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 SEQ CHAPTER \h \r 1Abstract  The article discusses the use of interactive graphical simulations in Excel for investigating a wide variety of random processes and sampling distributions that arise in introductory statistics courses.  These include simulations of various probabilistic processes such as coin flipping and dice rolling, the Central Limit Theorem, confi​dence intervals and hypothesis testing, and regres​sion analysis. The article emphasizes a variety of ways that such graphical simulations can be used effectively as classroom demonstrations to motivate statistical ideas, to increase student understanding of otherwise difficult concepts and methods, to provide tools by which the students can personally discover the underlying statistical concepts, and to "justify" or validate the statistical theory.

Students in introductory statistics courses are often asked to accept many statements and procedures on faith since the mathematical justification may be far too sophisticated for them to comprehend. In large measure, this can be attributed to the nature of statistics, which is quite unlike most other undergraduate mathematics offerings.  At most large universities, introductory statistics courses are given by a statistics department, though often by individual departments (such as economics, business, biology, psychology, etc) that use statistics heavily. At some small colleges, the introductory statistics courses are given by trained statisticians who are often in the mathematics department.  
However, at many schools, particularly two-year colleges, introductory statistics is offered by the mathematics department with instructors (often part-time faculty) having little, or no, formal statistical training.  According to the 2000 CBMS study [1], over 400,000 students took introductory statistics in a mathematics department; this number represents about four times the number taking such a course through a statistics department. Moreover, the AP Statistics program [2] in the high schools has been growing extremely rapidly;  in 2002, about 50,000 students took the AP exam at the end of the course, and this number had been growing at an annual rate of about 25%.  As with the college mathematicians who teach the introductory statistics course, most of the high school teachers have had little formal training (though some teacher development workshops) in statistics.  It is these two groups to whom this article is primarily directed.

In mathematics courses, the underlying theory applies directly to the objective in question, whether it is a function being optimized, a system of linear equations being solved, or a differential equation being solved.  In statistics, however, the theory applies to some unseen underlying population, whereas usually the student has just one sample in hand.  In fact, the sample is only used to make a statistical inference about the unknown population, either to estimate a population parameter such as the mean μ or the proportion π or to test a hypothesis about one of these (or some other) parameters.  Unfortunately, students see only the sample, but have no direct way to perceive the population or to develop any deep understanding of its properties.  It is therefore not surprising that many students come out of an introductory statistics course having mastered, at best, a series of computational procedures, but with relatively little statistical understanding.  Many others have been through an introductory course that focuses heavily on the use of technology, either calculator or software, to perform statistical computations, but that experience alone does not necessarily translate into statistical understanding.

Two key notions that underlie virtually every concept and method in statistics are randomness and variation among samples.  Has the sample been collected in a truly random fashion that reflects the underlying population?  How representative of that population is this one sample?  How does this single sample compare to other possible samples drawn from the same population? 


Fortunately, most of the critical topics in probability and statistical inference can be dramatically presented using computer graphics simulations to allow students to visualize the underlying statistical populations and so enhance their understanding of the statistical concepts and methods.  Many years ago, the current authors addressed the challenge of making these notions evident to students by developing a comprehensive package of computer graphics simulations using BASIC that addressed virtually every topic in introductory probability and statistics.   Unfortunately, BASIC routines have become outmoded over the years, especially in terms of being able to provide students (or even colleagues) with copies of the files to explore the statistical concepts on their own computers.  We have lately returned to this challenge and are developing a comparable package of graphical simulations using Excel because it is available on almost all computers today.  (The complete package can be downloaded from the author’s website, as discussed at the end of this article.)

