
Mathematical Modeling:

The Right Courses for the Right Students for the Right ReasonsPRIVATE 


Twenty years ago, Gordon [9] argued that calculus must evolve or face the possibility of becoming extinct.  In this article, we argue that it is the entire lower division mathematics curriculum that needs to evolve or the math enterprise at most colleges will suffer drastically.  Specifically, in the author’s opinion, most of our offerings from introductory (developmental) algebra up through precalculus are the wrong courses given to the wrong students for the wrong reasons.  Furthermore, many of the reasons for this opinion also apply to subsequent courses from calculus to differential equations and linear algebra.
 SEQ CHAPTER \h \r 1The earth's crust is composed of a series of large plates floating on the underlying molten magma.  These plates are constantly shifting and consequently they bump into one another and often ride up one on top of the other near their edges.  The interfaces between the plates form fault lines in the earth and the resultant pressures that build up along the interfaces eventually release to form earthquakes, as we so vividly saw in Japan and Haiti several years ago.


The mathematics curriculum can similarly be viewed as being composed of a series of such plates.  The largest and perhaps the most important are the secondary curriculum and the college curriculum; however, we can also think of physics, engineering, biology, economics, etc., as other plates that impact collegiate mathematics, as well as a separate plate for upper division mathematics.


For much of the last century, the two dominant mathematical plates have been quite stable.  The underlying magma on which they ride was solidified, so there was relatively no movement and the interfaces between the two plates was quite smooth.  We have known what the high school curriculum consisted of, having passed through it ourselves, and have been able to count on its invariance in developing our own curricula at the college level.


However, the school curriculum has been undergoing a series of dramatic changes, as we discuss below.  What then of the interface between the high school curriculum and the college curriculum?


 SEQ CHAPTER \h \r 1Most of us have been aware of changes in the school curriculum tangentially, at best.  We tend to complain that incoming freshmen have poorer manipulative skills and less of the information that we consider important for success in college level mathematics.  Based on what we infer from dealing with these students and based on our own high school experiences, we typically conclude that either the students are academically worse or that the high schools are completely at fault.  In turn, we have reacted by introducing and expanding our remedial offerings to bring the students "up to speed".  At most institutions, developmental programs now dominate the mathematics offering in terms of the number of sections offered, the number of students enrolled, and the institutional resources expended.


Perhaps, though, the underlying problem is that the secondary curriculum plate has shifted, so that the smooth interface that we have always expected is no longer there.  We have all heard about the NCTM's Curriculum Standards, but few of us have paid great attention to them and far fewer have ever read them. 

The Standards call for a very different approach to mathematics, one that emphasizes:

1.  a greater depth of understanding of mathematical concepts and mathematical reasoning;

2.  a focus on geometrical and numerical ideas as a balance to purely symbolic ideas;

3.  a heavy emphasis on substantial applications of mathematics via mathematical modeling, often in the context of group projects;

4.  an emphasis on communication on the part of students in the form of written and oral reports;  5.  a focus on a variety of collaborative learning activities; 
6.  an expectation that sophisticated technology, most notably the graphing calculator, assumes an appropriate and on-going role in both the teaching and learning of mathematics;

7.  an early introduction to many new mathematical ideas, particularly statistical reasoning and data analysis, matrix algebra and its applications, and some probability.  
Overall, the NCTM Standards impose a higher level of expectation on the students.  


More recently, the schools are facing the national Common Core Initiative that seeks to influence statewide standards in both mathematics and English. The focus of this effort in mathematics is to similarly increase the emphasis on conceptual understanding, realistic problem-solving via mathematical modeling, statistical ideas and the use of real-world data, the development of communication skills, and the use of technology.  The Common Core has been adopted by at least 45 states and various territories of the U.S. The effort is being met with widespread excitement and enthusiasm from K-12 teachers across the country.  
The mathematical Common Core is very much in the spirit of the NCTM Standards and, as such, both are having an ever-increasing impact on what is taught in the schools and how it is taught.


Obviously, something has to go to make room for all these new emphases.  In the process of implementing these changes, there has been a diminished emphasis on traditional formal algebraic manipulation.  No longer do students spend literally months factoring polynomials in every conceivable setting. For instance, it is expected that students understand the notion of the roots of an equation, that they can factor simple expressions to find the roots, and that they can determine the roots of more complicated equations graphically and numerically and then use these roots as needed.  But, the endless hours that students used to spend practicing their skills at factoring differences and sums of cubes, for example, likely get short shrift.  Much the same is true for extensive practice working with trigonometric identities.


