
A COMMENTARY ON MATHEMATICS EDUCATION: 
THE MATHEMATICS CURRICULUM MUST EVOLVE

 SEQ CHAPTER \h \r 1Most college educators decry the fact that incoming freshmen appear to have poor manipulative skills and less of the information that we consider important for success in college level mathematics. Based on our experience and our own high school education, we typically conclude that either the students are academically worse or that the high schools are at fault, or both. We have often reacted by introducing and expanding our remedial offerings and these developmental programs now dominate the mathematics offering in terms of number of sections, number of students enrolled, and the institutional resources expended.


Perhaps, though, part of the underlying problem is that the secondary curriculum has been changing over the last few decades, so that the smooth interface that we have always expected is no longer there. The NCTM's Curriculum Standards [12] have had significant impact on what is taught in the high schools and how it is taught.  The Standards call for a very different approach to mathematics that emphasized a greater depth of understanding of mathematical concepts and mathematical reasoning.  They also emphasize geometrical and numerical ideas as a balance to purely symbolic ideas.  They focus more heavily on substantial applications of the mathematics via mathematical modeling, often in the context of group projects.  They require increased communication on the part of students in the form of written and oral reports.  They often involve some types of collaborative learning activities.  They reflect the wide availability of sophisticated technology, most notably the graphing calculator, and expect that technology assumes an appropriate and on-going role in both the teaching and learning of mathematics.  They call for the early introduction of many new mathematical ideas into the curriculum, particularly statistical reasoning and data analysis, matrix algebra and its applications, and some probability.  Overall, they impose a higher, thought somewhat different, level of expectation on the students.

We now also face the Common Core Curriculum in both mathematics and English, which have already been adopted officially by at least 45 states.  The Common Core mathematics curriculum is very much in the spirit of the NCTM Standards.  The Common Core efforts are being met with widespread enthusiasm from K-12 teachers across the country. We should certainly expect that this curriculum will have a huge impact on what is taught in the high schools and how it is taught.  

As the NCTM Standards have been implemented, there has been a diminished emphasis on traditional formal algebraic manipulation, and this will broaden as the Common Core is implemented.. No longer do students spend a great deal of time factoring polynomials or working with trigonometric identities. For instance, it is expected that students understand the notion of the roots of an equation, that they can factor simple expressions to find the roots, and that they can determine the roots of more complicated equations graphically and numerically and then use these roots as needed. 

The Issue of Technology 


Graphing calculators are now routinely introduced as early as eighth grade pre-algebra and used throughout the high school curriculum. Students cannot hope to do well on any of the standardized tests, particularly the AP Calculus exam, without the use of a graphing calculator. 


In contrast, the 2005 CBMS survey [9] reports that only about 50% of students taking calculus in college are allowed to use calculators or other technology and the percentage is considerably lower at universities than at two- and four-year colleges. While the use of technology does not necessarily mean that a calculus course has changed in the sense of the calculus “reform” movement – with heavy emphasis on conceptual understanding, graphical and numerical threads, and the use of more realistic problems drawn from a wider variety of disciplines – the lack of technology almost certainly suggests that the course is very traditional with a strong focus on developing and applying manipulative skills.
Enrollment Trends in Calculus  


According to the 2005 CBMS study [9], enrollment in college-level calculus has been relatively steady, if not declining slightly [11], over the last 20 years,.  Enrollment in post-calculus courses has also, at best, remained steady and has probably declined somewhat.  About 695,000 students were enrolled in some version of calculus, differential equations, and linear algebra courses in 2005.  It is probably reasonable to assume that perhaps ¾ of these students, say about 525,000, were taking introductory calculus, though a steadily increasing number are taking applied or business calculus or some version other than mainstream calculus.