In the intervening years, many other statistics educators have thought deeply about these issues and have developed specialized software tools to implement random simulations of many of the basic statistical ideas and techniques.  These issues have been discussed in a variety of articles in [3, 4, 5 and 6], as well as in individual papers in the on-line Journal of Statistical Education [7]. There are many applets available on the Web and many of the same kinds of simulations can be generated using statistical software packages such as Minitab.  These efforts have had considerable impact on the teaching of statistics among professional statisticians, but probably much less impact on the teaching of statistics by mathematicians or by statistical users in other disciplines.  In part, this may be due to the fact that mathematics faculty without statistical training are often uncomfortable with using such statistical packages in the classroom;  others feel it is not appropriate to require students to purchase specialized software in addition to an expensive textbook and calculator;  still others feel that the one software tool that almost all of their students will someday use in other courses and on the job is Excel (and the majority of students today appear to arrive on campus already knowing how to use it).  As a consequence, there seem to be good reasons to have such simulations available in Excel, so that both faculty and students can have easy access to their use without needing to expend money or time in learning new programs.
Some Probabilistic Simulations In this section, we consider a variety of topics in simple probability that are typically treated in most introductory statistics classes.  A common problem for most students is the non-intuitive nature of probability.  A large part of that problem is that many students cannot visualize what happens in the long run in a random situation, probably because they don’t fully understand what randomness is all about.  An effective tool for demonstrating the difference between the long run and the short run is the use of a pair of graphical simulations, one for the Law of Large Numbers and the other for what the authors term the Chaos of Small Numbers.   For instance, if you have a fair coin, on each flip there is a 50-50 chance of getting a Head (a Success) or a Tail (a Failure).  In the long run, if you flip the coin repeatedly, you can expect roughly half of all the flips to come up Heads.  But there is a huge gap between the results of a single flip and the results after a large number of flips!  In Figure 1, we show the results of a graphical simulation in Excel developed by the authors for flipping a fair coin 20 times. Figure 1a shows the 20 “actual” outcomes and Figure 1b shows the cumulative proportions of successes. Notice in Figure 1a that the first two flips were Successes (heads), the third was a Failure (a tail), and so forth, including two runs of four successive Successes.  Overall, of the 20 repetitions, there were 14 Successes and 6 Failures.  In Figure 1b, we see that because the first flip resulted in a Success, the cumulative proportion of Successes starts at 1; because the second flip was also a Success, the cumulative proportion remains at 1; after the third flip, a Failure, the cumulative proportion drops to 0.667, and so forth.  Overall, however, the cumulative proportion seems to converge toward 0.50, but it certainly does not get particularly close during the first 20 flips.

Figure 2 shows the corresponding results for a second run of the same program, but the results are strikingly different.  There is a very different pattern to the order in which Successes and Failures occur, with a majority of Failures, including a very unlikely run of nine in a row.    Moreover, the pattern in the cumulative proportions of Successes is also quite different – a preponderance of Successes at the start and then the long run of Failures.  Overall, 9 of the 20 flips resulted in Successes, so the final proportion of Successes was 0.45 and the convergence toward the theoretical limit of 0.50 is quite apparent.  (A display such as this can be a powerful argument about families who feel an overwhelming belief that the next child they have will be a particular gender.)


We note that the Excel program allows the user to select the probability of success, so it needn’t be just 0.5.  The number of repetitions displayed is also under the user’s control and can be any number up to 25. 


For comparison, Figure 3 shows the results with 1000 repetitions.  Clearly, in the long run, the percentage of successes converges to 0.5, as most would expect.  In the “run” illustrated in the figure, there appear to be a majority of Failures, since the cumulative proportion of Failures is somewhat below 0.5 for much of the time. Overall, about 49% of the outcomes on this simulation were Successes; repeated runs will create virtually the same overall result, although the detailed pattern will vary from run to run.   Students need to see and think about these kinds of displays to give them a better understanding of randomness in the short run and the overall patterns that result in the long run.


Even a simple experiment such as flipping a set of two or three coins may be difficult for many students in terms of predicting the type of results that will occur.  We can derive the associated probabilities theoretically, but most students in these courses are still not convinced about the accuracy of the results.  Computer simulations can be very valuable in illustrating what is happening and in conveying the needed understanding and conviction.  


At a very simplistic level, one can conduct a physical simulation of a simple coin-flipping experiment in class. Have each student take out several coins and ask them to flip the coins a total of say 10 times and record the results.  Then compile all the results on the board and display the results in a frequency distribution table or a histogram to illustrate the overriding pattern. However, the authors’ experience is that this experiment can easily lead to the class getting bogged down in the details of enumerating and analyzing the data, so that many students will not truly “see” the overall patterns that emerge as different numbers of coins are flipped.  


Instead, at a more sophisticated level, one can conduct the comparable experiment electronically, with the displays automatically shown.  (If nothing else, this avoids having coins rolling all over the floor for the janitorial staff to collect in the evening.)  Such an appropriate graphics routine that simulates the experiment repeatedly and displays the results visually can be extremely effective in conveying understanding.  Students are able, visually, to detect the resulting patterns and see that the same pattern replicates so long as the underlying assumption – the fact that the coins are fair – is maintained.  In turn, this provides the students with the conviction that theory indeed agrees with reality. For instance, Figure 4 shows the results of 500 simulated flips of a pair of fair coins – 0 Heads (2 Tails) came up 125 times (or 25.0% of the time); 1 Head and 1 Tail came up 243 times (or 48.6% of the time); and 2 Heads came up 132 times (or 26.4% of the time).  
Based on the authors’ experience in this case, these results are typically very much at variance with what most students expect to happen; intuitively, they usually expect each of the three possible outcomes to happen ⅓ of the time.  Seeing these results, particularly when repeated runs are demonstrated to make the point that virtually the same percentages occur every time, goes a long way toward convincing the students that the theoretical predictions are valid.  Alternatively, one can use the results of this kind of simulation to motivate the development of a theory that accounts for the observed outcomes – namely the fact that 0 Heads and 2 Heads each arise ¼ of the time and 1 Head and 1 Tail arise ½ of the time.