But, the changes in the high school curriculum have actually gone much further than this in ways that have even greater implications for the colleges.  And, if we don’t acknowledge and adapt to these changes, the relatively smooth transition between the mathematical plates will shift further. The result of this shifting is the academic equivalent of an earthquake and, as we have recently seen so graphically in Haiti and Japan, for instance, that is not a pleasant experience.
The Issue of Technology   The academies in ancient Greece and Rome undoubtedly had the equivalent of graduate level courses in long division.  Only the most mathe​matical​ly gifted individuals were able to cope with the intrica​cies of the technique.  It took the infusion of what was essentially a new technolo​gy, the Arabic numeration system, to force a change in how long division was done and consequently who could use it.  


As mentioned above, the use of technology has become the norm in the schools.  Graphing calculators are now routinely introduced as early as eighth grade pre-algebra and used throughout the high school curriculum.  Students cannot hope to do well on any of the standardized tests, particularly the AP Calculus exam, without the use of a graphing calculator.  This universal use of technology throughout the school curriculum has forced major changes in terms of what is taught, how it is taught, and what students are expected to know and do.  

In contrast, the 2010 CBMS survey [3] reports that only 66% of students in college algebra courses were allowed to use graphing calculators;  In the 2005 survey [12], only about 50% of students taking calculus in college were allowed to use calculators or other technology and the percentage is considerably lower at universities than at two- and four-year colleges.  While the use of technology does not necessarily mean that a college algebra course reflects the ideas of a course that has been refocused to emphasize conceptual understanding, graphical and numerical threads, and mathematical modeling, or that a calculus course has changed in the sense of the calculus “reform” movement with heavy emphasis on conceptual understanding, graphical and numerical threads, and the use of more realistic problems drawn from a wider variety of disciplines, the lack of technology almost certainly suggests that both courses are very traditional with a strong focus on developing and applying manipulative skills.  (Remember the old adage:  You take calculus to learn algebra.)

Is this necessarily bad?  If college calculus were offered in a vacuum, the colleges would be free to do what they want.  The reality, however, is that we can no longer afford to do that.


The fact that 50% of college calculus students are not allowed to use technology, given that these same students have used it for years in junior and senior high school mathematics, is terribly unfair to those students.  This may well account for the large (and growing) numbers of students who are placed into developmental courses based on placement tests that are very traditional in the sense of trying to identify the manipulative algebraic skills that students lack.  What happens far too frequently is that students who have been very successful in school mathematics up to and even including calculus arrive in college and find themselves placed into precalculus, college algebra, intermediate algebra, or even introductory algebra or arithmetic classes. 
Enrollment Issues in Calculus  Over the last 25 years, the enrollment in college-level calculus has been relatively steady, if not declining slightly.  Enrollment in post-calculus courses has also, at best, remained steady and has probably declined somewhat.  For instance, according to the 2010 CBMS study [3], about 720,000 students were enrolled in some version of calculus, though a steadily increasing number are taking applied calculus or business calculus or some version other than mainstream calculus.

In contrast, in 2010, 340,551 high school students took one of the two the AP Calculus exams, an increase of 9.9% over the 2010 total [2].  Supposedly, about twice as many students take a non-AP Calculus course (an International Baccalaureate course, a dual enrollment course with a local college, or a simpler, polynomial calculus type course) or may have enrolled in AP Calculus, but did not take the exam.  Thus, on the order of 1,000,000 students took calculus in high school in 2010, so that considerably more students are taking calculus in high school than in college.  Moreover, enrollment in high school calculus has been growing at an annual rate of over 10% over the last decade, while college calculus enrollment has been, at best, flat over the last 25 years.  We are rapidly approaching a scenario where calculus is a standard high school offering and the calculus courses offered in college become a new developmental offering for the weaker students who avoided it or did poorly in it in high school.  From the perspective of mathematical tectonic plates, the plate for school mathematics has shifted drastically to lie above the college plate.

