give reasonable values for the domain and range.

c. Predict the chirp rate at a temperature of 84 ̊.

d. Predict the temperature if a cricket is chirping 22 times per minute.

Discussion:  A major focus in a modeling based college algebra or precalculus course is on fitting functions to data, which is routinely done using technology.  However, before jumping into the use of the technology, it is a good idea to have students perform such a problem by hand – drawing the scatterplot, drawing a line that captures the trend by eye, estimating the parameters of that line, and using it to answer predictive questions.  It is also helpful for the instructor to compile a list of the supposed formulas on the board, so that clear errors that some students make become apparent.  For instance, many students take the vertical intercept to be the level where their line crosses the left-hand boundary without noticing that this is not the vertical axis; some mess up the calculation of the slope by interchanging the numerator and denominator.  Moreover, the domain and range are essential aspects of any modeling situation;  they represent the limitations over which a model may be applied.  Thus, rather than being a context-free topic in a single class, where students are told to avoid division by zero or radicals where a term is negative, domain and range become a recurring refrain in every applied problem. Finally, the predictive questions invariably lead to far more complicated equations that students are accustomed to seeing.  However, because the questions are interesting and seemingly significant, students work more diligently than they would with more routine problems that are clearly nothing more than manipulative exercises.

5a.  In 1990, 5.01 billion metric tons of carbon dioxide were emitted into the atmosphere in the United States. In 2002, 5.80 billion metric tons were emitted. 

a. Write an exponential function to model the amount of carbon dioxide emitted into the atmosphere as a function of the number of years since 1990.

b.  Use the exponential function to estimate the amount emitted in 2013.
c.  Estimate the doubling time, if this trend continues.

5b.  Every drug is washed out of the bloodstream, usually by the kidneys, though at a different rate that is characteristic of the particular drug.  In any 24-hour period, about 25% of any Prozac in the blood is washed out, leaving 75% of the amount.  Assume that a person takes 80 mg of Prozac.  
a.  What will the level of Prozac be after 7 days?

b.  How long will it take until the Prozac level is down to 10 mg.?
c.  Estimate the half-life of the Prozac in the bloodstream.
Discussion After linear functions, exponential growth and decay functions are by far the most important in almost every other discipline.  The use of real-world data, however, makes the equations that arise considerably more complicated than the more usual ones where students are asked to solve equations that involve single digit integers.  For instance, the function for the CO2 level is C(t) = 5.01(1.0122)t and the one for Prozac is P(t) = 80(0.75)t.  Despite this, students are more willing to make the effort to solve such problems because they see them as something practical and interesting.  Also, one could have students estimate the solutions graphically or numerically, in addition to or as an alternative to, finding the algebraic solution.  Realize that the algebraic solution requires the use of logarithms;  however, the author has found that by focusing on just a single property of logs, one that recurs repeatedly, gets students to become very comfortable with using logarithms and tends to overcome the initial negative view that almost all students bring to the course.

6.  The following table shows world-wide wind power generating capacity, in megawatts, in different years.  

	Year
	1980
	1985
	1988
	1990
	1992
	1995
	1997
	1999

	Wind energy
	10
	1020
	1580
	1930
	2510
	4820
	7640
	13840


a.  Which variable is the independent variable and which is the dependent variable?

b.  Explain why an exponential function is the best model to use for this data.

c.  Find the exponential function that best fits this data.  

d.  What are some reasonable values that you can use for the domain and range of this function?

e.  What is the practical significance of the base in the exponential function you created in part (c)?

f. What is the doubling time for this exponential function?  Explain what does it means.  

g. According to your model, what do you predict for the total wind power generating capacity in 2013?

Discussion  The notion of fitting functions to data using linear and nonlinear regression has become one of the hallmarks of reform courses in college algebra and precalculus.  This problem indicates the substantial amount of deep mathematical understanding that comes to the fore in such activities; it is not just a matter of pushing a button on a calculator or using a spreadsheet routine blindly to obtain a function.  Issues about the behavioral characteristics of the basic families of functions are essential to knowing which function to choose.  Issues regarding the choice of dependent and independent variable become fundamental – it is not just the simple x and y.  Similarly, issues regarding the domain and range become central in the sense of having to know when the function makes sense and when it breaks down as a predictive tool.  Further, students have to understand the meaning of the base of an exponential function as either a growth or a decay factor, as well as what the doubling time or the half life means.  Finally, as mentioned, the predictive questions that naturally arise lead to considerably more complicated equations than the standard exponential equations with one-digit positive integer constants for the base. For instance, to answer part (f), students have to solve the equation 52.497(1.373)t = 2 × 52.497, where t = 0 in 1980.  

