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SOME LIGHTS IN THE MIDDLE OF THE MATHEMATICS TUNNEL

SHELDON P. GORDON


The mathematics curriculum is often described as a pipeline through which students must pass in order to enter careers in mathematics, the sciences and engineering.  However, from the point of view of the students themselves, a far more appropriate analogy is to view that curriculum as a tunnel, a long, dark subterranean tunnel that they slowly crawl along, constantly scraping their knees, as they pass through poorly seen chambers known as algebra, geometry, trigonometry, precalculus, calculus I, II, III, and on into differential equations.  


A very few of these students, the ones with remarkably acute night vision, see enough of the jewels of mathematics that are strewn about the floor of the tunnel to gather them up and carry them along as they traverse the path.  These are the ones who may continue on down a still narrower tunnel, one which has a warning sign in front that reads "Mathematics Majors Only.  All Others Stay Away for Fear of Your Life".  We will come back to this group presently.


There is a much larger group of students who possess only a modicum of night vision who manage to crawl down this tunnel until, with a sigh of relief, they come to several more major passages labeled "Engineering", "Physics", "Chemistry", "Computer Science" and so forth.  As soon as they see these side branches, they quickly move out of the main mathematics tunnel, happy that they have survived.  Most of them will attempt, usually rather successfully, to avoid any further encounter with or use of mathematics for the balance of their professional careers.  (Just speak to most practicing engineers about how much math they actually use.)


Unfortunately, the overwhelming majority of the students who enter the mathematical tunnel become hopelessly lost as they stumble and crawl blindly along through the dark.  They slip into all manner of crevices, never to be seen again.  


Needless to say, their loss is a critical one;  it is critical to our ability as a society to function in an increasingly technologically oriented society and it is critical to our ability as a nation to compete in an increasingly competitive international arena.  It is not good enough to simply say that there is a light at the end of the tunnel;  we somehow must find a way to install lights throughout the entire length of the tunnel to give all of the students who enter it the opportunity to see sufficiently far that they will be encouraged and aided to pass through it successfully.  


To see how we might accomplish this, let's consider what makes mathematics so valuable to people.  There are really two things:


1.  The inherent beauty of mathematics which is basically aesthetic and intellectual in nature.  


2.  The utility of mathematics which provides the essential tools to solve a wide variety of problems in all areas of human endeavor.


A THOUSAND POINTS OF LIGHT  


Unfortunately, very few people can appreciate the beauty of mathematics in its fullness.  However, most can certainly appreciate the usefulness of mathematics.  We need only look at the history of mathematics to see that, until fairly recently, it is almost impossible to distinguish mathematicians from users of mathematics, particularly in the physical sciences.  


Thus, I maintain, one way to illuminate the mathematics tunnel is to use the applicability of mathematics to provide motivation and stimulus to the students who are wending their way through it.  Rather than treating most of the mathematics found along the way as a series of topics in their own right, which essentially means becoming prepared for some subsequent course further along the tunnel, we should emphasize the applications of the mathematics at each stage.  More to the point, we should use problems to drive the development of the mathematics we want to teach.  Further, these problems should not be the routine drivel problems found in most textbooks which only serve to develop manipulative skills or to repeat meaningless template problems that no one would ever have to, or want to, solve.  Rather, they should be problems that pique the interest of the students, even the average students.  None of them care how old Fred is if he was three times Nancy's age five years ago and now is only twice her age.  However, they certainly can relate to problems involving the rate of growth of a population or the spread of the AIDS epidemic or trends in sporting events or the stock market.  They may want to find out when the population of the United States reaches 300,000,000 or when the population of Mexico catches up with ours.  They may want to predict when someone will break the 3 minute, 45 second mile or when the stock market will reach 4000.


What mathematics do we need to answer such questions?  How do we use that mathematics to solve the problems?  


This certainly involves rethinking the focus, the content and the approach used in most courses.  Algebra would no longer be taken merely to prepare a student for trigonometry which would prepare him or her for precalculus so that he or she could go on to calculus.  For instance, we should not teach manipulations of complex fractional expressions in algebra for no other reason than that students eventually will have to find the derivative of f(x) = 1/x by the definition.  We should not teach solving radical equations with two radicals because students will otherwise not be able to follow the derivation of the equations for an ellipse and a hyperbola from their geometric definitions when we do it for them at the board.  Rather, we should teach the mathematics needed to solve the interesting problem that is in front of the class NOW, not in two years down the tunnel.  