In addition, calculus courses in high school tend to be more in the spirit of reform calculus than the majority of college offerings, since they reflect the emphases of the AP Calculus program with a focus on conceptual understanding, multiple representations of functions, mathematical modeling (based on differential equations), and the use of technology.   
Enrollment Trends in Courses Below Calculus  There are a number of other trends that have become more prevalent over the last few decades that are bringing strong pressure to bear on the mathematics curriculum.  For one, at most schools, an increasingly large proportion of the undergraduate enrollment in mathematics is at the level of courses below calculus, most notably developmental courses, college algebra, and statistics.  According to the 2010 CBMS study [3], roughly 1,353,000 students were enrolled in pre-college level mathematics courses (primarily arithmetic and elementary algebra) in the Fall and 709,000 were enrolled in introductory courses such as college algebra and precalculus. When one takes Spring and Summer enrollments into effect, well over 2.5 million students are taking the pre-college level math courses each year and over 1.5 million are taking introductory college-level courses annually. Moreover, the enrollments for the introductory level courses have been rising fairly consistently in all types of institutions.  The enrollments in pre-college courses have been rising dramatically in the two year colleges, though the number of students taking pre-college courses in the universities has dropped, probably because a growing number of such institutions have stopped offering them. 

The college mathematics tectonic plate has shifted significantly so that it now lies beneath the high-school plate.  

At the same time, there have been some dramatic changes in mathematics enrollment in the high schools.  Historically, there was always a roughly 50% drop-off from any given mathematics course to the subsequent course at all levels, either in the schools or the colleges (though the rate in introductory college level courses has actually been far greater).  However, over the last two decades, the drop-off rate in the schools from Algebra I to Algebra II has been on the order of 15%, which is a vast improvement.  Many attribute this to the efforts by the NCTM via its Standards to change the curriculum in the schools and to emphasize the growing importance of mathematics.  Thus, a rapidly growing number of students are taking more and more mathematics.   Why then do we see a simultaneous growth in the number of students in college taking remedial/developmental courses?  There is something very contradictory about these numbers.   We attempt to answer this question later.
A related issue has to do with the focus of the courses offered in college.  When college algebra and precalculus courses were originally created, they were designed with the goal of preparing students to go on to calculus in the sense of developing the algebraic skills that were deemed necessary for success in calculus.  At most schools today, these courses are still offered in the same spirit.  But how well does this philosophy match reality?  

First, let’s consider the issue of why students take college algebra and related courses.  In a study conducted at ten public and private universities in Illinois, Dunbar and Herriott [5] found that, typically, only about 10-15% of the students enrolled in college algebra courses had any intention of majoring in a mathematically intensive field that required mainstream calculus.  Similarly, Agras [1] found that only about 15% of the students taking college algebra at a very large two year college planned to major in mathematically intensive fields.  And, we all know how quickly (and in which direction) courses such as college algebra can dramatically change students’ career intentions!  So, the reality appears to be that only a small minority of students in these courses have a goal in which they would ever use the course content in the ways that we intend.

Why, then, do so many students take these courses?  In general, these courses are typically mandated to fulfill general education requirements or are required by other departments, most often by disciplines other than the traditional mathematically intensive fields such as physics, engineering, and chemistry.  Very few students take these courses because they enjoy mathematics or expect that their lives will be better in some way for having been exposed to more mathematics.

Moreover, data is beginning to emerge that provide a more detailed picture of just what actually happens to the students as a result of these courses.  Dunbar [4] has tracked all students at the University of Nebraska – Lincoln for more than 20 years and has examined enrollment patterns among well over 200,000 students.  He found that only about 10% of the students who pass college algebra ever go on to start Calculus I and virtually none ever go on to start Calculus III.  He also found that about 30% of the students from college algebra eventually start business calculus.  Weller [18] has confirmed these results at the University of Houston – Downtown, where only about 2%-3% of the more than 1000 students who start college algebra each Fall semester ever go on to start Calculus I at any time over the following four years.  McGowen [13] has found very comparable results at William Harper Rainey College, a large suburban two year school.  Consequently, it is clear that these courses, as presently constituted, do not meet the academic needs of the overwhelming majority of the students who take them.  

The fact is that college algebra and related courses are effectively the terminal course for the overwhelming majority of the students enrolled.  Furthermore, the fact that virtually no students who take college algebra ever go as far as Calculus III means that virtually none of these students will be math majors, engineering majors, or majors in any other heavily quantitative field that requires more than a year of calculus.  