In contrast, in 2010, 340,551 high school students took one of the two the AP Calculus exams, an increase of 9.9% over the 2010 total [3].  Supposedly, about twice as many students take a non-AP Calculus course (an International Baccalaureate course, a dual enrollment course with a local college, or a simpler, polynomial calculus type course) or may have enrolled in AP Calculus, but did not take the exam (they get “credit” for the AP course when applying to college, but skip the exam because it is given after college acceptance decisions have been made).   Thus, on the order of 1,000,000 students took calculus in high school in 2010.  When one compares this number to the number who take calculus in college, we see that roughly twice as many students are taking calculus in high school than in college.  Moreover, enrollment in high school calculus has been growing at an annual rate of more than 6% over the last decade.  Calculus is rapidly becoming a standard high school offering and the calculus courses offered in college likely will become a new developmental offering for the weaker students who avoided it or did poorly in it in high school.  As such, we can expect college calculus to generate fewer STEM majors compared to high school courses in the foreseeable future.  What then of the courses below calculus?
Enrollment Trends in Courses below Calculus

According to the 2005 CBMS study [9], some 1,166,000 students were enrolled in pre-college level mathematics courses (primarily arithmetic and elementary algebra) in 2005 and another 1,027,000 were enrolled in introductory courses such as intermediate algebra, college algebra, and precalculus. Moreover, the enrollments for the introductory level courses have been rising fairly consistently in all types of institutions. The enrollments in pre-college courses have been rising dramatically in the two year colleges, though the number of students taking pre-college courses in the universities has dropped somewhat, probably because many institutions have stopped offering them. 


At the same time, there have been some dramatic changes in mathematics enrollment in the high schools. Historically, there has been a roughly 50% decrease in enrollment from any one mathematics course to the subsequent course at all levels, both in the schools and the colleges;  many physicists talk about the half-life of math students being one semester. However, over the last decade or more, the decrease in enrollment in the high schools between elementary and intermediate algebra has been more on the order of 15%, which constitutes a vast improvement [14]. Many attribute this to the effects of efforts by the NCTM via its Standards and the current Core Curriculum Initiative to change the curriculum in the schools and to emphasize the growing importance of mathematics. Thus, a rapidly growing number of students are taking more and more mathematics. Why then do we see a simultaneous growth in the number of students in college taking remedial/developmental courses in college?  There is something very contradictory about these numbers.

In a study conducted at ten public and private universities in Illinois, Herriott and Dunbar [8] found that, typically, only about 10-15% of the students enrolled in college algebra courses had any intention of majoring in a mathematically intensive field that required mainstream calculus. Similarly, Agras [1] found that only about 15% of the students taking college algebra at a very large two year college planned to major in mathematically intensive fields. And, we all know how quickly (and in which direction) courses such as college algebra can dramatically change students’ career intentions!  So, the reality appears to be that only a small minority of students in these courses have a goal in which they would ever use the course content in the ways that we intend.

Moreover, data is beginning to emerge that provide a more detailed picture of just what actually happens to the students as a result of these courses. Dunbar [3] has tracked all students at the University of Nebraska – Lincoln for more than 20 years and has examined enrollment patterns among about 200,000 students. He found that only about 10% of the students who pass college algebra ever go on to start Calculus I and virtually none ever go on to start Calculus III. He has also found that about 30% of the students from college algebra eventually start business calculus. Weller [15] has confirmed these results at the University of Houston – Downtown, where only about 2%-3% of the more than 1000 students who start college algebra each Fall semester ever go on to start Calculus I at any time over the following four years. McGowen [10] has found very comparable results at William Harper Rainey College, a large suburban two year school. 

Thus, college algebra and related courses are effectively the terminal course for the overwhelming majority of the students enrolled. Furthermore, the fact that few students who take college algebra ever go as far as Calculus III means that rarely these students will become math majors, engineering majors, or majors in any other heavily quantitative field that requires more than a year of calculus. 

Recently, in the provost’s annual report [1] at one of the largest two-year colleges in the country, the college algebra course was singled out as the one course that is most responsible for the school’s losing students. Similarly, the Economic Development Council in San Antonio likewise identified college algebra courses as the principal impediment to most college students’ achieving the sufficiently high level of quantitative skills needed to function in the increasingly technological workplace that the city expects to develop in the city. As a result, the mayor of San Antonio appointed a special task force consisting of representatives of all the local college math departments, as well as people from business and industry, to change college algebra to make it work. 