7. Biologists have long observed that the larger the area of a region, the more species that inhabit it.  The accompanying table and associated scatterplot give some data on the area (in square miles) of various Caribbean islands in the Greater and Lesser Antilles and estimates on the number species of amphibians and reptiles living on each. 
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(a) 

Island
	Area
	N

	Redonda
	1
	3

	Saba
	4
	5

	Montserrat
	40
	9

	Puerto Rico
	3459
	40

	Jamaica
	4411
	39

	Hispaniola
	29418
	84

	Cuba
	44218
	76


a.  Which variable is the independent variable and which is the dependent variable?

b. The overall pat​tern in the data suggests either a power func​tion with a positive power p < 1 or a logarithmic func​tion, both of which are increasing and concave down.  Explain why a power function is the better model to use for this data.

c.  Find the power function that models the relationship between the number of species, N, living on one of these islands and the area, A, of the island and find the correlation coefficient. 

d.  What are some reasonable values that you can use for the domain and range of this function?

e) The area of Barbados is 166 square miles.  Estimate the number of species of amphibians and reptiles living there.

Discussion  After linear and exponential functions, power functions are the most common type of function that arises in applications in most other disciplines.  But the functions that arise are not as simple as y = x2 or y = x3.  The above problem is much more closely attuned to the kind of problems that students will encounter in other quantitative courses than the more standard context-free problems one finds in traditional textbooks.  As such, they provide better motivation to the students, as well as better preparation for other courses.  At the same time, such problems require working with considerably more difficult equations (in this case, 3.055A0.3099 = 166) that challenge the students to utilize their algebraic ability rather than merely practice it.
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  For the poly​nomi​al shown,

(a)  What is the minimum degree?  Give two different reasons based on its behavior for your answer.

(b) What is the sign of the leading term?  Ex​plain.

(c) What are the real roots?

(d) What are the linear fac​tors?    

(e) How many complex roots does the polynomial have?

Discussion  This is another conceptual problem that may appear to be very simple, but it requires students to know and understand the most important behavioral characteristics of polynomials – how the degree is related to the number of turning points and the number of inflection points, how to interpret the global behavior as it relates to the sign of the leading coefficient, the relationship between the real roots and the linear factors, and so forth.  
9.   SEQ CHAPTER \h \r 1The accompanying table shows the accumulated total number of reported cases of AIDS in the United States since it was first diagnosed in 1983 through 2003. ADVANCE \d 2
	Year
	1983
	1984
	1985
	1986
	1987
	1988
	1989
	1990

	AIDS Cases
	   4,589
	10,750
	22,399
	41,256
	69,592
	104,644
	146,574
	193,878

	Year
	1991
	1992
	1993
	1994
	1995
	1996
	1997
	1998

	AIDS Cases
	251,638
	326,648
	399,613
	457,280
	528,144
	594,641
	653,084
	701,353

	Year
	1999
	2000
	2001
	2002
	2003
	
	
	

	AIDS Cases
	742,709
	783,976
	824,809
	886,098
	909,269
	
	
	


a.  Determine an exponential growth function that fits the data.  How well does it seem to fit the data? 
b.  Determine a cubic polynomial that fits the data.  How well does it seem to fit the data? 
c.  Among the exponential and the cubic functions, which is the better fit?  On what bases do your make that decision?

d.  Use your preferred function to predict the number of cases of AIDS in 2005, in 2007, in 2009.

e.  Do you notice something strange about some of the predictions in part (d)?  Can you explain why these “strange” values occur?  (Hint:  Look at the equation for the cubic polynomial.)

f.  Use your function to predict when the number of cases of AIDS first reached 1,000,000.

g.  What are reasonable values for the domain and range of your preferred function?