One can change the number of coins in this simulation to three fair coins instead of two.  The resulting display on one run of the graphical simulation is shown in Figure 5, where we see that the results are seemingly symmetric.  Moreover, of the 500 repetitions, 0 Heads came up 62 times (or 12.4% of the time), 1 Head (and 2 Tails) came up 186 times (or 37.2% of the time), 2 Heads (and 1 Tail) came up 185 times (or 37.0% of the time), and 3 Heads came up 67 times (or 13.4% of the time).  These values, and the comparable ones that occur with repeated runs of the simulation, suggest that the breakdown for the four possible outcomes is roughly ⅛, ⅜, ⅜ and ⅛. Again, these results can be used either to validate the predictions of the theory or to motivate the development of the theory to account for the observed outcomes.  Furthermore, one can extend these developments by selecting more than three coins, say n = 4 and n = 5 coins.


Comparable investigations can be performed with this spreadsheet simulation with up to 12 fair coins.  One advantage to pushing that far is that the visual displays, such as the one in Figure 6 with 12 fair coins, demonstrate a number of key ideas very dramatically.  For one, the overall pattern in the number of occurrences of 0, 1, 2, ..., 12 Heads clearly is roughly symmetric.  More importantly, the results clearly indicate how unlikely it is for the extreme outcomes of 0 Heads and 12 Heads, or even 1 Head and 11 Heads, to occur; in the particular run illustrated in Figure 6, there were no occurrences of 0 or 12 Heads and very few occurrences of 1 Head or 11 Heads.  This kind of display can be used to set the stage early in the course for the way in which the normal and most other distributions tail off at the ends.  Moreover, one can come back to such a display when discussing the normal approximation to the binomial distribution to show how the overall appearance of the histogram associated with flipping large numbers of coins follows a roughly normal pattern.


Comparable investigations can be conducted using an extension of this coin flipping simulation for a more general binomial experiment.  In the authors’ Excel simulation, the user has the choice of the number of trials n (from 1 through 16), the choice of the probability p of success, and up to 1000 repetitions of the simulation.  For instance, in Figure 7, we show the results of one run of this binomial simulation with n = 8 trials and probability p = 0.75 of success.  The histogram is clearly shifted to the right and is centered very close to the value of 6 successes (µ = n×p).  Also, it is obviously cut off sharply at the right end because the maximum number of successes one can have is 8.  Furthermore, for this particular run, the average number of successes was 5.96 (compared to the theoretical value of 6) with a standard deviation of 1.223 (compared to the theoretical value of 
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 = 1.225).  Thus, the students see that simulated outcomes agree very closely with the values predicted by statistical theory. When used live in front of a class, this kind of simulation is extremely effective in conveying many of these ideas as the students see the distribution “moving” in real time as the values of the parameters increase or decrease.   


The authors have also developed a graphical simulation on the results of rolling a pair of dice, using Excel.  It can be used to help display the outcomes and to demonstrate that the simulated outcomes indeed match the probabilities that are usually calculated for the sum of the two faces.

Simulating Sampling Distributions
Without a doubt, the single most important result in introductory statistics is the Central Limit Theorem, which describes the characteristics of the distribution of sample means.  Unfortunately, if this result is merely presented to the students without some corroboration, it makes very little impact on them and they do not develop any understanding of it.  In turn, all the ideas and techniques on statistical inference that follow may make little sense and many students end up performing a variety of procedures by rote, or by the push of a button.  The use of appropriate graphical simulations, on the other hand, allows the students to see the results of repeated sampling from a population and the corresponding distribution of sample means and therefore enhances their understanding of the statistical concepts and methods.