As I said, this requires a complete rethinking of mathematics courses.  As a move in this direction, I am currently co-directing an NSF project along with Ben Fusaro to develop an innovative course in discrete mathematical modeling to serve as an alternative to standard precalculus courses.  We hope that this Math Modeling/PreCalculus Reform course based on the above philosophy will be able to provide some bright lights along one portion, possibly the most important section, of the mathematical tunnel.


ON THE SHOULDERS OF GIANTS

But, there are other ways to illuminate the mathematical tunnel to keep students interested in mathematics.  Isaac Newton said "If I have seen farther than others, it is because I have stood on the shoulders of giants".  There are two critical dimensions to this quote:  looking backwards in order to look forward.  Unfortunately, in the process of crawling through the mathematical tunnel, students are not given any view of the past to see their mathematical heritage.  By the end of three full years of mathematical training in high school, they have not heard of any mathematician other than Euclid and Pythagoras, both of whom have been dead for three thousand years.  All they have seen is an endless litany of rules and techniques and formulas, but no sense of where they came from or why anyone would have bothered to develop them.  In turn, they have no perspectives from which to look ahead to their own mathematical future.


While these comments were made in the context of students near the beginning of their collegiate mathematical studies, they apply equally well to students who have gone most of or even all the way up that narrower tunnel leading to a career in mathematics.  Undergraduate mathematics majors are much too busy taking courses in algebra, analysis and other "real" subjects to waste their time with a course in the history of mathematics.  And, if such a course is a waste of undergraduate time, it is even more of a waste at the graduate level.  Therefore, the typical audience for such a course is the education major or the liberal arts major who takes it as a way of avoiding a more substantial course in mathematics.


Thus, another way to illuminate the mathematical tunnel is to provide some shoulders on which to stand.  We must give all students in mathematics some perspective on where mathematics has come from and why it was developed.  But this involves broadening the courses we offer to fully integrate historical themes, not just to include a few historical notes in the margin for entertainment value that most instructors ignore and so most students do not take seriously.  Perhaps the best way to integrate this into our already full courses is through the Writing Across the Curriculum Movement; students can certainly be expected to do some outside reading and prepare one or more reports based on it.


At the same time, we have to use the broader approach to mathematics to provide a strong beam of light that points ahead up the tunnel like a searchlight so that students can see some of the forthcoming vista.  Let them see enough of new and intriguing mathematical ideas that they may want to stride, not just crawl, along the tunnel.  


This certainly means only touching on certain themes rather than developing them in full detail.  But, there is nothing wrong with that!  Mathematicians find it extraordinarily hard to say anything less than the full truth.  We therefore attempt, in our courses, to cover all topics thoroughly, systematically and, as far as most students are concerned, boringly.  We can be far more successful showing "teasers" for different subjects.  When we catch the interest of the students and motivate them to continue on in their mathematical studies, they will eventually see the full details when they are ready to appreciate them.


RIGOR, NOT RIGOR MORTIS

Not only do mathematicians insist on teaching any subject thoroughly, they also insist on doing it RIGHT, which usually translates into an undue and certainly premature emphasis on mathematical rigor.  Newton, Leibniz, Gauss, Euler and a host of other members of the mathematical pantheon managed to accomplish an incredible array of achievements in calculus despite the fact that they did not have a rigorous definition of limit at their disposal.  In fact, it is interesting to speculate if they would have accomplished quite as much if they were burdened with such a degree of rigor.  I suspect not.  Yet, we insist that our freshman calculus students must function at a more sophisticated mathematical level than some of the most brilliant mathematicians in history.


As a consequence, we have students memorizing a method to find a delta for any given epsilon (which works only if the given function is sufficiently simple to factor) or a proof of the mean value theorem with no understanding whatsoever and no appreciation for the significance of the mathematics.  This is not rigor, it is rigor mortis!