Moreover, we are all well aware of the very low success rates in these courses, typically on the order of 50% and often considerably lower.  Recently, in the provost’s annual report at one of the largest two-year colleges in the country, the college algebra course was singled out as the one course that is most responsible for the school’s losing students.   Similarly, several years ago, San Antonio’s Economic Development Council identified college algebra courses as the principal impediment to most college students’ achieving the sufficiently high level of quantitative skills needed to function in the increasingly technological workplace that the city expects to develop in the region.  As a result, the mayor appointed a special task force consisting of representatives of all the local college math departments, as well as people from business and industry, to change college algebra to make it work.   
The simple fact is that most colleges are offering the wrong courses in the wrong spirit to most of their students and the abysmal results achieved at most places are indefensible and disgraceful.
The Changing Needs of Other Disciplines  The MAA’s committee on Curriculum Renewal Across the First Two Years (CRAFTY) recently completed a major project in which leading educators from 22 quantitative disciplines met in a series of curriculum workshops to discuss today’s mathematical needs of their discipline and to report to the mathematics community.  The results of the first series of these Curriculum Foundations project, including the reports generated by each discipline workshop and the overall recommendations generated in a summary workshop appear in [7].  A follow-up collection of recommendations from other disciplines are in [8].  In turn, these reports formed the background for the MAA’s most recent set of recommendations on the Undergraduate Program in Mathematics [14].  
In the past, the first mathematics course that appeared on the “radar screens” of the traditional, and the most math-intensive, quantitative disciplines (physics, chemistry, and engineering) was calculus.  The introductory courses they offered were all calculus-based and so any course below calculus did not directly serve any of their needs.   At almost every college today, these departments, especially physics and chemistry, offer non-calculus-based versions of their introductory courses to far larger audiences than those who take the calculus-based courses.  As a result, what students bring from precalculus and college algebra courses–and what they don’t bring–is now a growing concern to the faculty in these other disciplines.  The other quantitative disciplines represented in the Curriculum Foundations project, fields such as the life sciences, business, economics, and technology, typically require less mathematics of their students, so that courses at the college algebra and precalculus level are the primary mathematical interest of the faculty in these areas.

There was an amazing degree of convergence of philosophy in the recommendations from all the disciplines, including the need 
1.  to emphasis conceptual understanding over rote manipulation, 
2.  to emphasize realistic problem solving via mathematical modeling, 
3. for the use of data, particularly statistics, which is the most important mathematical area for virtually every discipline, 
4.  for the routine use of technology, though almost every other disciplines views spreadsheets such as Excel as the technology of choice.
Perhaps most impressive is the fact that virtually identical recommendations came from almost all of the quantitative disciplines represented in the workshops.  (It is even more amazing how closely these recommendations parallel the ones being implemented in the curriculum in the public schools.)
Even more telling are some of the specific statements made by the various disciplines. For instance, the main points made by the physicists were:

· “Conceptual understanding of basic mathematical principles is very important for success in introductory physics.  It is more important than esoteric computational skill.  However, basic computational skill is crucial.”  

· “Development of problem solving skills is a critical aspect of a mathematics education.”  

· “Courses should cover fewer topics and place increased emphasis on increasing the confidence and competence that students have with the most fundamental topics.”  

· “The learning of physics depends less directly than one might think on previous learning in mathematics.  We just want students who can think.  The ability to actively think is the most important thing students need to get from mathematics education.”  

· “Students need conceptual understanding first, and some comfort in using basic skills; then a deeper approach and more sophisticated skills become meaningful.  Computational skill without theoretical understanding is shallow.”
The engineers emphasized:

· “One basic function of undergraduate electrical engineering education is to provide students with the conceptual skills to formulate, develop, solve, evaluate and validate physical systems.  Mathematics is indispensable in this regard.  The mathematics required to enable students to achieve these skills should emphasize concepts and problem solving skills more than emphasizing the repetitive mechanics of solving routine problems.  Students must learn the basic mechanics of mathematics, but care must be taken that these mechanics do not become the focus of any mathematics course.  We wish our students to understand various problem-solving techniques and to know appropriate techniques to apply given a wide assortment of problems.” 

The business faculty recommended that:

· “Mathematics is an integral component of the business school curriculum.  Mathematics Departments can help by stressing conceptual understanding of quantitative reasoning and enhancing critical thinking skills.  Business students must be able not only to apply appropriate abstract models to specific problems but also to become familiar and comfortable with the language of and the application of mathematical reasoning.  Business students need to understand that many quantitative problems are more likely to deal with ambiguities than with certainty. In the spirit that less is more, coverage is less critical than comprehension and application.”   

· “Courses should stress problem solving, with the incumbent recognition of ambiguities.”  