In the authors’ Excel simulation of the Central Limit Theorem, the user is given the choice of four underlying populations, one that is roughly normally distributed and three others that are roughly uniform, skewed, and bimodal.  The user has the option of selecting the desired sample size n and the number of samples.  The histogram of the underlying population is displayed, as well as the means of the random samples to be generated.  Suppose we start with the roughly normal population, which is shown in Figure 8.  Notice that it is centered at its mean μ, which is 68.07. It extends from a minimum value of x = 61 to a maximum of x = 76 and has a standard deviation σ = 2.76


 In Figures 9, 10, 11 and 12, we show the results of 250 random samples of sizes n = 4, 9, 16, and 25, respectively, drawn from this normal population.  In each case, the shape of the sampling distribution appears to be roughly normal.  Also, in each case, it is clear both visually from the histogram and numerically from the corresponding output that the mean of the sampling distribution is extremely close to the mean of the underlying population. In particular, for the 250 samples of size n = 4 shown in Figure 9, the mean of the sample means is 68.10; for the samples of size n = 9 shown in Figure 10, the mean of the sample means is 68.06; for the samples of size n = 16 shown in Figure 11, the mean of the sample means is 68.00; and for the samples of size n = 25 shown in Figure 12, the mean of the sample means is 68.03.  Based on this “evidence”, the students quickly conjecture that the mean of the distribution of sample means is the same as the mean of the underlying population, at least in the case of a normal population.  


What does change with the sample size is the spread.  In Figure 9, with n = 4, it is fairly evident that the spread in the distribution of sample means is roughly half that of the original population – graphically, we observe that the sample means extend from about 65 to about 71, so that they are spread across only about half of the underlying population.  Furthermore, the displayed value for the standard deviation of the 250 sample means is 1.376, which is about one-half of the value for the underlying population, σ = 2.76.  Similarly, in Figure 10 with n = 9, the visual spread is roughly ⅓ of σ and the numerical value for the standard deviations of the 250 sample means is 0.917, which is very close to ⅓σ .  Likewise, in Figure 11 with n = 16, the standard deviation of the sample means is 0.700, which is roughly ¼ of σ.  The comparable observation that, when n = 25, the spread in the sample means is approximately[image: image2.wmf]1
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ADVANCE \u 7 of σ can be seen visually in Figure 12 and from the accompanying numerical results. Invariably, in the authors’ experience, several students conjecture aloud that the standard deviation of the sampling distribution is given by
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When this process is repeated with one of the other underlying populations, say the bimodal one shown in Figure 13, we obtain the corresponding results shown in Figures 14, 15, 16, and 17.  From these images and the associated numerical displays, it is equally clear the mean of the sampling distribution is the same as that of the underlying population and that the formula (1) also appears to hold for the standard deviation of the sampling distribution.  However, when the sample size is small, it is also evident that shape of the sampling distribution is clearly not normal; however, as the sample size increases, the shape becomes more and more normal in appearance.  The students have themselves discovered the Central Limit Theorem!  All that is left is to inform the class that the key value is n = 31; whenever the sample size is greater than 30, the distribution of sample means is effectively normal. 


It is also possible to consider the sampling distributions associated with other statistics, such as the median, the mode, the midrange, or the variance.  For example, we can consider the sampling distribution of the median and use an equivalent Excel graphics simulation to experiment with its properties.  In Figures 18 and 19, we show the results when samples of sizes n = 4 and 50 respectively are drawn from the underlying U-shaped population and the sample median for each sample is calculated and displayed.  From images such as this, it is clear that as the sample size increases, the distribution of sample medians has a smaller spread, but even with n = 50, the shape of the distribution does not appear to be even roughly normal.  

A particularly effective use of this simulation is to have the students conduct their own investigations of this sampling distribution on an individual or small group basis.  Having seen how such an analysis proceeds with the distribution of sample means, they can ask themselves the comparable questions about the sampling distribution: What is its shape?  What is its mean?  and What is its standard deviation?  They are then able to make some conjectures based exclusively on the visual and accompanying numerical displays.  In fact, different students can be assigned different projects of this nature using a variety of underlying populations and other sampling distributions such as those for the mode and the midrange.  This type of activity is extremely desirable to give the students a feel for discovering or conjecturing a mathematical theory on their own.  


The authors have also developed a comparable graphical simulation to investigate the properties of the distribution of sample proportions.

Simulating Estimation and Hypothesis Testing
The idea of graphical simulations can be applied to many other core topics in inferential statistics to increase student understanding.  We next consider the notion of estimation of the unknown mean μ for a population based on the data obtained from a random sample drawn from that population.  The confidence interval so constructed is centered at the sample mean 
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 and extends sufficiently far in each direction so as to have a pre-determined level of certainty of containing μ.  To construct a 95% confidence interval for the mean, the interval should have a 95% chance of containing μ.  More precisely, in 95% of the confidence intervals so constructed, the resulting interval should contain the true mean μ.