A recent opinion article [7] in the New York Times weekend magazine by political scientist Andrew Hacker raised the question Is Algebra Necessary?.  He argues that millions of students each year are taking (and failing) algebra courses in high school and college that focus on all manner of skills that are of little or no value to the students. Hacker says “There are many defenses of algebra and the virtue of learning it. Most of them sound reasonable on first hearing; many of them I once accepted. But the more I examine them, the clearer it seems that they are largely or wholly wrong — unsupported by research or evidence, or based on wishful logic. … Nor is it clear that the math we learn in the classroom has any relation to the quantitative reasoning we need on the job. John P. Smith III, an educational psychologist at Michigan State University who has studied math education, has found that ‘mathematical reasoning in workplaces differs markedly from the algorithms taught in school’. Even in jobs that rely on so-called STEM credentials — science, technology, engineering, math — considerable training occurs after hiring, including the kinds of computations that will be required. … a definitive analysis by the Georgetown Center on Education and the Workforce forecasts that in the decade ahead a mere 5 percent of entry-level workers will need to be proficient in algebra or above.”  Hacker concludes by saying “Instead of investing so much of our academic energy in a subject that blocks further attainment for much of our population, I propose that we start thinking about alternatives.”  

All of these discussions strongly suggest that most colleges are offering the wrong courses in the wrong spirit to most of their students and with what should be considered unacceptably poor results.  
The Changing Needs of Other Disciplines  
The reason that so many students are taking these courses is that they college algebra courses are typically mandated to fulfill general education requirements or other algebra-oriented courses are routinely required by other departments, most often by disciplines other than the traditional mathematically intensive fields such as physics, engineering, and chemistry.  

The MAA’s committee on Curriculum Renewal Across the First Two Years (CRAFTY) conducted a major project in which leading educators from 22 quantitative disciplines met in a series of curriculum workshops to discuss today’s mathematical needs of their discipline and to report to the mathematics community. The results of the first series of these Curriculum Foundations project, including the reports generated by each discipline workshop and the overall recommendations generated in a summary workshop appear in [5]. A follow-up collection of recommendations from other disciplines are in [6]. In turn, these reports formed the background for the MAA’s most recent set of recommendations on the Undergraduate Program in Mathematics [11]. 

In the past, the first mathematics course that appeared on the “radar screens” of the traditional, and the most math-intensive, quantitative disciplines (physics, chemistry, and engineering) was calculus. The introductory courses they offered were all calculus-based and so any course below calculus did not directly serve their needs. At most colleges today, these departments, especially physics and chemistry, offer non-calculus-based versions of their introductory courses to far larger audiences than those who take the calculus-based courses. As a result, what students bring from precalculus and college algebra courses – and what they don’t bring – is now a growing concern to the faculty in these other disciplines. The other quantitative disciplines represented in the Curriculum Foundations project, fields such as the life sciences, business, economics, and technology, typically require less mathematics of their students, so that courses at the college algebra and precalculus level are the primary mathematical interest of the faculty in these areas.

There was a high degree of convergence of philosophy in the recommendations from all the disciplines, including the need 

1. to emphasis conceptual understanding over rote manipulation, 

2. to emphasize realistic problem solving via mathematical modeling, 

3. for the use of data, particularly statistics, which is an important mathematical area for virtually every discipline, 

4. for the routine use of technology, though almost every other disciplines views spreadsheets such as Excel as the technology of choice.

Some of the points made by the physicists include:

· “Development of problem solving skills is a critical aspect of a mathematics education.”  

· “Courses should cover fewer topics and place increased emphasis on increasing the confidence and competence that students have with the most fundamental topics.”  

· “Students need conceptual understanding first, and some comfort in using basic skills; then a deeper approach and more sophisticated skills become meaningful. Computational skill without theoretical understanding is shallow.”
The engineers emphasized:

· “One basic function of undergraduate electrical engineering education is to provide students with the conceptual skills to formulate, develop, solve, evaluate and validate physical systems. Mathematics is indispensable in this regard. The mathematics required to enable students to achieve these skills should emphasize concepts and problem solving skills more than emphasizing the repetitive mechanics of solving routine problems. Students must learn the basic mechanics of mathematics, but care must be taken that these mechanics do not become the focus of any mathematics course. We wish our students to understand various problem-solving techniques and to know appropriate techniques to apply given a wide assortment of problems.” 

Comments by business faculty included:

· “Mathematics is an integral component of the business school curriculum. Mathematics Departments can help by stressing conceptual understanding of quantitative reasoning and enhancing critical thinking skills. Business students must be able not only to apply appropriate abstract models to specific problems but also to become familiar and comfortable with the language of and the application of mathematical reasoning. . . ”

· “Courses should stress problem solving, with the incumbent recognition of ambiguities.”  