· “Courses should stress conceptual understanding (motivating the math with the ‘whys’ – not just the ‘hows’).” 

· “Courses should stress critical thinking.”

In a totally separate effort, a group of mathematicians is involved in a project to make quantitative literacy a major factor in everyone’s education – in all disciplines and at all levels from elementary school up through college.  As part of this initiative, leaders from business, industry, and government were brought together in the Forum on Quantitative Literacy.  They discussed different perspectives on the issues of the mathematical preparation of students both for today’s increasingly quantitative workplace and for the life-long ability to be effective citizens in today’s society.  Sentiments that were amazingly similar to those expressed through the Curriculum Foundations project were also voiced by these representatives from business, industry, and government.  These views are enunciated very forcefully in articles in [17].  Moreover, of the mathematics courses at the undergraduate level, the one that is most appropriate for developing the kind of quantitative literacy espoused by these people is college algebra – it has the greatest enrollment and potentially affects the students who most need that kind of experience – provided that its focus changes away from the development of manipulative skills.

But, if students do not need all the algebraic skills of the past, what do they really need in the way of mathematics today, let alone for tomorrow?  Fifty years ago, virtually every mathematics problem in practice was continuous and deterministic. Problems with a discrete or stochastic component were almost non-existent. Basically, algebraic methods and differential equations with closed form solutions ruled!  Today, the tables have turned 180( — virtually every problem that arises is inherently discrete (in large part because of the digital age in which we live) and virtually every problem has some probabilistic component (there is always some uncertainty).  But the mathematics curriculum, especially its first few years, has not changed appreciably to reflect the needs of the people who use mathematics today.  This is particularly true at the large universities, where courses such as college algebra are often the only low-level, credit-bearing offerings; at most two-year colleges and some four-year schools, introductory statistics is given by the mathematics department as an alternative offering for many students not going into the hard sciences.  However, even so, there are still many schools where college algebra requirements force huge numbers of students into college algebra and related courses who need very little in the way of manipulative skills for their majors.

The question we need to consider is: What should be the focus of mathematics education, especially at the level below calculus?  Very few people today, let alone in the future, will need to factor anything as complicated as x8 - y8.  However, virtually any educated individual will need the ability to

1. examine a set of data and recognize a behavioral pattern in it, 

2. assess how well a given functional model matches the data, 

3. recognize the limitations (often due to uncertainty) in the model, 

4. use the model to draw appropriate conclu​sions, and 

5. answer appropriate questions about the pheno​menon being studied.  

In turn, this process requires 

• A deep understanding of the function concept, function notation, and the meaning of variable.

• A knowledge of different families of functions, including the ability to distinguish between the different families graphically, numerically and algebraically. 

• A knowledge of the behavior of the different families of functions depending on one or more parameters. 

• The ability to select the appropriate tool, be it pencil-and-paper, graphing calculators, spreadsheets, or CAS system, to solve the equations that arise from using the models.

• The ability to interpret the mathematical results, to judge the reasonableness of the solutions, and to communicate these ideas to others.

But, this is really what mathematical modeling is all about!

Let’s see what these ideas mean in the context of college algebra courses and preparing students, not so much for calculus, but for courses in all other quantitative disciplines. Perhaps the best way to see this is from the perspective of some of our critics–the faculty in other disciplines who express recurring complaints about what mathematical skills and knowledge students bring with them to their courses and the students themselves who vote with their feet to abandon mathematics in such relentless numbers.


What then do students need to succeed in courses in other fields?  They certainly need to know what a variable is, so that they can understand and use the formulas that arise.  They need to know several fundamental classes of functions, most notably linear, exponential, logarithmic, and power functions.  (Other than projectile motion, there are relatively few realistic problems that lead to polynomials.  Other than inverse proportions and inverse square laws, there are virtually no realistic problems that lead to rational functions.)  


