The Need to Rethink Placement in Mathematics 

Sheldon P. Gordon

Farmingdale State University of New York
gordonsp@farmingdale.edu

Several years ago, Richard Riley, Secretary of Education in the Clinton Administration, challenged the mathematics community to address the problems of articulation in mathematics education between high schools and two and four year colleges. Riley called for this national initiative, through the National Research Council, because of the growing breakdown in the once smooth transition between high school and college mathematics, as well as the differences between mathematical experiences in different colleges when students transfer from one institution to another. 

In large measure, the problems with mathematical transitions are due to the rapidly growing reform movements in mathematics education, both at the secondary level and at the college level.  NCTM’s efforts to promote a school curriculum based on their Standards documents are bearing fruit around the country, as described in other articles in this volume. Instead of the relatively uniform secondary curriculum that most of us went through, many schools across the country have implemented a variety of reform curricula that provide students with very different content and very different teaching and learning environments.  

· There is a major emphasis on conceptual understanding, not just routine manipulation; 

· There is an emphasis on realistic problems, not just artificial template problems whose solutions are to be memorized and regurgitated; 

· There is an emphasis on mathematics via discovery, not mathematics as a collection of facts and procedures to be memorized; 

· There is an emphasis on the use of technology; 

· There is an emphasis on writing and communication and working collaboratively.  

Most of these themes are also part of the reform movements in collegiate mathematics.  However, the extent to which these changes have permeated school mathematics is likely considerably more extensive than the extent to which they have affected collegiate mathematics.

Thus, the smooth transition from school to college mathematics is breaking down.  In particular, we have the following four scenarios:

· a traditional high school preparation leading to traditional college offerings

· a traditional high school preparation leading to reform college offerings

· a Standards-based high school preparation leading to traditional college offerings

· a Standards-based high school preparation leading to reform college offerings.

The first of these scenarios should present no major transition problems, either to the students or to the institutions.  Students are placed into courses offered in the same spirit as their high school experiences and the level of the courses should be comparable to the students’ level of previous accomplishment.  The fourth scenario should likewise present no major transition problems.  (Of course, students can still encounter significant mathematical problems, but that is another issue altogether.)   

However, the second and third scenarios can present significant transition problems, especially to the students.  In one case, students arrive on campus, presumably with strong manipulative skills, and suddenly they are faced with the expectation that they have to think deeply about and fully understand the mathematics, and that they cannot succeed just by memorizing procedures by rote.  In the other case, the students arrive on campus expecting to expand on their understanding of mathematical concepts, to apply mathematics to more sophisticated realistic problems, to use technology, and to work collaboratively in teams.  When they are faced with courses that focus almost exclusively on skills and the expectation that they need to memorize procedures by rote, the effect is comparable to running into a brick wall.

Unfortunately, in practice, things are not quite this clear cut.  Very few institutions can be selective enough to choose students with any single type of mathematical background.  Thus, most schools need to think through how to deal with students having all sorts of different mathematics background.

However, the transition problems involve considerably more than differences between school and college mathematics offerings.   Perhaps the most significant, yet often overlooked, aspect of transition is the issue of placement – the interface between the two. What are the usual placement tests that decide how much students know and what courses they are placed into? There are several widely used, standardized placement tests, which are all based on the traditional school curriculum and are designed to assess students’ ability at algebraic manipulation. Also, many mathematics departments use home-grown tests, which also focus on the traditional high school curriculum.  All of these placement vehicles are fine for the first scenario listed above, but what of the other three scenarios?

For instance, one of the national placement tests typically starts with a component measuring a student’s ability in algebra.  Students who do well are automatically moved on to a higher level component testing college level (precalculus) mathematics;  those who do poorly on the algebra level are automatically moved down to a lower level component testing arithmetic ability.  The algebra portion of this test covers 12 topics in an adaptive manner:
1.    Square a binomial.

2.    Determine a quadratic function arising from a verbal description, e.g., area of a rectangle whose sides are both linear expressions in x.

