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In traditional mathematics classes, we routinely look at functions such as y = 5⋅2x or y = 2 sin 3x or ask students to solve equations such as log y = 3x - 4 or 5 cos 6x = 10.  We know that such expressions are artificial, but have the insight and understanding to realize that they are being presented only as prototypes to illustrate certain ideas simply and to develop appropriate skills;  we anticipate that the students will encounter the "real thing" in subsequent courses where the expressions are more realistic and hence considerably more complicated.  Unfortunately, most students taking such courses do not share that insight;  all they see is a host of unrealistic functions and equations that seemingly have no relationship to anything outside of their mathematics classroom.  There is nothing to link the mathematics topics to other fields which require the mathematics.  There is little to interest the students or to motivate them to continue on to further courses in mathematics or the allied disciplines.  It is not surprising that, on a nationwide level, only about 15 or 20% of the students who take college algebra or precalculus courses ever go on to start calculus, the course for which they are supposedly being prepared.

 ADVANCE \u 9But, what if we toss out the artificial prototypes and focus instead on realistic situations?  Can we go right to the applications that make the mathematics useful?  That means ignoring the simple, but phony, expressions and looking immediately at the more complicated kinds of functions and expressions that come up in the real world, the ones where the coefficients are not one-digit positive integers.  It also means expecting more of the students, but the trade-off is that the mathematics makes sense.  In this article, we illustrate a number of such themes that we use in our Functioning in the Real World Course [1].   

 ADVANCE \u 5
Fitting Functions to Data
In mathematics, a line is determined by two points.  In practice, one typically has many points that follow a linear pattern and one needs to find the equation of a line that captures that linear pattern.  So the problem we face becomes a judgmental one:  which two points should we use? or might the best line be one that doesn't even touch any of the points?  For instance, we show some data values relating the rate at which the striped ground cricket chirps, in chirps per minute, as a function of the air temperature.

	T (̊F)
	89
	72
	93
	84
	81
	75
	70
	82
	69
	83
	80
	83
	81
	84
	76

	Chirps
	78
	60
	79
	73
	68
	62
	59
	68
	61
	65
	60
	69
	64
	68
	57
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Figure 1
Suppose you take a piece of black thread, hold it taut, and move it around over the points in Figure 1.  Each possible orientation for the thread represents a different line.  By eye, it is possible to select an orientation that seems to give the best fit to the linear pattern in the data, as shown in the figure.  (Obviously, different students will come up with slightly different lines.)  The problem is then to estimate the equation of this line;  one possible equation is


C - 70  =  .9(T - 85)

 ADVANCE \u 9Once students have mastered the ideas behind this, which are considerably more sophisticated than merely "plugging" two points into a given formula, we eventually show how technology, in the form of either a graphing calculator or appropriate software, is used to produce the line of best fit based on the least squares approach.  

 ADVANCE \u 9Of course, not all data fall into a linear pattern because not all phenomena are linear in nature.  Thus, we also consider the notion of finding the non-linear function that best fits a set of data.  In particular, we first consider the simplest and most common families of non-linear functions, the exponential, power and logarithmic functions.  Calculators can certainly produce the formulas for the various best-fitting functions, but in a precalculus course, we believe that students should, at least initially, transform the data and then detransform the resulting linear equation to practice their skills. 

 ADVANCE \u 7Suppose you suspect that a certain phenomenon follows an exponential pattern of the form P(t) = B⋅at,  say as the model for population growth.  Then


log P  =  log B + t log a
is a linear function of t and so we should expect that a plot of log P versus t should be linear.  For instance, consider the values of the U.S. population, in millions, from 1780 to 1900:





Year    Population     log(Pop'n) 




1780        2.8  
 .447





1790        3.9  
  .591





1800        5.3  
 .724





1810        7.2  
 .857





1820        9.6 
 .982





1830       12.9

1.111





1840       17.1 
1.233





1850       23.2 
1.365





1860       31.4

1.497





1870       39.8 
1.600





1880       50.2 
1.701





1890       62.9 
1.799





1900       76.0 
1.881

In Figure 2, we show a plot of the actual data values which shows the apparently exponential pattern.  In Figure 3, we show the associated plot of the transformed data with log (P) as a function of t.  It is clear that the transformation has linearized the data. 
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Figure 2
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Figure 3
 ADVANCE \u 9Using the ideas of linear regression analysis previously developed, students now know that they can find the line that best fits this transformed data;  their calculator or program tells them it is generically of the form:


Y  = .121X + .487,

but they must interpret this in terms of the actual variables used as
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Figure 4

log(P)  =  .121t + .487 .