The same problem occurs elsewhere in the mathematics curriculum.  For instance, introductory statistics courses are placed on a firm theoretical foundation by putting an undue emphasis on probability theory.  Students are expected to memorize a host of probability rules and to apply them, for practice, to a variety of meaningless "balls in urns" template problems.  The probability theory usually makes little sense to them;  the probability problems invariably violate their sense of intuition and so turn them off;  and the time spent in setting a rigorous foundation takes away from the statistical ideas that are far more useful and important to the students.  So, what have we accomplished?  Well, we can look ourselves in the mirror and say that we have taught it the RIGHT way from a semi-rigorous point of view.  Can we look the student in the eye and say much the same?  Have we inflicted a severe case of rigor mortis in our blind pursuit of rigor?


Thus, another way to illuminate the mathematical tunnel is to relinquish much of the premature rigor that is the trademark of too many mathematics courses.  If we teach the meat of the subject and not become bogged down in a pursuit of rigorous foundations, we will turn far more students on to the mathematics.  When they are ready for more advanced courses in the subject and can better appreciate the need for a rigorous foundation, then, and only then, should we give them the rigor.


Finally, the fact that a course is not treated in a mathematically rigorous fashion does not automatically mean that it is no more than an exercise in mathematical entertainment.  We can involve the students in some very deep mathematical concepts and foster some very sophisticated mathematical thinking without formal rigor.  In the process, we can develop the mathematical ideas in reasonably honest and correct ways whose degree of rigor is appropriate to the students and the level of the courses.  Thus, we should strive to convey a feel for the importance, the usefulness and the beauty of mathematics if we don't force them to blindly memorize theoretical aspects which do not make any positive impact on them.


A SPECTRUM OF DIFFERENT COLORED LIGHTS

The traditional approach to most mathematics offerings focuses almost exclusively on symbolic manipulation.  Every problem must have a specific, closed-form answer and students are trained to find that answer as if that were all there were to the mathematics, be it arithmetic, algebra, trigonometry, calculus, differential equations, and so forth.  This one-dimensional view is akin to passing through the mathematical tunnel where the minimial lighting available is all a single color, say red.  But, there is a drawback in trying to make out all visual details using monochromatic light where all other colors of the spectrum are filtered out.  The result is a loss of many details.


This manipulative-oriented approach is quite effective to teach, and is even easier to test, particularly in a multiple-choice format.  By itself, however, it is not the best approach for learning mathematics, at least for very large numbers of the students who enroll.  The human mind has evolved to process information visually.  Psychological studies have demonstrated that over 90% of the information we take in is visual in nature.  Thus, processing symbolic information, via numerals, equations and formulas, is simply not a natural mechanism;  such symbolic representations go back only some three or four thousand years.  We therefore should not expect all students to be good at it.


Mathematics can also be approached from both a geometric and a numerical point of view.  Most of the topics typically encountered in undergraduate mathematics possess graphical attributes and interpretations;  most of the processes studied can be applied using numbers.  For instance, few of us personally think of limits in terms of delta-epsilon;  rather, we think of a sequence of points converging to a limiting value or we picture a rectangular box that traps a limit point.  The delta-epsilon paradigm is the icing on the cake by which we communicate the other interpretations to our colleagues.


Far too many students are being lost along the mathematical tunnel because they have trouble visualizing the color red.  Their eyes are more attuned to other colors of the spectrum, but we do not provide bright white lights that illuminate all mathematical ideas equally.  However, if we changed our focus to include greater emphasis on geometric and numerical ideas and less emphasis on purely symbolic ones, then we would provide a degree of lighting that almost all students could benefit from and a better balance in terms of mathematical understanding.


The Harvard Calculus Reform project has taken this tack based on what we call The Rule of Three.  We have attempted to achieve a balance among the three approaches to mathematics: symbolic, geometric and numerical.  The results have been outstanding.  Students who have been particularly weak in their algebraic skills are not being forced out of calculus for that reason only.  The geometric and numerical approaches are allowing them to come to new and often very deep levels of understanding of the concepts of calculus.  Many such students are functioning at incredibly sophisticated levels, despite their algebraic weaknesses.  For once, students are taking calculus not to learn algebra, but to learn calculus!  In turn, the success they achieve has served as motivation to some to develop the manipulative skills they lack.  