For most students in introductory statistics, the above statements again represent nothing more than acts of faith.  They do not fully appreciate the fact that the confidence interval constructed will correctly contain μ with probability 0.95.  There are few effective ways to construct a large variety of different confidence intervals based on different sample data to see whether or not the theoretical considerations actually make sense.  Instead, the students just perform the appropriate manipulations to calculate the correct answer to any such problem in a purely mechanical fashion or have the calculations done for them with either a calculator routine or some statistical software package.


However, computer simulation can do this type of repeated calculation.  In Figure 20, we show the results of an Excel program that generates repeated random samples from a given underlying population, constructs the corresponding confidence intervals and displays the results visually.  This graphical simulation provides an especially powerful tool to translate the statistical theory and predictions into ideas that the students can visualize and hence comprehend.  


The authors' Excel routine allows the user (either the instructor while conducting a live classroom demonstration or individual students working with the software in a computer laboratory setting or at home on their own) to select from among the same four underlying populations used in the Central Limit Theorem simulation.  The user also selects the desired confidence level, typically 90%, 95%, 98% or 99%, as well as the sample size and the desired number of samples.  


The program generates repeated random samples of size n = 50 from the selected population, calculates the mean and sample standard deviation for each, and calculates and plots the corresponding confidence interval.  A typical example of the graphical output is shown in Figure 20 for 90% confidence intervals.  Each successive confidence interval is drawn horizontally, so that the program draws 80 such intervals on each run.  The vertical line near the center indicates the location of the population mean μ.  The numerical results corresponding to Figure 20 show that, of these 90% confidence intervals, 73 of the 80, or 91.25%, contain μ.  
A single image such as this appears in most statistics textbooks, but it is only a static image;  the ability to generate repeated sets of samples, to change the underlying population, and most importantly, to change the confidence level and see the immediate effects, are extremely powerful attributes to help students understand the underlying ideas.  Repeated runs of this program can be used to demonstrate that, in the long run, the results will more or less average out to the predicted percentage of 90%.  In fact, a useful computer laboratory technique is to have all students run the program simultaneously, have them share and compile the outcomes, and ask them to find the average of the percentages of intervals that contain the true mean μ.


Moreover, it is useful to point out to the students that even when a confidence interval does not contain the population mean μ, it is usually a "near miss".  It is a very rare occurrence for the sample mean 
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 to be so far away from μ that the corresponding confidence interval dramatically misses μ.


In addition, within each run of the program, the lines drawn for the individual confidence intervals have different lengths.  This is because the length of each interval is based on the size of the sample standard deviation of the corresponding sample; it extends from  
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.  Thus, the program provides a visual dimension for seeing the effects of the standard deviation on the outcome of an estimation problem.  Similarly, if a different confidence level, say 98%, is used, then it is visually clear that most of the confidence intervals drawn are longer than those shown in Figure 20 for 90% confidence intervals.  Moreover, very few of these 98% confidence intervals do not contain μ.  Thus, the students see that, by increasing the confidence level, we achieve a much greater likelihood of the confidence interval containing μ.  Perhaps more importantly, such a program can be used to give students a greater appreciation of the nature of statistics:  any statistical result is based on the data from one particular sample and the result would likely change if a different sample is used.


Furthermore, it is useful to demonstrate that similar patterns occur when we change the underlying population.  Hence, the students see that the population from which the samples are drawn does not especially affect the type of results.


We mention in passing that a totally comparable approach can be used when working with confidence intervals for proportions.  The primary difference is that the user is able to define the population proportion π of the underlying population.


We next turn to hypothesis testing for means where data from a sample is used to make a decision about a claimed value for the mean μ of an underlying population.  If the sample mean 
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 is far from the supposed value for μ, then the data contradicts the claim and we reject the null hypothesis that the claimed value of  µ is the true value. If the sample mean 
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 is close to the claimed value for μ, then the data supports the claim and we either reserve judgment or fail to reject the null hypothesis.  


However, any such decision entails some element of risk.  There is no guarantee that the sample drawn is typical;  rather, it might have a particularly high or low mean 
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and so we might come to the wrong conclusion.  This difficulty is accounted for by pre-selecting an acceptable level of risk with the level of significance, α.  Typically α = 0.10, 0.05, 0.02, or 0.01.  Any sample mean 
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 falling in the least likely portion of the theoretical sampling distribution is interpreted as reasonable cause to reject the claim.


