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Now that calculus reform is well established, there is a need to reform the courses leading to calculus so that they too emphasize geometric and numerical ideas in addition to symbolic manipulations.  There is also a need for a much greater emphasis on applications, on the use of technology, and on  students assuming a more active role in the courses.

The Functioning in the Real World project has addressed this challenge by developing, testing, and implementing a dramatically different alternative to standard precalculus courses.  The project materials [1] emphasize the qualitative, geometric and computational aspects of mathematics within a framework of mathematical modeling at a level appropriate to precalculus or college algebra students.  The approach: (1) extends the common themes in most of the calculus reform projects;  (2) focuses more on mathematical concepts and reasoning through a balance among geometric, numerical and symbolic approaches rather than primarily focusing on algebraic manipulation;  (3) conveys to students the importance of mathematics in a scientifically oriented society;  (4) provides students with the skills and knowledge needed for calculus and related courses;  (5) makes appropriate use of technology without becoming dominated by the technology to the exclusion of the mathematics.

 ADVANCE \u 7We believe that most students are more interested in the applications of mathematics than in the mathematics itself, so that applications drive the development.  The mathematical knowledge and skills needed for calculus are introduced, developed and reinforced in the process of applying mathematics to model and solve interesting and realistic problems.  This excites the students and encourages them to go further with mathematics by showing them some of the payoff that a knowledge of mathematics provides.  

Our goal has been to develop a set of materials that will serve a multiplicity of audiences:

     ▸  A one or two semester course that lays a different, but very effective, foundation for calculus, 
particularly reform calculus;

     ▸  A one or two semester course that serves as a contemporary capstone for students who do not 
plan to go on to calculus.

      ▸   A course that provides the foundation for courses in discrete mathematics and related offerings.

     ▸  A course that provides a capstone experience for secondary school mathematics.

The philosophy and content of the course are very much in line with the philosophy and content of most of the major calculus reform projects.  They also share the philosophies of CUPM recommendations, the  proposed AMATYC Standards for College Mathematics, the NCTM Standards, and the College Board's Pacesetter Curriculum Model.

Contents of the Course  The Functioning in the Real World course centers on a study of functions:  how they arise in the real world and the ways in which they can be represented (graphical, tabular, symbolic, verbal).  We focus on functions as members of families and emphasize their behavioral properties, particularly growth and decay, concavity, and so on.  Our intent is to have students think mathematically, to see the function concept as the vital link between the real world and the mathematics that describe the world, and to interpret their mathematical results in terms of the process being studied.

 ADVANCE \u 7
As an example:  A potato is put into a hot oven kept at a constant temperature of 350̊.  You are told that the temperature of the potato after 10 minutes is 120̊ and after 20 minutes it is 150̊.  Use the graph of the temperature as a function f of time to decide which of the following are possible and which are impossible:  f (15) = 130,   f (15) = 135,   f (15) = 140?  To answer this, a student must understand functional notation, must distinguish between growth/decay and concave up/down, and must know how concavity compares to linear behavior.  They also begin to think of processes in a dynamic fashion in terms of rates of change.

 ADVANCE \u 7
The mathematical models developed in the course are based primarily on fitting functions to data,  difference equations, probability, and matrix algebra.  Curve fitting techniques are introduced early and used throughout so that students learn how to interpret data values that arise in different contexts and actually have the tools with which to construct functions to study.  We consider fitting linear, exponential, power, logarithmic, polynomial, logistic, and trig functions to data to reinforce the behavior of each class of functions while developing skills with their algebraic properties.  Simultaneously, the topic dramatically demonstrates the value of the mathematics to the students.

 ADVANCE \u 7Students are expected  to transform the data to linearize it (log y vs x for an exponential fit; log y vs log x for a power fit, etc).  At first, we ask them to identify the likely behavior pattern from a scatterplot, to perform the appropriate transformations by hand, to obtain the best linear fit to the transformed data using their technological tools, and then to undo the transformation by hand.  For example, the appropriate linearization for a suspected exponential fit might lead to the regression equation


Y  =  2.15674 + 1.23032X    or    log y  =  2.15674 + 0.02303x.

(Mother Nature apparently never learned the importance of one-digit integer coefficients!)  Then


y  =  10log y  =  102.15674 + 0.02303x   =  143.463 ⋅ 1.05446x.  

We interpret the results of each analysis and ask appropriate questions about predicting (interpolation and extrapolation) as well as questions about when a given level is expected to be reached.  