They then must undo the original transformation by applying the inverse function and all the pertinent operations to obtain



P  =  10log P


   =  100.121t + 0.487


   =  100.121t⋅100.487


   =  (100.121) ADVANCE \r 1t⋅(100.487)



   =  3.069⋅(1.321)t
Notice the level of algebra needed to undo this transformation.  Interestingly, the students do not complain because they are doing the work in the context of answering a question of interest, not merely to develop some skills that they see no need to possess.  Incidentally, we show how well this exponential function fits the original data in Figure 4.

 ADVANCE \u 7In a comparable way, if one suspects that a phenomenon follows a power function of the form Q = B⋅xp, then log Q = log B + p log x means that log Q is a linear function of log x.  Therefore the data can be linearized by plotting log Q versus log x and the linear regression analysis technique can be used to find the equation of the best fit linear function.  The students then need to undo the transformation using all of the usual properties of exponential and logarithmic functions.  Again, the level of manipulation is far greater than one would normally expect with simple artificial problems, but the students are willing and able to rise to the occasion.

 ADVANCE \u 7While the students see the modeling as motivation and the development of the algebra skills as a necessary evil, we are most concerned with the notion of functions and their behavior.  Throughout the course, we focus on questions of whether a function is increasing or decreasing, where it is convave up or concave down, and where its inflection points are located (and what they mean in terms of rates of growth).  For instance, we ask conceptual questions such as:  Suppose a function f is decreasing, concave down and that f(10) = 80, f(12) = 70.  Which of the following are possible and which are impossible?  
(a)  f(11)  = 78

(b)  f(11)  =  75

(c)  f(11)  =  72



(d)  f(15)  =  50

(e)  f(15)  =  55

(f)  f(15)  =  60


(g)  f(5)  =  100

(h)  f(5)   =  105

(i)  f(5)   =  110


Modeling Periodic Phenomena
Periodic phenomena abound in the real world, but they cannot be modeled mathematically by functions as simple as y = 3 sin 2x.  For example, the number of hours of daylight on a given day of the year at any particular location is a periodic function of time.  If the location is San Diego, say, then the number of hours of daylight can be represented by


H(t)  =  12 + 2.4 sin((2π/365)(t - 80)),

where t is the number of days from January 1 of any given year.  What do the different parameters mean?  The 365 clearly represents the number of days in a year, or the length of a cycle.  The 12 represents the average number of hours of daylight, which occurs on the spring and fall equinox.  The 2.4 represents the maximum variation above and below the middle value, so the longest day in San Diego has 14.4 hours of daylight and the shortest day has 9.6 hours.  What about the 80?  Since it is related to the variable t, it must represent some particular date and, if you count off days, you will find that the 80th day of the year is March 21, the spring equinox, when exactly 12 hours of daylight occur.  In the process, the students achieve a much deeper understanding of what amplitude, period, frequency, vertical shift, and phase shift mean because the terms arise in a meaningful context.

 ADVANCE \u 9Once such a function is available, it is possible to ask a variety of meaningful questions, such as:  How many hours of daylight would you expect on a particular date?  When will there be 13 hours of daylight in San Diego?  Or, we can assign the students a project to determine the comparable formula for the number of hours of daylight in any other city -- all they need is to find the data on sunrise and sunset on one day of the year, preferably the longest or shortest.  Or, they can be asked to model the blood pressure of an individual whose pulse rate is 72 beats per minute and whose blood pressure readings are 120 over 80.  Or they can model the heights of the tide at a pier given information on the depth of water at the high and low tide levels and when those levels are reached.  