Certainly, these are topics in standard college algebra and precalculus courses, but they tend to get buried in a much more extensive array of techniques for factoring polynomials and producing graphs of every possible type of rational function. Is this really necessary?  Not for the other disciplines.  What about for calculus?  Let’s see where our years-long development of rational expressions and rational functions ends up. In order to find closed-form solutions for a handful of differential equations, such as the logistic equation y′ = ay – by2, one usually applies the method of partial fractions.  (Ironically, there are simple ways to avoid the use of partial fractions altogether using a clever substitution to transform the logistic equation into a simpler one that can be integrated easily without partial fractions;  one can also utilize a CAS, if desired.)  
But, to prepare for this, there is a heavy emphasis in traditional Calculus II courses on integration using partial fractions–often all four exhaustive (and exhausting) cases.  To prepare for this, Calculus I courses often devote an inordinate amount of time to differentiating rational functions.  To prepare for that, precalculus courses emphasize the behavior of all manner of rational functions and their graphs and occasionally even partial fraction decompositions.  To prepare for that, college algebra courses emphasize the algebraic operations of adding, subtracting, multiplying, dividing, and reducing complex fractional expressions.  Each of these is a hard algebraic technique that “separates the men from the boys”. Is it any wonder that we see a 50% or greater drop-off in mathematics enrollment with each subsequent course?

Is this what we want to do?  If the techniques were so vital for success in subsequent courses (as was certainly true in the past) and if it was not possible to introduce what is needed on a timely basis in those subsequent courses to the small fraction of students who really need it, then a case could be made to include those topics.  But these skills are no longer that important.  Modern differential equations courses typically depend on computer software, including CAS systems to generate closed form solutions, so that the qualitative behavior of solutions and their dependence on initial conditions has become a far more important aspect of those courses.  Similarly, there is now a strong emphasis on mathematical modeling to demonstrate the power of differential equations to provide understanding of a wide variety of natural processes.

The reality is that our calculus students will rarely, if ever, have to integrate those terrible differential equations by hand.  For the very few who will need to do it subsequently, would it be unreasonable to devote a few minutes to introducing the technique at the time?  Honestly, when solving differential equations, every experienced instructor already knows that he or she has to spend some time reviewing the techniques, because most students have forgotten them altogether.  So, why do we subject all of our students in the lower-level courses to all that algebraic preparation?  And, if they don’t need most of it, what else can and should we do with the resulting available time in all our courses from developmental algebra up through calculus?

In the final analysis, few, if any, mathematics departments can exist based solely on offerings for mathematics and related fields.  Whether we like it or not, mathematics is a service department at almost every institution.  And college algebra and related courses exist almost exclusively to serve the needs of other disciplines.  If we fail to offer courses that meet the needs of the students in those disciplines, those departments will increasingly drop the requirements for our courses.  This is already starting to happen in engineering.  Mathematics departments, if they do not heed the voices of the partner disciplines and even become proactive to anticipate the changing needs of those fields, may well end up offering little beyond developmental algebra courses that serve little purpose.

The Issue of Placement Testing  For most students, the bridge between school mathematics and college mathematics is the placement test that is used to determine how much they know and which course they should take.  Over the last few decades, placement tests have changed in terms of how they are administered – most are now given electronically, are scored electronically, and students are advised electronically.  But, unfortunately, the placement exams used at most colleges have the same focus as the ones used more than 20 years ago – testing the degree to which students have mastered traditional algebraic skills.  

The two widely used standardized placement tests are the College Board’s ACCUPLACER and ACT’s Compass.  Both are based on the traditional school curriculum and are designed to assess students’ ability at algebraic manipulation. (Of course, many mathematics departments use home-grown tests, but these also typically focus on the traditional high school curriculum.)  

For instance, one of these national tests typically starts with a component measuring a student’s ability in intermediate algebra.  Students who do well are automatically moved on to a higher level component testing precalculus readiness; students who do poorly on intermediate algebra are automatically shifted to a lower level component testing arithmetic and introductory algebra ability.  The intermediate algebra portion of this test covers the following 12 topics in an adaptive manner:

1.    Square a binomial.

2.    Determine a quadratic function arising from a verbal description, e.g., area of a rectangle whose sides are both linear expressions in x.

3.    Simplify a rational expression.

4.    Confirm solutions to a quadratic function in factored form.

5.    Completely factor a polynomial.

6.    Solve a literal equation for a given unknown.

7.    Solve a verbal problem involving percent.

8.    Simplify and combine like radicals.

9.    Simplify a complex fraction.

10.   Confirm the solution to two simultaneous linear equations.

11.   Traditional verbal problem – e.g., age problem.

12.   Graphs of linear inequalities.

But, this type of test clearly ignores much of what students who have come through a Standards-based high school curriculum have learned in the way of non-manipulative techniques, of conceptual understanding, and of contextual applications. Is it surprising that huge numbers of such students are being placed into developmental mathematics because their algebraic proficiency is seemingly very weak?  This is certainly unfair to such students.  The result is that many are placed one, two, or even more semesters behind where they likely should be based on the amount of mathematics they took in school.  Even some of the best high school students, who scored 4 and 5 on the AP calculus exam, have been placed into precalculus, college algebra, or developmental algebra when they arrived on campus.  

