 SEQ CHAPTER \h \r 1
Lessons from the Calculus Reform Effort
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Mathematicians, scientists and philosophers have long regarded calculus as one of the greatest intellectual developments of western civilization.  Unfortunately, very few of the students who have taken a traditional calculus course share this sentiment.  All too often, they have instead seen calculus as:


▸ a collection of poorly understood rules and formulas involving manipulations, 


▸ a set of artifical problems that provide little feel for the power of calculus, 


▸ a collection of poorly understood and rarely appreciated theoretical results that were 

memorized and regurgitated.  

It is not surprising why these courses have been unsuccessful for so many otherwise capable students.


Most of the calculus reform projects have attempted to address this problem by creating new and more motivating approaches to calculus.  Most have focused on the applications of calculus.  Many have addressed the problem through the use of sophisticated technologies.  Some have considered innovative ways to deliver the mathematics, say in the context of group projects or a laboratory environment.  Others have considered the content of the course, especially when the students they address have had calculus in high school.


In this article, we will describe the philosophy behind the approach adopted by the Calculus Consortium based at Harvard (CCH) and outline the present status of the project.  We believe that many of the themes we have adopted and our experiences may provide direction to those who wish to reform the courses that lead to calculus.  Many of the same ideas certainly apply to the other calculus reform projects as well and we urge the interested reader to look at the philosophy, content and experiences of the other projects.


The CCH Project: Philosophy and Course ADVANCE \d 7

The Calculus Consortium based at Harvard is a consortium started by the following individuals and institutions:




Deborah Hughes Hallett,  Harvard University




Andrew Gleason, Harvard University




Sheldon P. Gordon, Suffolk Community College




William McCallum, University of Arizona




David Lomen, University of Arizona




David Lovelock, University of Arizona




Brad Osgood, Stanford University




Andrew Pasquale, Chelmsford High School




Jeff Tecosky-Feldman, Haverford College




Joe Thrash, University of Southern Mississippi




Karen Thrash, University of Southern Mississippi




Tom Tucker, Colgate University


In our early discussions and planning, we came to believe that the primary problem with the traditional calculus approach was that it focused almost exclusively on symbolic manipulation;  the power of symbolism in mathematics is so compelling that it has tended to force out other approaches to the subject.  However, understanding of the mathematical concepts is often better conveyed by geometric images and by numeric approaches.  We therefore sought to achieve an appropriate balance among the three approaches.  The underlying philosophy behind the CCH project has come to be known as the Rule of Three: every topic in calculus should be approached geometrically, numerically and symbolically.  In addition, we have since realized that much of the mathematics is also conveyed verbally, by language, so that our approach could be called the Rule of Four instead.


In order to implement the Rule of Three (or Four), we found it was necessary to redesign both the content and the overall focus of introductory calculus.  The result is a very different calculus experience, one that focuses heavily on developing mathematical thinking on the part of the students and less on developing manipulative skill.  An old adage says: "You take calculus to learn algebra"; we hope to replace that with a new adage: "You take calculus to learn calculus".


The key to achieving such a goal is not merely to give a new presentation of the material.  For most students, what is important is what we expect them to do: the homework and exam problems.  Thus, an important part of our work has been to create problems that reflect the Rule of Three, challenging questions that require the students to think mathematically, to understand and to apply the concepts of calculus.  For most students, this is something that initially seems strange and demanding: they have seldom been asked to think about mathematics, only to perform rote manipulations that mirror examples in the text.


Historically, the significance of calculus has been linked to its power at solving important problems, typically in the physical sciences.  The applications of calculus make the subject important to the overwhelming majority of students and so we use this to motivate the development of most of the mathematical concepts.  Our course is highly problem-driven.  Over the last few decades, however, the applications of calculus have grown to encompass areas such as probability, biology, economics and finance.  We have consequently included such applications in our materials as well as the usual applications from the physical sciences and engineering.


In many people's view, the primary purpose of taking calculus is to prepare for a subsequent course in differential equations.  As one immediate result of our focus on the applications of calculus, we have incorporated a major chapter on differential equations.  Our belief is that this topic should be an integral part of calculus, not just the "next course".  We consider differential equations as an opportunity to present ideas on mathematical modeling and consider applications from the physical sciences, the biological sciences and the social sciences.