3.    Simplify a rational expression.

4.    Confirm solutions to a quadratic function in factored form.

5.    Completely factor a polynomial.

6.    Solve a literal equation for a given unknown.

7.    Solve a verbal problem involving percent.

8.    Simplify and combine like radicals.

9.    Simplify a complex fraction.

10.   Confirm the solution to two simultaneous linear equations.

11.   Traditional verbal problem – e.g., age problem.

12.   Graphs of linear inequalities.

Now picture what happens to students who have come through a Standards-based high school curriculum.  Such a student has likely developed an appreciation for the power of mathematics based on understanding the concepts and applying them to realistic situations, as illustrated in some of the lovely examples and problems described in several of the accom​panying articles in this volume, such as Dan Teague’s or Eric Robinson’s and John Maceli’s. But, this type of traditional placement test clearly ignores much of what they have learned in the way of non-manipulative techniques, of conceptual understanding, and of contextual applications. So, what happens when such students sit down to take such a traditional placement test, which is designed only to determine how many manipulative skills students have retained?  Is it surprising that many such students end up being placed into developmental mathematics offerings because their algebraic proficiency is seemingly very weak?  This is certainly unfair to students if they were never exposed to some of those skills or if the emphasis on those particular skills was lower than in the past to make time for more important mathematics or if the students’ experience in mathematics has led them to think of mathematics as something considerably more important, more practical, and more intellectually demanding than squaring a binomial.  The result is that many students are placed one, two or even more semesters behind where they likely should be placed based on the amount of mathematics they took in school.  

Furthermore, the standardized tests and most of the home-grown tests deny students use of technology, even though that had been an integral part of their mathematical experience in high school. (Supposedly, some of the national placement tests will soon allow students to use any standard calculator, including most graphing calculators.)
It certainly seems unreasonable to take students who have completed two, three or even four years of high school mathematics and place them into low level developmental courses because their algebra skills are weak.  That weakness is perhaps because those skills may not have been emphasized or perhaps because those skills have grown rusty due to a long lay-off since the last math course in high school.  All too often, both courses and textbooks assume a blank-slate philosophy, presuming that the students have never seen anything previously.  That is not likely the case and will be less the case in future as the reported percentages of students who continue on to successive mathematics courses in high school increases.  (Historically, the drop-out rate was on the order of 50% each year; recent evidence indicates, for instance, that the drop-out rate from first year algebra to second year algebra is now on the order of 10-15%.) It seems that a better solution would be for departments to rethink some of the “remedial” courses they offer to see if they are reasonable based on the overall mathematical backgrounds of the students.

Now picture what can happen with students who took traditional mathematics courses in high school and who are going into reform courses.  On the basis of these traditional placement tests, the students’ level of manipulative skills may well be assessed as high enough to place them into courses that are well above the level of their conceptual abilities.  If they have never had to understand the mathematics they have apparently mastered and have never been expected to read a mathematics textbook, these students may well be overwhelmed by the intellectual expectations of a reform course. (We would not dream of putting a student coming out of elementary algebra into a course in linear algebra; although the student might have the necessary skills, he or she would need to develop a much higher degree of conceptual ability.) 

To illustrate just how bizarre these issues can become, consider the situation in New York State.  Over 20 years ago, the State Education Department implemented the Sequential Math curriculum, whose content is much in the spirit of the NCTM Standards.  (Effective in 2001, the state began to implement a new version of this program, a pair of courses called Course A and Course B.)  However, apparently not a single college in the state has changed its mathematics offerings to reflect what their in-state students are actually taught in the Sequential Math curriculum, nor the nature of the mathematical experiences that the students came through.  Moreover, most of the colleges in the state use the standardized, national placement tests that are based on the old syllabus. Some use home-grown tests, but they are typically just as traditional in what they seek to assess.

For instance, the author’s school and two neighboring institutions all use the same national placement test, which is designed to assess what students learned from a traditional curriculum that has not been offered in New York for over 20 years.  So countless students are being declared "remedial-level" and being penalized for not knowing things they were never taught.  Moreover, the mathematics curricula at these three neighboring institutions differ markedly.  The curriculum at one school is totally traditional, mirroring the old New York State curriculum, so the students are being squeezed through a filter that has little validity for their backgrounds.  At a second school, the curriculum is reform from precalculus up, while at the author’s school, the entire curriculum is totally reform starting at the development math level.  Thus, at the latter two schools, the students not only are being squeezed through a filter that has little validity for their backgrounds, but also they are being squeezed through a filter that has little validity for mathematics courses they are about to take.  Our department has been trying to address the placement issue, but is encountering resistance from the placement office, which does not want to implement a new test.