This philosophy clearly applies to many other aspects of the undergraduate mathematics curriculum.  It is not easy to implement since it involves completely rethinking the content and focus of each and every item in any particular course.  But, by providing a full spectrum of lights of different colors, we can provide students with a far stronger vision of what mathematics is all about and encourage them to keep on down the tunnel.  It is well worth the effort.


LET THE WALLS COME TUMBLING DOWN

Another problem with the mathematical tunnel is that it is too narrow and convoluted, particularly the portion designed for mathematics majors.  As these students make their way along the dimly lit passageways, it is all too easy to overlook some of the narrow openings that lead to large caverns off to the side.  I have already mentioned how undergraduate math majors will almost never detour to take a course in the history of mathematics; that is one of the side caverns.  But there are many others.


The undergraduate math curriculum has become terribly fragmented as we have built up a series of high walls to separate one area of mathematics from the others.  Math majors can navigate their way to a bachelor's degree, a master's degree or even a PhD without, for instance, ever becoming aware of numerical analysis, a subject which used to be integrated throughout calculus.  Many are able to entirely by-pass number theory without ever being exposed to some of the most fascinating themes in mathematics.  Most have absolutely no exposure to statistics, one of the most useful and important areas for the application of mathematics.  In fact, statistics is the fastest growing component of the undergraduate curriculum, but those courses are primarily offered to non-science majors.  We therefore see the serious problem in many mathematics departments where faculty members who have never had a course in statistics, particularly applied statistics, are being drafted in increasing numbers to teach statistics.  If it were not such a pitiful commentary, such a ludicrous scenario would be funny.


It is therefore essential that we provide students in the mathematical tunnel with a map of the mathematical labyrinth, one that goes far beyond simple catalog descriptions or a one-page handout describing math offerings or even one-on-one advisement from a faculty member.  


Math majors must achieve a far-reaching perspective on the overall interplay of many different fields of mathematics as they make their way through the undergraduate curriculum.  This can best be achieved by providing them with a broad exposure to many of the important ideas of mathematics early on in their mathematical studies.  Let them minimally know something about these various fields and let them be the ones who choose to by-pass various side caverns by their own conscious decision, not because they never noticed that there was something there.


The fragmentation of the undergraduate mathematics curriculum likely developed because of the nature of the college structure where courses have to be organized into one-semester blocks.  Nevertheless, we should realize that the walls we have constructed to separate the components of mathematics are terribly artificial.  Hopefully, in the long run, it will be possible to pull down some of these walls and unify the subject.


THE PRINCIPLES AND PRACTICE OF MATHEMATICS PROJECT

The Principles and Practice of Mathematics project 
is intended to address many of these concerns by creating a new mathematics offering which will provide lights inside the mathematical tunnel.  This new course will provide students with a broad overview of many of the important areas of modern mathematics, not just the immediate introduction to calculus.  It will give them a feel for the value of the mathematics in a variety of applied contexts as the broad array of mathematical ideas presented are cast into interesting applications.  It should present the students with sophisticated mathematical ideas which will get them to thinking mathematically, but it should not overwhelm them with premature mathematical rigor.  It should stimulate students and encourage them to continue on with mathematical studies, not stultify them by being just one more narrow, dark and uninteresting passage down the tunnel.


Lighting the mathematics tunnel throughout its entire length is not an easy challenge, but it is one that we all should accept.  The rewards more than make up for the efforts.  
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LIGHTING THE MATHEMATICS TUNNEL

SHELDON P. GORDON


The mathematics curriculum is often described as a pipeline through which students must pass in order to enter careers in mathematics, the sciences and engineering.  However, from the point of view of the students themselves, a far more appropriate analogy is to view that curriculum as a tunnel, a long, dark subterranean tunnel that they slowly crawl along, constantly scraping their knees, as they pass through poorly seen chambers known as algebra, geometry, trigonometry, precalculus, calculus I, II, III, and on into differential equations.  
A very few of these students, the ones with remarkably acute night vision, see enough of the jewels of mathematics that are strewn about the floor of the tunnel to gather them up and carry them along as they traverse the path.  These are the ones who may continue on down a still narrower tunnel, one which has a warning sign in front that reads "Mathematics Majors Only.  Abandon Hope All Ye Others Who Enger".  We will come back to this group later.