We have also taken the opportunity to present the material from the point of view of what is important in mathematics today.  For example, we emphasize the ideas of local versus global behavior of a function.  We focus on how the tangent line represents the best linear approximation to a function at a point.  We extend the treatment of optimization to consider analyzing the behavior of families of functions with one or two parameters.  We view the behavior of the solutions of differential equations using the slope or tangent field.


The Role of Technology ADVANCE \d 7

Most of the impetus for calculus reform can be attributed to two factors:


▸ the growing need for a better educated and more mathematical literate people so that this nation can compete effectively in the international marketplace.  As we mentioned above, the traditional calculus courses have simply been ineffective and unsuccessful in preparing and motivating students for technically oriented careers.


▸ the growing availability of sophisticated technology.  For instance, Lynn Steen [2] reported in 1987 on the results of a survey he had conducted of calculus final exams from all types of institutions: 90% of all questions could be answered using widely available computer algebra systems.  His conclusion was we should not be teaching to machines, but to people.  Since then, cheap and powerful graphing calculators are rapidly becoming a mainstay of mathematical education.  Their existence forces us to reassess what is important for our students to be able to do and what is important for them to know.


Our response to this issue was to set a "technology floor", the minimum level of technology that we presumed would be available to all students taking the course.  This consists of either possession of a graphing calculator or access to a computer graphics package that will:


1.  graph a function


2.  locate the zeros of a function either geometrically or numerically


3.  perform numerical integration


4.  display the slope field associated with a differential equation.

However, we made a firm decision that we would focus on the mathematical ideas, not on the technology which would be present primarily in the service of the mathematics.


Our materials have since been used in a wide variety of technological environments.  Perhaps most striking are the experiences at one of the Consortium school, the University of Arizona during early classtesting of the materials.  During one semester, seven sections were taught from our materials; several taught in computer laboratories where each student was sitting at a computer, several taught with only graphing calculators, and several violated our "floor" and taught with nothing more than an ordinary scientific calculator.  The results were a set of totally different courses based on the same text materials; yet each of the instructors was thrilled with the results of his own course.


Clearly, technology has a role to play in calculus, and in all the courses that lead to calculus, as well as those that follow calculus.  However, it need not be a dominant role provided the focus is on the mathematics and the mathematics presented takes into account what is truly important in terms of what technology is able to provide.


Status of the CCH Project

The CCH materials [1] are currently (academic year 1992-93) being used at over 100 institutions in this country and several abroad.  The types of schools using it include highly select colleges, large state universities, engineering institutions, small four year schools, two year school and some high schools.


Student Reactions ADVANCE \d 7

The student reaction to calculus reform has been somewhat surprising.  Most students seem excited and stimulated by the approach.  The emphasis on conceptual understanding and mathematical thinking provides a very different perspective on what mathematics is all about, even if it is intellectually challenging.  A constant refrain we hear is "this is the first time I have ever understood mathematics".  Such a response is particularly common with weaker students, or at least those with relatively poor algebraic skills that we automatically consider to be weaker students.  By providing them with visual and numeric approaches to the mathematics, we are giving them alternative routes to mastery of the concepts of calculus.  They thrive.  On the other hand, students who have previously aced calculus in high school and who are taking it again in college to get an easy A tend to complain more, at least at the beginning.  We hear "This isn't calculus.  When are you going to show us that x7 is equal to 7x6?" or "The old calculus was much easier.  You didn't have to understand what you were doing to get the right answers."


We have observed some extremely positive outcomes.  Students have become far more involved in the mathematics; they care about the answers to the problems because the problems mean something to them.  It is no longer just a matter of getting something to match an expression in the back of the book.  As a result, they typically work more at the problems.


The students also seem to develop a much better appreciation for mathematics and its importance.  They see that mathematics is much more than just manipulating quantities, but rather it gives them the tools for solving significant problems in different areas.  We have received reports from many of the schools that a surprising number of students come out of this course opting to major in mathematics.


We have also received numerous reports of better results in the course.  Many schools indicate higher success rates in the sense that there are fewer F's, D's or withdrawls.  The alternate routes that the Rule of Three provides certainly seems to help many of the students.  At the other extreme, some instructors have indicated that they are giving fewer A's.  They suggest that it is very hard for students to ace an exam featuring a series of conceptual problems that require deep understanding and thought compared to the potential ease of doing well on traditional exams that test manipulative skills.