 ADVANCE \u 9An even more challenging project is to give the students a set of real-world data that is roughly periodic and ask them to construct the sinusoidal function that best fits the data.  For instance, we have used the following data on the average daily high temperature in Dallas on different days of the year based on historical weather records.

	Day
	1
	15
	32
	46
	60
	74
	91
	105
	121
	135
	152
	196
	213

	Temperature
	55
	53
	56
	59
	63
	67
	72
	77
	81
	84
	89
	98
	99


	227
	244
	258
	274
	288
	305
	319
	335
	349

	98
	94
	90
	85
	80
	72
	66
	61
	58


The data values do not precisely fall onto a sine or cosine curve;  rather they can be modeled by such a function, but the students must devise strategies on how to use the data to estimate the vertical shift (some think of averaging the high and the low reading; others decide to average all the readings).  They then must determine the amplitude, but that depends on the strategy they used to find the vertical shift.  The period and frequency are easy (if they realize that over the course of a full year there are 365 days, not the 349 shown in the data set), but the phase shift is quite challenging, particularly if they want the resulting sinusoid to mirror the behavior of the data points well.


Student Reaction and Performance
Overall, student reaction to the course has been extremely favorable.  They see the value of the mathematics because it is all developed in realistic contexts and, in turn, because they see the value, they are willing to put in the extra effort needed.  At the same time, the heavy emphasis on the underlying mathematical concepts instead of just algebraic manipulations has lead to many students commenting that this is the first time they have ever understood, found a use for, and enjoyed mathematics.  Perhaps the following comment by one student best captures the spirit of the course:  

"Math is a part of life -- everything we experience, whether tides or hours of daylight or population growth or rising medical costs, deals with math.  I now have a much better understanding of the patterns of life and how math can be applied to them."

The theme of mathematical understanding is something that comes through constantly and surprisingly.  For instance this semester, one of the authors taught from the materials in a college algebra/trigonometry course for the first time;  the students are mostly directly out of a very traditional intermediate algebra course.  After discussing the properties and applications (including curve fitting) of linear, exponential, power and log functions, it was time to move on to introduce polynomials for the first time.  To do so, the author drew a set of points in a cubic pattern to represent the prices of a share of stock, suggested the need for a function to model this behavior to allow the owner to predict future prices, drew a rough sketch of a cubic curve that followed the pattern of the data points and asked the class to describe that function.  The following responses came one after another:


"First it's increasing, then it's decreasing, and then it's increasing again."


"First it's concave down and then concave up"


"It has one point of inflection"


"It doesn't have an inverse"
Most of us would be thrilled to have such a set of descriptions for a curve furnished by students who have finished a year of calculus.

 ADVANCE \u 7Anecdotal information from many of the individuals currently testing the project materials indicates a similar reaction from students at many different types of institutions ranging from high schools to two year colleges to four year schools and universities.  At one school, five of 43 students changed their major to become math majors as a result of the course.  

 ADVANCE \u 7The other issue is student performance in such a course.  In a previous article [2], one of the authors describes an analysis of comparative performance on common final exam questions of students in this course and those in a traditional precalculus course using a graphing calculator.  In all the common questions, which were purely manipulative in nature, the students in the Functioning course outperformed those in the traditional course.  In questions where one group of students had to take a situation, construct the function, understand what was being asked of them (what is the height of the tide at 11 am?  when does the tide reach 13 feet?), and perform the appropriate manipulation while the other class was simply asked to evaluate a quantity or solve a given equation (given f(x) = ..., find f(11);  solve f(x) = 13), the Functioning group did far better in all but one instance.  At another test site for the course, in a group of high risk students, few, if any, of whom were expected to pass, virtually all scored A's and B's while the department tutors described the course as the honors section.

 ADVANCE \u 7Furthermore, several individuals testing the materials have tracked their students into follow-up courses, either reform or traditional calculus courses or a precalculus course following a college algebra setting for this course.  Their reports indicate that the students performed very successfully in the follow-up courses.  Several anecdotes indicate high levels of mathematical insight that surprised the instructors.  
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