Reportedly, the test-makers such as ETS (Educational Testing Service) have been under pressure to develop a new generation of national placement tests that are more aligned to Standards-based courses.  That would certainly be a huge step in easing the transition problems. However, the process of developing, testing, and validating such tests is a long-term undertaking and we probably cannot expect to see such products available in the immediate future.  Unfortunately, departments that depend exclusively on such tests – most likely because of the ease of administering them to large numbers of students – probably can’t do much until then.  
However, there are some adjustments that can be made rather simply in terms of placement.  For instance, some departments have a placement scheme that utilizes the number of years of high school mathematics that a student has taken and his or her ACT or SAT score in conjunction with a placement test to decide on the appropriate course.  Other departments take the number of years since the student’s last math course into account in placement decisions.  In fact, the author is aware of one large scale study conducted some 10 or 15 years ago at a large two year college where about 18 different factors, including placement test score, SAT or ACT score, age, last math course, and years since last math course were all studied in terms of being effective predictors of student performance.  They found that about 12 of the factors were statistically significant and so developed a multivariate regression formula for prediction based on all the relevant factors.

There is one other factor that may be particularly relevant today in terms of the new emphases in reform courses.  The greater stress on conceptual understanding, on real-world problems, and writing and other communication skills requires a significantly greater level of verbal ability on the part of the students.  As such, it is reasonable to link the score on the verbal/English portion of a placement test with the mathematics score.  For instance, the author’s department has considered ways to add “extra points” to a student’s math score based on high levels of performance on the verbal portion of the AccuPlacer test.  We believe that the verbal ability will likely compensate, to some degree, for relatively low math scores on such a traditional test. 

In the meantime, there is much that departments that give their own placement tests can do to help alleviate many of these problems.  The first step is to recognize that they will likely need two different placement tests, one for students coming out of a traditional high school program and another for those coming out of a Standards-based program.  (Alternatively, such departments might try to develop a single placement tests that covers both sides and is designed in such a way that the faculty can interpret the results based on their own needs.)  The key is to find ways to identify which student is which;  it is unlikely that most students will be able to identify the kind of program they went through.  


The second issue is to determine the appropriate mix of problems that are mechanical in nature versus those that are conceptual in nature.  In a department offering reform courses, just what are the key manipulative skills that are necessary to succeed in those courses?  Is it necessary, for instance, to be able to add or divide relatively complicated fractions, say 
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, or should students be allowed to convert such expressions to decimals and get the answer using a calculator?  Is the ability to get the right answer as important as the ability to look at the second expression and estimate that the value is about 3?  (Or should the inability to perform such operations relegate students to a course in remedial arithmetic despite their having successfully completed three years of high school mathematics?)


Then there is the reverse issue.  What are the key conceptual skills that are necessary to succeed in a reform course, especially for a student coming out of a reform curriculum in high school?  How do you determine if a student truly understands the notation, say for a function, or can only move the symbols around mechanically?  How do you measure whether a student has the verbal ability to handle the emphasis on mathematical concepts?  Perhaps it would be desirable to use the score on a verbal or English placement test in conjunction with the score on a math placement test.


On the other hand, if a department offers only reform courses, how should it assess the skills of a student who has undergone a traditional high school preparation?  If a student lacks key conceptual skills because they were not stressed in high school, but has extremely strong manipulative skills, is a reform college algebra or precalculus course the appropriate solution?  Must each such course begin with a review of fundamental concepts that students are expected to know?


And, finally, if a department is offering only traditional courses, how should it assess the non-traditional skills that students may bring to the courses?  If a student lacks facility with algebraic manipulations because they were not stressed in high school, but has a relatively deep understanding of the mathematics, is a standard remedial course the appropriate solution?  Similarly, if a student has a much broader mathematical experience that includes, for instance, an understanding of statistics, data analysis, and probability, does a standard remedial course make sense solution?  If the answer to these questions is “no”, how should such courses be redesigned to build on what such students have learned?  Can courses be created that emphasize the development of algebraic skills that take advantage of some of the relatively sophisticated knowledge and experience such students bring instead of treating them as individuals who have never mastered any mathematics?  Certainly, if such courses can be designed, they would have a much better impact on the students in terms of both motivation and morale.


Clearly, if we can ease the mathematical transitions of the students, we would make things better for all of us.  The students will be better served when they arrive on campus; enrollment in “remedial” courses may actually diminish because many of the students being placed there may not really need remediation; enrollment in college-level mathematics offerings might even increase.  The students will be happier, the faculty will be happier, and the administrators will be happier.  
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