 ADVANCE \u 7We approach trigonometry from the point of view of modeling periodic phenomena such as the number of hours of daylight in a given location as a function of the day of the year, the tides, the heart and so forth.  We put a lesser emphasis on manipulation of trig functions for their own sake.  For instance, suppose a person's pulse is 72 beats per minute and that her blood pressure is 120 over 80.  Students develop the trigonometric function, B(t) = 100 + 20 sin((2π/72)t), to model this process and interpret it in terms of the actual process by answering questions such as: What is the blood pressure at a particular instant?  or When will the blood pressure reading be 100?  They also consider the question of how well the mathematical model represents the phenomenon.  At the same time, the mathematical concepts of amplitude, frequency, period, vertical shift and phase shift take on much deeper meanings from the contexts.

We introduce difference equation models as a precursor to the study of differential equations in calculus and beyond.  The emphasis is on modeling a variety of situations and interpreting the behavior of the solutions.  We develop an assortment of difference equation models on growth and decay processes (for populations, diseases, technology, etc).  For instance, we model the way that the kidneys eliminate a medication from the bloodstream.  Suppose a patient takes 50 mg of a certain drug each day and that the kidneys remove 80% of it during each 24 hour period.  Let D0 represent the initial dosage of 50 mg.  Then on the following days,  ADVANCE \d 2 


D1  = 0.20D0 + 50  =  60 mg ADVANCE \d 2 


D2  = 0.20D1 + 50  =  62 mg ADVANCE \d 2 


   D3  = 0.20D2 + 50  =  62.4 mg ADVANCE \d 2 

and so on.  The successive values form an increasing sequence based on the difference equation ADVANCE \d 2 


Dn+1  = 0.20Dn + 50. ADVANCE \d 2 

We can graph these values, connect the resulting points with a smooth curve, observe that the shape is strictly increasing and concave down and that there is a limiting value (known as the maintenance level for the medication).  This horizontal asymptote can be estimated visually by plotting the points by hand or on a graphing calculator; it can be approximated numerically by continuing the process; it can be found in closed form by presuming that at some eventual point successive drug levels will be effectively equal.  Later in the course, the difference equation can be solved in closed form using formal algebraic techniques for solving linear difference equations to produce the specific solution 


Dn  =  62.5 - 12.5 (0.2)n ADVANCE \d 2 

that satisfies the initial condition, for all n.  The graph of this function is then examined to verify that the appropriate behavior for the underlying process is indeed mirrored by the function.  At each stage, we raise thought-provoking questions:  Is the smooth curve used to connect the successive points reasonable?  What happens if the patient takes an overdose?  If the patient's doctor reduces the dosage by half, do you get the same result by taking the original dose every second day as you would get with half the dosage each day?

 ADVANCE \u 4We introduce matrix algebra not merely as a shortcut for solving systems of linear equations.  There is an incredibly rich array of applications of the subject that are included in finite math courses, but are never seen by math/science/engineering students.  We thus introduce matrix algebra as a unifying tool for investigating a wide array of applications including Markov processes, systems of difference equations,  and geometry.

The course also emphasizes student investigations to provide a real-life dimension to the subject.  Students conduct individual or small group investigations of mathematical ideas using computer software and/or graphing calculators.  We also have students collect sets of data of interest to them, and determine the best fitting curve -- possibly linear, exponential, logarithmic, logistic or power function.  For instance, students have studied such varied applications as the improvement in some Olympic record over time, the growth in the number of sexual harassment cases filed over time, the growth in sales of a black-owned car dealership, the time needed for a pot of water to come to a boil as a function of the volume of water in the pot, the acceleration time a Porsche needs to reach various speeds, and the number of dud shells as a function of the total number of rounds shot off using an automatic rifle while away on military reserve duty.  At a later point in the course, when studying the use of the trig functions as models for periodic phenomena, the students are asked find the best sinusoidal function to model the daily high temperature in a city over the course of a year.

 ADVANCE \u 7We find that this direct involvement in the mathematics and the wide applicability of the subject provides the motivation for the students to continue on to study mathematically related fields.  This certainly is reflected in the comments we have received from students in the course.  

 ADVANCE \u 9The Role of Technology  Technology has much to offer for the teaching and learning of mathematics provided it is used in the service of the mathematics rather than as an end in itself.  Most graphing calculators have the ability to find the best linear, exponential, power or log function to fit a set of data; other calculators will also fit the best quadratic, cubic or quartic polynomial, all at the push of a single button.  However, we firmly believe that pushing that button is a mistake at a precalculus level, at least until the students have a solid idea of what is happening.  Thus, we insist that students examine the original set of data, look for a general pattern, appropriately transform the data entries to linearize it, use the calculator or computer to obtain the best linear fit to the transformed data, and then undo the transformation using the inverse function to develop some of the manipulative skills they will need to succeed in calculus and other courses.
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