Another characteristic we have observed is a higher level of persistence on the part of students.  In traditional courses where the emphasis is on techniques, students with weak algebra backgrounds quickly become lost and drop early.  The course has only reinforced their negative views both of themselves and of mathematics.  We often see a very different attitude in the students taking our course.  They tend to feel that calculus is accessible to them and that they are getting something valuable out of the experience, even when they are not doing terribly well.  Consequently, they stick with the course instead of dropping out early. 


We note that most of the reports mentioned are purely anecdotal.  We are now planning some systematic evaluation to obtain more formal conclusions.


Faculty Reactions ADVANCE \d 7

Most faculty teaching our course have been extremely positive about their experiences.  Most report a sense of personal excitement in teaching mathematics, not just algebra.  In retrospect, many now feel that they used to spend 80% to 90% of their time in calculus doing algebra at the board -- either giving examples of techniques or going over problems to find where the students made some algebraic error.  


They also report a very different classroom dynamic.  Most indicate less of the pure lecture mode and more of an interactive educational environment.  This might include just far more discussion between instructor and students; it might include various types of collaborative learning experiences for the students.  In large measure, this seems to be an outgrowth of the problems in the materials.  Since so many of the problems are not routine, many instructors have had to change the way that they deal with homework.  Some indicate that they assign the problems, but warn their students that they may find them very challenging and expect the students just to give them their best try; these instructors then use the problems in class the next day as springboards for mathematical discussions.  The students then become much more active participants in developing the mathematical ideas.  


Other instructors have reacted to the challenging nature of the problems by having their students work at them in class in small groups.  In some instances, this can be the format of an entire class, in others, an activity used the last 15 minutes of each class hour.  In either event, the instructor becomes more of a coach than a lecturer. 


Possibly the most telling point raised by many of the instructors teaching the course, including active research mathematians, is the amount of mathematics they personally have learned.  We know this is certainly true for most of us who collaborated on the actual development of the materials.  Thus, we find that inadvertantly we are having a dramatic impact in the area of faculty development and renewal.


Of course, the fact that some of the ideas presented are new to many users of the materials also presents us with some challenges.  We cannot expect that all faculty will be able to pick up the book and be able to use it in class entirely on their own.  Rather, many people clearly need training workshops to acquaint them with the philosophy behind the course, the reasons for some of the decisions we made to emphasize or de-emphasize particular topics, and to expose them to some of the mathematical ideas we have incorpoated.  For instance, we have found that many people teaching calculus are not familiar with slope fields.  We have responded to these challenges by presenting numerous training workshops in conjunction with national and regional meetings of MAA and AMATYC, for example, as well as annual workshops at Harvard.  We are now encouraging the people who have served as classtesters of the materials to provide similar workshops around the country.


In addition, our project has spawned some exciting offshoots, local and regional projects designed to expand the implementation and dissemination of our course.  Similar activities have grown out of some of the other calculus reform projects.  What seems to be particularly effective are local consortia involving universities, four-year schools and two-year schools.  Such joint activities usually begin with joint training workshops, not only for faculty teaching the course, but also for a variety of people who provide critical support to the course.  This may include graduate TAs, student tutors, graders, learning center personnel and part time faculty.  Joint activities typically include on-going meetings or e-mail networks; they may involve faculty exchanges and other collaborative efforts to include more institutions, including secondary schools.


Implications for Precalculus Reform ADVANCE \d 7

We feel that many of the experiences and ideas we have discussed above regarding calculus reform in general and our project in particular have direct bearing on efforts to reform how students are prepared for calculus.  As with the need for calculus reform, there are two primary impetuses for reforming precalculus: a national need for more mathematically and technically trained people and the availability of technology which is changing what is important in the mathematics curriculum.  


In developing reform precalculus courses, we feel that our model based on a large group of people representing a variety of institutions has been very successful.  We had people with quite different institutional backgrounds contributing materials and experiences with different types of students, we had the advantage of a large base of sites at which to test our materials from the outset; we had the advantage of a large geographical coverage.  We also had the advantage of different people naturally assuming different, but vital, roles in the project; some focused primarily on writing materials, some on producing problems, some on critiquing drafts, and some on dissemination activities.  The broad array of interests and contacts with different constituencies was particularly valuable.  Of course, we also had to face the problem that it is more difficult keeping a large group of people in contact with one another, though this can be helped considerably with e-mail.  (A small, compact group at a single school or group of neighboring schools has the advantage of being able to meet regularly and inspire one another to work more constantly.)  It is also more difficult to keep each member of a large group informed of all developments in a project and to involve each in the day-to-day decisions that have to be made.  In all, though, we do feel that a larger group is definitely desirable, particularly in reforming precalculus where the efforts must involve both secondary and college faculty.