· “Courses should stress conceptual understanding (motivating the math with the ‘whys’ – not just the ‘hows’).” 

· “Courses should stress critical thinking.”

Leaders from business, industry, and government were brought together in the Forum on Quantitative Literacy [13]. They discussed different perspectives on the issues of the mathematical preparation of students both for today’s increasingly quantitative workplace and for the life-long ability to be effective citizens in today’s society. Sentiments that were amazingly similar to those expressed through the Curriculum Foundations project were also voiced by these representatives from business, industry, and government. Moreover, of all the mathematics courses at the undergraduate level, the one that was proposed as most appropriate: college algebra – it has the greatest enrollment and potentially affects the students who most need that kind of experience.

But, if students do not need all the algebraic skills of the past, what do they really need in the way of mathematics today, and tomorrow?  Fifty years ago, virtually every mathematics problem in practice was continuous and deterministic. Problems with a discrete or stochastic component were almost non-existent. Today, virtually every problem that arises is inherently discrete (in large part because of the digital age in which we live) and virtually every problem has some probabilistic component (there is always some uncertainty). 

What should be the focus of mathematics education, especially at the level below calculus? Consider the ability to

· examine a set of data and recognize a behavioral pattern in it, 

· assess how well a given functional model matches the data, 

· recognize the limitations (often due to uncertainty) in the model, 

· answer appropriate questions about the pheno​menon being studied.

In turn, this process requires 

· A deep understanding of the function concept, function notation, and the meaning of variable.

· A knowledge of different families of functions, including the ability to distinguish between the different families graphically, numerically and algebraically. 

· A knowledge of the behavior of the different families of functions depending on one or more parameters. 

· The ability to select the appropriate tool, be it pencil-and-paper, graphing calculators, spreadsheets, or CAS system, to solve the equations that arise from using the models.

· The ability to interpret the mathematical results and to communicate these ideas to others.

The Challenges for Collegiate Mathematics


If colleges continue to offer courses in the traditional spirit of developing manipulative skills, we will likely find ourselves with increasingly irrelevant courses given at increasingly lower levels to increasingly fewer students. We will see more and more requirements for mathematical prerequisites and co-requisites dropped by the other disciplines because our courses provide very little of value to those disciplines. If they have to teach the mathematics that their students need in their own courses, why should they bother to use credit hours on math courses that could be better applied to additional offerings in their own fields?  The author is aware of one project at a Midwestern university in which the engineering college dropped the requirement for three semesters of calculus and replaced them with a series of modules integrated into their engineering offerings that present the students with the core calculus ideas and techniques the engineering faculty believe important. 

The article by Hacker [7] discussed above has prompted what has been called a national debate, albeit one that seems to be taking place primarily outside of the mathematics community. The few responses from mathematicians that the author has seen essentially say that algebra is good, if not vital, for everyone.  But, it is all to easy to see academics outside of mathematics nodding their heads in agreement with Hacker’s arguments and deciding it makes sense to drop requirements for many of our lower division courses, at least those that are offered in very traditional spirits.  (Picture the reaction of the provost at the two year college mentioned previously who blames college algebra for their losing the greatest number of students!)  The author can’t imagine the impact that the dropping of requirements for our courses could have on math departments when half or more of their sections are cancelled. And, once those requirements are dropped, it is not reasonable to expect that we could ever get them back with promises that we’ll now offer alternatives that are better suited to the needs of the other disciplines.  Those departments will simply integrate whatever mathematical topics they need into their own offerings and use the extra credit hours that have become available to require more courses in their own field.  Mathematics departments will have to become far more proactive or face extremely dire consequences.     


The challenge we face is how to change our offerings to prevent this kind of scenario from playing out. We should be looking at some of the “reform” versions of developmental courses, college algebra and related courses, and calculus courses that have been developed over the years as alternatives to the traditional courses. Virtually every study that has been reported on, either in articles such as those in [6 and 4] or the literally scores of oral presentations at special sessions of the MAA national meetings has indicated better results in these courses in terms of student performance, student attitudes toward mathematics, persistence in the course, and higher motivation to take subsequent mathematics offerings. However, these alternative courses have not been widely adopted, probably in large measure because they are perceived as not supporting the traditional focus in mathematics.
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