In a traditional statistics course without computer support, these ideas must usually be accepted by students on faith and so they end up working on the corresponding problems mechanically rather than with statistical understanding.  If the significance level is 0.05, they often do not appreciate the fact that only 5% of all possible sample means will fall into the rejection region when, indeed, µ has the claimed value.  However, as with confidence intervals, these ideas can be demonstrated very effectively with an appropriate graphics simulation.  We illustrate the results of the authors’ Excel simulation in Figure 21 based on a significance level of α = 0.05 with a two-tailed test.  The underlying population here is the one that is skewed to the right and has a mean μ = 71.19. Nevertheless, the theoretical sampling distribution is approximately normal since the sample size is n = 50.  The corresponding critical values for the statistic are drawn as the tall vertical lines on either side of the center of the sampling distribution.  Finally, 80 random samples of size 50 are generated, the sample mean of each is calculated and drawn as a shorter vertical line.  In the run of this program displayed in Figure 21, only 3 of the 80 sample means, or 3.75%, fell in the rejection region.  


When this simulation is used repeatedly, the students see that the proportion of sample means that fall in the rejection region is, in the long run, very close to the value of α.  Further, they see that most of the "rejects" are relatively close to the critical value.  They also begin to appreciate the fact that they are really dealing with just one possible sample when they perform a typical hypothesis test and can better assess the significance of the results of that test.    


It is worth pointing out that the sample means are "denser" near the center of the theoretical sampling distribution, which reinforces the notion that the distribution of sample means is indeed approximately normal. 


As with confidence intervals, it is also possible to treat hypothesis tests on the population proportion π in an analogous manner, but we will not give any of the details here.

Simulations for Regression Analysis We next consider the notions of linear regression and correlation.  Again, most students rarely appreciate the fact that the set of data they use to construct a regression equation or calculate the correlation coefficient is just one possible set of bivariate data for the two variables.  Rather, they get so involved in performing the calculations that they lose sight of the underlying statistical ideas.  However, both of these procedures lend themselves to graphical simulations to enhance the concepts visually.  In Figure 22, we show the results of drawing repeated samples of size n = 4 from an underlying bivariate population, calculating the regression line for each sample, and displaying it graphically.  For comparison, the regression line for the underlying population is also shown, as are the two parallel lines one standard error of the estimate above and below the population line.  In addition, the point corresponding to the two means, μx and μy, is highlighted by the circle in the center.  Recall that the regression line always passes through the point corresponding to the mean of the x’s and the mean of the y’s, so that this highlighted point certainly lies on the population regression line.  


Notice that the majority of the sample regression lines tend to be more or less similar in terms of overall slope and position.  However, there are many lines that are at very sharp angles to the population line; in fact, some of them are almost perpendicular to that line.  This image conveys the important message that regression analysis based on small samples can be highly suspect.  From a pedagogical standpoint, this kind of display can be very helpful in helping the students see that each sample gives rise to a different regression line, though most of them remain relatively close to the population regression line, especially as the sample size increases, and most of them pass fairly close to the indicated point.   Furthermore, whenever a new set of samples is run, the resulting image will change dramatically as very different sample regression lines are generated.

Moreover, particularly with larger sample sizes, it becomes evident that almost all of the sample regression lines pass very close to the point (μx, μy).  For each sample, we expect that the mean, 
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, of the x’s should be a good estimate for the mean μx of all the x-values in the population and that the mean, 
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, of the y’s should be a good estimate for μy.  As a result, we should expect that, for any given sample regression line, the corresponding point (
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) on it should be quite close to the point (μx, μy).  In turn, this explains why almost all of the sample regression lines pass close to the same point.

When we use larger sample sizes, the resulting sample regression lines usually lie very close to the population line, as shown in Figure 23 with n = 25 points, and so support the notion that increased sample size makes for far better predictions.  Moreover, the fan-shaped pattern seen here is quite typical of what one should expect – most of the lines have very similar slopes and most should pass very close to the point (μx, μy).  However, as one moves further away from this point, the various lines should be expected to diverge from one another.

Conclusions
The common thread running through the use of each of these graphical simulations is that they provide a visual dimension which allows a student to achieve a much firmer grasp of the statistical ideas.  It is no longer necessary that students merely accept statistical facts on faith and worry only about mastering statistical procedures mechanically.  They can also develop a deeper understanding of the statistical theory without actually studying the theory formally.

Note The authors would be happy to provide copies of their Excel simulations files to any interested readers for their own classroom use and to share with their students.  The files can be downloaded from ….  (to be added).
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Figure 1:  20 flips of a fair coin:  (a) the simulated outcomes and (b) the cumulative proportions of successes
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Figure 2:  Another run of 20 flips of a fair coin:  (a) the simulated outcomes and (b) the cumulative proportions of successes.
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Figure 3:  Simulating the Law of Large Numbers: Cumulative frequencies for 1000 flips of a fair coin.
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Figure 4:  500 simulated flips of a pair of fair coins.