Above and beyond such administrative issues, the key concern in precalculus reform is having a vision for how the course should develop.  This may be based on the implications of technology, the learning environment in the classroom, the mathematical content of the course, or the applications that drive the mathematics.  Our view is that all of these should be central to developing a better course.  


As with traditional calculus courses, precalculus courses tend to focus almost exclusively on algebraic methods.  Often, it seems that the course is little more than a semester-long exercise in factoring polynomials and manipulating trigonometric functions to prove endless lists of identities.  (Of course, when that course is not particularly successful, many schools simply extend it to a year-long exercise.)  


Admittedly, most precalculus courses do focus on graphical ideas.  However, as with traditional calculus, the objective is too often on producing the graph of a function, whether it is polynomial, rational, exponential or trigonometric.  Now that graphing calculators can be in the hands of every student, though, the emphasis should change to focus on mathematical questions -- why does the graph appear the way it does?  what is the effect of scale on what is seen?  what are the local and global characteristics of the function?


Appropriate use of technology should be incorporated into the course.  We need to decide on an appropriate floor level for technology, like a graphing calculator.  The focus of the course, though, should not be on the technology, but rather on the mathematics we want them to understand and be able to apply.  The graphing calculator or other technology should be a tool used in the service of the mathematics.


Moreover, most students taking a traditional precalculus course do not become excited about the mathematics itself, particularly when the emphasis is on mechanical manipulations or even on analyzing the behavior of functions.  They want to see some use for that mathematics.  Consequently, precalculus courses should be problem-driven.  Each topic should be presented in the context of an interesting, motivating example and should be developed in conjunction with a variety of applications.  The students should see an immediate tie-in between the mathematics and the world around them.


Precalculus mathematics should focus on mathematical ideas and mathematical thinking as well as on building algebraic skills.  Students should be expected to do more than simply reproduce examples given in the textbook.  We certainly should expect somewhat less of them at this level than we would expect of students in calculus; but somewhere we must begin expecting something more of them and the earlier we do, the better it will be for them and for the entire mathematics curriculum.


The topics presented in such a course should be carefully evaluated to determine what is essential, particularly in light of available technology and the changes in the calculus curriculum, and what has become outmoded.  For example, in our calculus project, we decided that of the six trigonometric functions standardly studied, only three are truly important; the other three, the secant, cosecant and cotangent, exist primarily for historical reasons to reduce computational drudgery.  Look at any sophisicated scientific calculator today -- it will have keys for a host of functions that most people may never use, but it does not have a key for these three trig functions.  Of course, eliminating these functions does present some challenges, particularly to the instructor such as having to relearn some new identities:


tan2x + 1  =  1/cos2x

However, we assure you that it is not a problem for students coming upon these relationships for the first time.


The more dramatically that precalculus courses change, the greater the need there will be for faculty training workshops.  They may entail learning the use of appropriate technology.  They will likely also involve learning some new mathematics.  They will certainly involve developing an understanding of the philosophy, the rationale and the implications of the changes that take place in the curriculum.  Based on conversations we have had with high school teachers, we suspect that this will be particularly valuable at the secondary level.  However, mechanisms are partially in place for such workshops through the TICAP program.  Such activities can hopefully be expanded to encompass training for reform precalculus courses in addition.


We also see the collaborative efforts that are developing among local and regional consortia involved in calculus reform expanding to include precalculus (as well as postcalculus) reform.  These efforts provide an ideal mechanism for much of the faculty training that will be needed.  They also provide the mechanism for bringing in the secondary teachers as project participants and for training courses.  They also provide the opportunity to develop important and valuable linkages among all levels of mathematics education so that different groups are not functioning in a vacuum.


We do believe that all of this will come about.  The calculus reform movement is extremely successful; it can no longer be considered as an experiment.  Virtually everyone who has used our materials has indicated that he or she finds it inconceivable to go back to traditional calculus.  The same comment arises with users of the materials developed by the other calculus reform projects.  The face of calculus is changing and will continue to change.


The common thread that now runs through conversations with all the people teaching reform calculus is that there must be a better and different precalculus preparation for their incoming students.  Precalculus reform will take place.
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