Reportedly, the test-makers have been under pressure to develop a new generation of national placement tests that are more aligned to Standards-based courses.  That would certainly be a huge step in easing the transition problems, assuming that the colleges eventually adopt such tests. However, the process of developing, testing, and validating such tests is a long-term undertaking and we probably cannot expect to see such products available in the immediate future.  Unfortunately, departments in institutions that depend exclusively on such tests – most likely because of the ease of administering them to large numbers of students – probably can’t do much until then.  
Unfortunately, almost all mathematics faculty members are oblivious about these issues or even the specific nature of the placement tests that are used by their institution.  Particularly in schools that use the national tests, the entire placement testing operation is typically conducted by an individual or group completely outside of the mathematics department.   

The placement test industry has certainly heard many complaints from high school teachers, and likely from NCTM itself, about the poor match between Standards-based curricula and traditional college curricula and many of the horror stories about individual students who have been completely misplaced.  However, the placement test industry sells its products exclusively to the colleges and universities; complaints from the schools have little or no impact because they are not the paying customers!  

Of course, some people in the testing industry also hear some complaints from the colleges and thus understand the issues.  However, the senior personnel who make the corporate decisions get only limited feedback from faculty; they primarily hear from the sales representatives and most of that is very positive feedback.  The reps are in contact almost exclusively with college administrators, who tend to be quite satisfied with a product that is easy to administer and apparently effective.  So, because the people who make the financial decisions at the colleges are happy, the senior personnel at the testing companies are more than happy not to rock the boat.  Considering the major costs associated with developing, validating, and marketing new versions of placement tests, why should they?

The Issue of the Faculty  Perhaps the biggest impediment to change in the undergraduate curriculum is the faculty, especially the ones who do not have direct experience teaching lower level courses, who do not understand the challenges we face in the classroom in such courses, and who are concerned primarily with their research activities. Too many of our colleagues, either consciously or unconsciously, are trying to replicate what they went through and so clone themselves.  They tend not to realize how few students have any chance or desire to go that route.  They fear that changing the focus will prove damaging to the students.  Many are not aware of the changes that have been taking place in the high schools, the changing mathematical usage in courses in other fields, or the changing needs of the students they face.


From a broader perspective, let’s consider the prominence of mathematics programs in the entire undergraduate curriculum.  According to the 2012 Statistical Abstract of the U.S. [16], there were slightly over 1.6 million bachelor’s degrees awarded in 2009; of these, 15,496 were in mathematics (which includes statistics, operations research, and especially mathematics education).  This amounts to less than 1%.  While mathematics is a major department on almost every college campus, the mathematics program itself is really rather insignificant.  The situation is actually much worse in the two year colleges.  In 2009, out of 787,325 associate degrees awarded, only 930 were in mathematics, which is slightly over one tenth of one percent.  And, based on the trends of what mathematics students are now taking in high school, we need to stop thinking of our lower level courses as providing a source of math majors.  That just is not happening in any significant numbers and will likely happen even more rarely in the future.

Moreover, a growing number of faculty here are foreign born.  That brings with it additional issues.  For one, many of them come from backgrounds where there is a single language and a single culture, and they are not used to the diversity of the student body we typically face here.  Most of them have gone through school systems in which students with lesser abilities are shunted aside into alternate tracks and alternate institutions, so that they have not had any experience with students around them who are weak in mathematics. Also, they are often not familiar with an educational system whose fundamental philosophy is a universal academic experience for all.  For many of the foreign born faculty, English is not their first language, and therefore, since the most reform versions of math courses at all levels emphasize communication skills, both oral and written, such changes are likely intimidating.   

