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Stacking Apples and Oranges

Sheldon P. Gordon


We use apples and oranges as devices to remind students what it means to collect like terms.  But these applies and oranges can also bear valuable mathematical fruit by providing the basis for some real-world mathematical applications and a variety of connections between different topics in the secondary curriculum.  


Some produce departments construct a fancy fruit display consisting of a pyramid of apples or oranges.  Typically, the top item is supported by four fruits in a square which in turn are supported by a larger square of 16 and so forth.  A natural question to ask is:  How many apples are in a stack 12 layers high?  The answer 


12 + 22 + 32 + ... + 122
gives a lovely application for the formula for the sum of the squares of the first n integers.


When I last did this in class, some of my students asked if it were possible to construct a triangular pyramid of apples.  The top one would be supported by a layer of three which in turn would be supported by a layer of six which lies on a layer of 10, and so forth.  The construction is an effective exercise in visualization.  With a little advance preparation (perhaps a stop at the market for some fruit and at the lumberyard for several lengths of wood for a frame for the base), it can also become an extremely dynamic real-world project to construct physically in class.  Moreover, the sequence of numbers 


1, 3, 6, 10, 15, ... 

that arise for the number of apples in each layer is another reinforcement of Pascal's triangle.   You can visualize why this sequence continues indefinitely in the following way, essentially an argument using mathematical induction.  Suppose the kth layer consists of a triangular array having k apples along each side.  To construct the layer beneath it, start with the same pattern directly under each apple and shift that entire layer half a diameter forward toward one of the vertices; this will provide support for all the apples except those in the bottom row.  To support them, we require one additional row having k + 1 apples which then forms a triangle consisting of k + 1 apples on each side in the k + 1st layer.


Finally, the question posed above has a natural extension:  How many apples are there in a pyramidal stack?  To answer this, let Lk represent the number of apples in the kth layer and let Sn be the sum of the apples in the first n layers.  Observe that the above sequence Lk grows quadratically since the difference between successive terms, 2, 3, 4, 5, ..., is linear.  We can assume that


Lk  =  Ak2 + Bk + C.

The first few terms give 


L1 = 1,     L2 = 3,    L3 = 6

and so the corresponding system of three equations in three unknowns has the solution


A = B = ½,  C = 0

Therefore, for any k > 1,


Lk  =  ½(k2 + k)  =  ½k(k + 1).

Consequently, the total number of apples in the first n layers is




Sn  =  Σk=1 ADVANCE \l 14

 ADVANCE \u 14n ADVANCE \d 14   ½(k2 + k)




     =  Σk=1 ADVANCE \l 14

 ADVANCE \u 14n ADVANCE \d 14   ½k2  +  Σk=1 ADVANCE \l 14

 ADVANCE \u 14n   ADVANCE \d 14 ½ k




     =  ½n(n+1)(2n + 1)/6  +  ½n(n+1)/2

which eventually reduces to


Sn  =  n(n + 1)(n + 2)/6.


Of course, this leads to several other questions.  Can be pyramid be pentagonal, hexagonal, octagonal?  If so, what are the corresponding numbers of apples in each layer and what is the sum of the first n layers?  We leave this to the interested readers and their students.
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