[image: image22.emf]
Figure 5:  500 simulated flips of 3 fair coins.
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Figure 6:  500 simulated flips of 12 fair coins.
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Figure 7:  Simulation of a binomial experiment with n = 8 and p = 0.75.
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Figure 8:  The underlying (nearly) normally distributed population.
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Figure 9:  The means of 250 samples of size n = 4 drawn from the normal population. 
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Figure 10: The means of 250 samples of size n = 9 drawn from the normal population. 
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Figure 11: The means of 250 samples of size n = 16 drawn from the normal population. 
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Figure 12: The means of 250 samples of size n = 25 drawn from the normal population. 
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Figure 13: The underlying U-shaped (bimodal) population.
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Figure 14: The means of 250 samples of size n = 4 drawn from the U-shaped population. 
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Figure 15: The means of 250 samples of size n = 9 drawn from the U-shaped population.
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Figure 16: The means of 250 samples of size n = 16 drawn from the U-shaped population.
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Figure 17: The means of 250 samples of size n = 25 drawn from the U-shaped population.
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Figure 18:  The medians of 250 samples of size n = 4 drawn from the U-shaped population.
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Figure 19: The medians of 250 samples of size n = 25 drawn from the U-shaped population.
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Figure 20: Simulation of 90% confidence intervals.
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Figure 21: Simulation of hypothesis tests on sample means.
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Figure 22: Simulated regression lines based on samples of n = 4 points.
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Figure 23:  Simulated regression lines based on samples of n = 25 points.
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Sheet2

				Normal data						Uniform data				U-shaped				Skewed data

		mu, sigma,n=		68.07						68.47				68.61				71.19

				2.762						4.162				4.801				3.291

				210						424				397				410

		1		61		61		4		61		23		61		18		61		3

		2		61		62		12		61		28		61		22		61		5

		3		62		63		6		61		19		61		35		61		6

		4		62		64		16		61		24		61		44		62		15

		5		62		65		28		61		25		61		36		62		11

		6		62		66		54		61		27		61		21		62		10

		7		62		67		60		61		21		61		7		62		15

		8		62		68		70		61		29		61		8		62		14

		9		63		69		56		61		34		61		9		63		23

		10		63		70		32		61		29		61		10		63		20

		11		63		71		28		61		44		61		24		63		54

		12		64		72		20		61		37		61		34		63		58

		13		64		73		18		61		28		61		45		63		60

		14		64		74		12		61		35		61		41		63		54

		15		64		75		4		61		21		61		43		64		62

		16		64						61				61				64

		17		64						61				61				64

		18		64						61				61				64

		19		64						61				62				64

		20		65						61				62				64

		21		65						61				62				64

		22		65						61				62				64

		23		65						61				62				64

		24		65						62				62				64

		25		65						62				62				64

		26		65						62				62				64

		27		65						62				62				64

		28		65						62				62				64

		29		65						62				62				64

		30		65						62				62				65

		31		65						62				62				65

		32		65						62				62				65

		33		65						62				62				65

		34		66						62				62				65

		35		66						62				62				65

		36		66						62				62				65

		37		66						62				62				65

		38		66						62				62				65

		39		66						62				62				65

		40		66						62				62				65

		41		66						62				63				66

		42		66						62				63				66
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Sheet2