There is a much larger group of students who possess only a modicum of night vision who manage to crawl down this tunnel until, with a sigh of relief, they come to several major passages labeled "Engineering", "Physics", "Chemistry", "Computer Science" and so forth.  As soon as they see these side branches, they quickly move out of the main mathematics tunnel, happy that they have survived.  Most of them will attempt, usually rather successfully, to avoid any further encounter with or use of mathematics for the balance of their professional careers.  (Just speak to most practicing engineers about how much math they actually use.)


Unfortunately, the overwhelming majority of the students who enter the mathematical tunnel become hopelessly lost as they stumble and crawl blindly along through the dark.  They slip into all manner of crevices, never to be seen again.  


Needless to say, their loss is a critical one;  it is critical to our ability to function in an increasingly technologically oriented society within an increasingly competitive international arena.  It is not good enough to simply say that there is a light at the end of the tunnel;  we somehow must find a way to install lights throughout the entire length of the tunnel.  We must give all students who enter it the opportunity to see sufficiently far that they will be encouraged and aided to pass through it successfully.  


To see how we might accomplish this, let's consider what makes mathematics so valuable to people.  There are really two things:


1.  The inherent beauty of mathematics which is basically aesthetic and intellectual in nature.  


2.  The utility of mathematics which provides the essential tools to solve a wide variety of problems in all areas of human endeavor.


A THOUSAND POINTS OF LIGHT  


Unfortunately, very few people can appreciate the beauty of mathematics in its fullness.  However, most can certainly appreciate the usefulness of mathematics.  We need only look at the history of mathematics to see that, until fairly recently, it is almost impossible to distinguish mathematicians from users of mathematics, particularly in the physical sciences.  


Thus, I maintain, one way to illuminate the mathematics tunnel is to use the applicability of mathematics to provide motivation and stimulus to the students who are wending their way through it.  Rather than treating most of the mathematics found along the way as a topic in its own right, which essentially means becoming prepared for some subsequent course further along the tunnel, we should emphasize the applications of the mathematics at each stage.  More to the point, we should use problems to drive the development of the mathematics we want to teach.  Further, these problems should not be the routine problems found in most textbooks which only serve to develop manipulative skills or to repeat meaningless template problems that no one would ever have to, or want to, solve.  Rather, they should be problems that pique the interest of the students, even the average students.  None of them care how old John is if he was three times Mary's age five years ago and now is only twice her age.  However, they certainly can relate to problems involving the rate of growth of a population, the spread of the AIDS epidemic, or trends in sporting events and the stock market.  They want to find out when the population of the United States reaches 300,000,000 or when the population of Mexico bypasses ours.  They want to predict when someone will break the 3 minute, 45 second mile or when the stock market will reach 4000.


What mathematics do we need to answer such questions?  How do we use that mathematics to solve the problems?  


This involves rethinking the focus, the content and the approach used in most courses.  Algebra would no longer be taken merely to prepare students for trigonometry which would prepare them for precalculus so that they could go on to calculus.  For instance, we should not teach manipulations of complex fractional expressions in algebra for no other reason than that students eventually may have to find the derivative of f(x) = 1/x by the definition.  We should not teach solving equations with two radicals because students will otherwise not be able to follow the derivation of the equations for an ellipse and a hyperbola from their geometric definitions when we do it for them at the board.  Rather, we should teach the mathematics needed to solve the interesting problem that is in front of the class now, not two years down the tunnel.  


This requires a complete rethinking of mathematics courses.  As a move in this direction, I am currently co-directing an NSF project along with Ben Fusaro to develop an innovative course in discrete mathematical modeling to serve as an alternative to standard precalculus courses.  We hope that this course based on the above philosophy will be able to provide some bright lights along one portion, possibly the most important section, of the mathematical tunnel.


ON THE SHOULDERS OF GIANTS

Isaac Newton said "If I have seen farther than others, it is because I have stood on the shoulders of giants".  There are two critical dimensions to this quote:  looking backwards in order to look forward.  Unfortunately, in the process of crawling through the mathematical tunnel, students are not given any view of the past;  they have been given no clue to our mathematical heritage.  By the end of three years of high school mathematics, they have not heard of any mathematician other than Euclid and Pythagoras, both of whom have been dead for three thousand years.  All they have seen is a litany of rules, techniques and formulas, but no sense of where they came from or why anyone would have bothered to develop them.  In turn, they have no perspectives from which to look ahead to their own mathematical future.