Discussion  Early on, scientists believed that the spread of AIDS was following an exponential pattern; it took some time until they realized that the number of cases was much better modeled by a cubic polynomial.  However, the best fitting cubic has a negative leading coefficient, so that it eventually reaches a turning point and then begins decreasing ever more rapidly.  This certainly does not apply when considering the cumulative number of cases. Moreover, one cannot extend this function backwards in time either to a time before there were any reported cases.  So domain and range issues become essential.
10a.   A famous model in biology relates a person’s  SEQ CHAPTER \h \r 1surface area S to his/her height H and weight W via the formula 
[image: image1.wmf]0.4250.725

  15.64, 

SWH

=

with W in pounds, and H in inches.  
a. Estimate the surface area of someone who height is 70 and whose weight is 180.

b. Estimate a person’s weight whose surface area is 3500 in2 and whose height is 65.
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10b.   SEQ CHAPTER \h \r 1The accompanying contour plot shows the level curves (in meters) in Bear Lake, which lies across the Idaho-Utah border.  
a.  Estimate the greatest depth of the lake.

b.  Four major creeks feed Bear Lake – they are Swan Creek, Fish Haven Creek, North Eden Creek, and South Eden Creek.  List the four of them in order from the one that feeds into the lake in the least steep portion to the one that feeds into the lake in the steepest portion of the lake.
c.  Scientists tested the make-up of the sediment beneath the late by drilling three holes for core samples at the points labeled 1, 2, and 3 on the Utah side of the contour plot.  Estimate the depth of the lake at each of these points.
Discussion One of the topics requested of mathematicians by many other disciplines is the need to introduce students to functions of several variables.  What is meant is not anything calculus-based, but rather having students work with expressions involving two (and occasionally more) independent variables and learning to interpret both tables of multivariate data (often in terms of interpolating between points in the table) and contour diagrams (for instance, the distance between successive contours as giving information on the rate of change of the function)..  
 SEQ CHAPTER \h \r 111. Match each of the four normal distributions shown in (a)-(d) with one of the six corres​ponding sets of values for the parameters μ and σ.  Explain your reasoning.
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(i)  μ = 85 , σ = 12

(ii)  μ =   100, σ = 12

(iii)  μ = 115 , σ = 12


(iv) μ = 115  , σ = 8 

(v)  μ = 100 , σ = 6

(vi)  μ = 85  , σ = 7


Discussion In the process of discussing shifting and stretching of functions, we return to the normal distribution function
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that is centered at the mean µ and has standard deviation σ.  This curve is shifted horizontally by an amount equal to µ, because of the presence of the (x - µ) term, and is stretched/squeezed vertically by the effect of σ both as a multiple in the denominator of the coefficient and as a divisor in the variable term in the exponent.  To answer this question, students need a full understanding of the role of each of the parameters, both graphically and in terms of its statistical significance.  In the process, an extremely critical topic from statistics is further integrated into the algebra curriculum in a natural way. 

12.  Write a possible formula for each of the following trigonometric func​tions:
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Discussion Traditional math courses typically ask students to draw the graph of relatively simple trigonometric functions of the form y = 2 + 4 sin (3x).  However, when students have graphing calculators at their fingertips, such problems become meaningless.  On the other hand, the ability to construct a formula to match a pattern seen in a graph requires that students understand fully the specific role of each of the parameters in a general sinusoidal expression.  At the same time, such problems effectively make the use of the available technology a non-issue in answering the question, so that the focus remains on student knowledge and understanding.  Problems like this also build on the unifying theme throughout a course that one creates formulas for functions in order to answer predictive questions, so that the focus is always on creating and using functions, not producing graphs.  
13a.  The sinusoidal function 
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closely models the number of hours H of daylight in Jacksonville, FL on the tth day of the year (t = 1 is January 1, t = 2 is January 2, etc.).  

a.  Give a practical interpretation of each of the four parameters – the 12, the 1.48, the 365, and the 80 – in this formula.

b.  How many hours of daylight will there be in Jacksonville on July 4?

c.  On which days of the year do you expect 13 hours of daylight in Jacksonville?

13b.  The accompanying chart shows the historic monthly average high and low temperatures in Jacksonville.  

a.  Estimate the values for each of the four parameters in a sinusoidal function that models the average high temperatures in Jacksonville.  

b.  Write a formula for this sinusoidal model.

c.  Based on your model, predict the high temperature on May 15.

d.  Estimate when the high temperature will be 75(F.

e.  How would your model from part (a) change if you were to write a formula for the average low temperatures in Jacksonville? [image: image15.jpg]Table Dispiy
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Discussion Although expressions for sinusoidal models such as these tend to look intimidating, students quickly come up grips with the significance and roles of each of the parameters, so that they become far more meaningful than a bunch of technical terms – amplitude, frequency, period, etc. – that they typically confuse and use interchangeably.  Moreover, despite the complexity, the practical interpretations of the models again motivate the students and give them a feeling of power when they are asked to create and apply comparable oscillatory models on their own.
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