While many math faculty may not be aware of the poor overall results in some of our courses, that certainly is not true of administrators.  If anything, it is surprising that we are not subjected to far more pressure to change things.  This is probably due to the fact that most administrators are not aware of the reform efforts in mathematics and the better results that have been achieved.  In a similar way, faculty from other disciplines are also unlikely to be aware of reform efforts or of alternative offerings that could be given that are better geared to the mathematical needs of their students.  As they become more aware, we should expect pressures for changes coming from them as well.  
The Challenges for Collegiate Mathematics  So, where do all these trends leave undergraduate mathematics?  If traditional courses are the wrong courses given to the wrong students for the wrong reasons, what then should be the right courses given to the right students for the right reasons?  I maintain that all of these courses need to refocus on mathematical modeling as the central and unifying emphasis throughout.  But, if one is to make modeling the focus, it is essential that it be accompanied with a major emphasis on conceptual understanding; the two themes are of necessity inextricably related, as we illustrate later in this article.

If we continue to offer courses in the traditional spirit of developing manipulative skills, we will likely find ourselves with increasingly irrelevant courses given at increasingly lower levels to increasingly fewer students.  We will see more and more requirements for mathematical prerequisites and co-requisites dropped by the other disciplines because our courses provide very little of value to those disciplines.  If they have to teach the mathematics that their students need in their own courses, why should they bother to allot credit hours to math courses that could be better used for additional offerings in their own fields?  The author is aware of one project at a Midwestern university in which the engineering college has dropped the requirement for three semesters of calculus;  those engineers replaced them with a series of modules integrated into their engineering offerings that present the students with the core calculus ideas and techniques they believe important.  They also view this effort as a model for all other engineering programs across the country.


The challenge we face is how to change our offerings to prevent this kind of scenario from playing out.  But, what can we do?  First, accept the fact that the emphasis on skills for their own sake is not useful for any but a vanishingly small handful of students.  Instead, we should be looking at some of the “reform” versions of developmental courses, college algebra and related courses, and calculus courses that have been developed over the years as alternatives to the traditional courses.  Virtually every study that has been reported on either in print or at presentations at national meetings (see, for example, [6], [11], and the articles in [8]) has reported better results in these courses in terms of student performance, student attitudes toward mathematics, persistence in the course, higher motivation to take subsequent mathematics offerings, and at least equivalent, if not superior, performance in the subsequent course.  However, these alternative courses have not been widely adopted, probably in large measure because they are perceived as not supporting the traditional focus in mathematics.


Second, mathematics departments should customize their offerings in terms of applications for the specific needs of the departments that send us our students.  We already offer alternate versions of calculus for business/finance students or sometimes biology students, but most students in almost all other areas need mathematics at the level of college algebra or precalculus, and we need to offer appropriate courses at those levels also.  When we accept the fact that almost no students who take college algebra and related courses will go on to calculus and so will not become physics and engineering majors, we see that there is little reason to stress physical applications when the overwhelming majority of students are majoring in (or are more interested in) the life sciences, the social sciences, and other areas.


Third, technology must be accepted and adopted wholeheartedly in all our offerings, be it the graphing calculator or spreadsheets (which is the technological tool of choice in almost every other discipline).  


Fourth, placement testing needs to be changed to reflect the actual high school curriculum and the use of technology.  And, until large numbers of colleges begin demanding such changes in the national placement tests, those tests will not change.  


Fifth, at many schools, there will always be a very small number of students who need relatively high levels of manipulative skills.  Ways need to be found to help those students (and not all students) without devastating the majority of students in mathematics classes. Perhaps one approach is to identify such students and offer them a special track or a series of special workshops that parallel the main courses.  Or perhaps math departments should consider developing a post-calculus course called Advanced Algebraic Techniques for the few students who really need those skills.  Such a course could build on the fact that students have seen a lot of mathematics up through the level of calculus and teach the algebra that extends the calculus ideas – some limit problems, certain differentiation issues, and even partial fraction decompositions needed to perform antidifferentiation of rational functions. Presumably, those students would find such an approach considerably more motivating that they would at the precalculus level, since they will immediately see the need for the algebra rather than something they need to do for some unknown future purpose.
Conclusions  This article consists of a discussion of the broad principles and generalities regarding the need to change the focus in the courses below calculus.  In a companion article [10] (in this issue), the author also provides some specific examples of problems that the author has used in class and on exams to illustrate how many of the above suggestions can actually play out with real students at the college algebra or precalculus level. 


Finally, most scientists believe that the dinosaurs became extinct after the earth was struck by a large meteor and the environment changed faster than the dinosaurs could evolve.  In an analogous fashion, mathematics has been struck by changes in the high school curriculum and by technology and our intellectual environment is also changing dramatically.  It would be a pity if mathematics goes the way of the dinosaurs because we cannot adapt fast enough and evolve to meet these new challenges.
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