While these comments were made in the context of students near the beginning of their collegiate mathematical studies, they apply as well to students who have gone most of or even all the way up that narrower tunnel leading to a career in mathematics.  Undergraduate mathematics majors are much too busy taking courses in algebra, analysis and other "real" subjects to waste their time with a course in the history of mathematics.  If such a course is a waste of undergraduate time, it is even more of a waste at the graduate level.  Therefore, the typical audience for such a course is the education major or the liberal arts major.


Thus, another way to illuminate the mathematical tunnel is to provide some shoulders on which to stand.  We must give all students in mathematics some perspective on where mathematics has come from and why it was developed.  This involves broadening the courses we offer to fully integrate historical themes.  It is not enough just to include a few historical notes in textbook margins that most faculty ignore and most students do not take seriously.


At the same time, we have to use the broader approach to mathematics to provide a strong beam of light that points ahead up the tunnel like a searchlight so that students can see some of the forthcoming vistas.  Let them see enough of new and intriguing mathematical ideas that they may want to stride, not crawl, along the tunnel.  


This means touching on certain themes rather than developing them in full detail.  There is nothing wrong with that!  Mathematicians find it extraordinarily hard to say anything less than the full truth.  We attempt, in our courses, to cover all topics thoroughly, systematically and, as far as most students are concerned, boringly.  We can be far more successful showing "teasers" for different subjects.  When we catch the interest of the students and motivate them to continue on in their mathematical studies, they will eventually see the full details when they are ready to appreciate them.


RIGOR, NOT RIGOR MORTIS

Not only do mathematicians insist on teaching any subject thoroughly, they also insist on doing it RIGHT, which usually translates into an undue and often premature emphasis on mathematical rigor.  Newton, Leibniz, Gauss, Euler and a host of other members of the mathematical pantheon managed to accomplish an incredible array of achievements in calculus despite the fact that they did not have a rigorous definition of limit at their disposal.  It is interesting to speculate if they would have accomplished quite as much if they were burdened with such a degree of rigor.  Yet, we insist that our freshman calculus students must function at a more sophisticated mathematical level than some of the most brilliant mathematicians in history.


As a consequence, we have students memorizing a method to find a delta for any given epsilon or a proof of the mean value theorem with no understanding whatsoever and no appreciation for the significance of the mathematics.  This is not rigor, it is rigor mortis!


The same problem occurs elsewhere in the mathematics curriculum.  For instance, introductory statistics courses are placed on a reasonably firm theoretical foundation by putting an undue emphasis on probability theory.  Students are expected to memorize a host of probability rules and to apply them, for practice, to a variety of meaningless "balls in urns" problems.  The probability theory usually makes little sense to them;  the probability problems invariably violate their sense of intuition and so turn them off;  and the time spent in setting a rigorous foundation takes away from the statistical ideas that are far more useful and important to the students.  So, what have we accomplished?  Well, we can look ourselves in the mirror and say that we have taught it the RIGHT way from a semi-rigorous point of view.  Can we look the student in the eye and say much the same?  Have we inflicted a severe case of rigor mortis in our pursuit of rigor?


The fact that a topic is not treated in a mathematically rigorous fashion does not automatically mean that it is no more than an exercise in mathematical entertainment.  We can involve the students in some very deep mathematical concepts and foster some very sophisticated mathematical thinking without formal rigor.  In the process, we can develop the mathematical ideas in reasonably honest and correct ways whose degree of rigor is appropriate to the students and the level of the courses.  We should strive to convey a feel for the importance, the usefulness and the beauty of mathematics if we don't force students to blindly memorize theoretical aspects which do not make any positive impact on them.



Thus, another way to illuminate the mathematical tunnel is to relinquish much of the premature rigor that is the trademark of too many mathematics courses.  If we teach the meat of the subject and not become bogged down in a pursuit of rigorous foundations, we will turn on far more students to the mathematics.  When they are ready for more advanced courses in the subject and can better appreciate the need for a rigorous foundation, then, and only then, should we give them the rigor.


Lighting the mathematics tunnel throughout its entire length is not an easy challenge, but it is one that we all should accept.  The rewards more than make up for the efforts.