				Normal data						Uniform data				U-shaped				Skewed data

		mu, sigma,n=		68.07						68.47				68.61				71.19

				2.762						4.162				4.801				3.291

				210						424				397				410

		1		61		61		4		61		23		61		18		61		3

		2		61		62		12		61		28		61		22		61		5

		3		62		63		6		61		19		61		35		61		6

		4		62		64		16		61		24		61		44		62		15

		5		62		65		28		61		25		61		36		62		11

		6		62		66		54		61		27		61		21		62		10

		7		62		67		60		61		21		61		7		62		15

		8		62		68		70		61		29		61		8		62		14

		9		63		69		56		61		34		61		9		63		23

		10		63		70		32		61		29		61		10		63		20

		11		63		71		28		61		44		61		24		63		54

		12		64		72		20		61		37		61		34		63		58

		13		64		73		18		61		28		61		45		63		60

		14		64		74		12		61		35		61		41		63		54

		15		64		75		4		61		21		61		43		64		62

		16		64						61				61				64

		17		64						61				61				64

		18		64						61				61				64

		19		64						61				62				64

		20		65						61				62				64

		21		65						61				62				64

		22		65						61				62				64

		23		65						61				62				64

		24		65						62				62				64

		25		65						62				62				64

		26		65						62				62				64

		27		65						62				62				64

		28		65						62				62				64

		29		65						62				62				64

		30		65						62				62				65

		31		65						62				62				65

		32		65						62				62				65

		33		65						62				62				65

		34		66						62				62				65

		35		66						62				62				65

		36		66						62				62				65

		37		66						62				62				65

		38		66						62				62				65

		39		66						62				62				65

		40		66						62				62				65

		41		66						62				63				66

		42		66						62				63				66

		43		66						62				63				66

		44		66						62				63				66

		45		66						62				63				66

		46		66						62				63				66

		47		66						62				63				66

		48		66						62				63				66

		49		66						62				63				66

		50		66						62				63				66

		51		66						62				63				67

		52		66						63				63				67

		53		66						63				63				67

		54		66						63				63				67

		55		66						63				63				67

		56		66						63				63				67

		57		66						63				63				67

		58		66						63				63				67

		59		66						63				63				67

		60		66						63				63				67

		61		67						63				63				67

		62		67						63				63				67

		63		67						63				63				67

		64		67						63				63				67

		65		67						63				63				67

		66		67						63				63				68

		67		67						63				63				68

		68		67						63				63				68

		69		67						63				63				68

		70		67						63				63				68

		71		67						64				63				68

		72		67						64				63				68

		73		67						64				63				68

		74		67						64				63				68

		75		67						64				63				68

		76		67						64				64				68

		77		67						64				64				68

		78		67						64				64				68

		79		67						64				64				68

		80		67						64				64				69

		81		67						64				64				69

		82		67						64				64				69

		83		67						64				64				69

		84		67						64				64				69

		85		67						64				64				69

		86		67						64				64				69

		87		67						64				64				69

		88		67						64				64				69

		89		67						64				64				69

		90		67						64				64				69

		91		68						64				64				69

		92		68						64				64				69

		93		68						64				64				69

		94		68						64				64				69

		95		68						65				64				69

		96		68						65				64				69

		97		68						65				64				69

		98		68						65				64				69

		99		68						65				64				69

		100		68						65				64				69

		101		68						65				64				69

		102		68						65				64				69

		103		68						65				64				70

		104		68						65				64				70

		105		68						65				64				70

		106		68						65				64				70

		107		68						65				64				70

		108		68						65				64				70

		109		68						65				64				70

		110		68						65				64				70

		111		68						65				64				70

		112		68						65				64				70

		113		68						65				64				70

		114		68						65				64				70

		115		68						65				64				70

		116		68						65				64				70

		117		68						65				64				70

		118		68						65				64				70

		119		68						65				64				70

		120		68						66				65				70

		121		68						66				65				70

		122		68						66				65				70

		123		68						66				65				71

		124		68						66				65				71

		125		68						66				65				71

		126		69						66				65				71

		127		69						66				65				71

		128		69						66				65				71

		129		69						66				65				71

		130		69						66				65				71

		131		69						66				65				71

		132		69						66				65				71

		133		69						66				65				71

		134		69						66				65				71

		135		69						66				65				71

		136		69						66				65				71

		137		69						66				65				71

		138		69						66				65				71

		139		69						66				65				71

		140		69						66				65				71

		141		69						66				65				71

		142		69						66				65				71

		143		69						66				65				71

		144		69						66				65				71

		145		69						66				65				71

		146		69						66				65				71

		147		69						67				65				71

		148		69						67				65				71

		149		69						67				65				71

		150		69						67				65				71

		151		69						67				65				71

		152		69						67				65				71

		153		69						67				65				71

		154		70						67				65				71

		155		70						67				65				71

		156		70						67				66				71

		157		70						67				66				71

		158		70						67				66				71

		159		70						67				66				71

		160		70						67				66				71

		161		70						67				66				71

		162		70						67				66				71

		163		70						67				66				71

		164		70						67				66				71

		165		70						67				66				71

		166		70						67				66				71

		167		70						67				66				71

		168		70						68				66				71

		169		70						68				66				71

		170		71						68				66				71

		171		71						68				66				71

		172		71						68				66				71

		173		71						68				66				71

		174		71						68				66				71

		175		71						68				66				71

		176		71						68				66				71

		177		71						68				67				72

		178		71						68				67				72

		179		71						68				67				72

		180		71						68				67				72

		181		71						68				67				72

		182		71						68				67				72

		183		71						68				67				72

		184		72						68				68				72

		185		72						68				68				72

		186		72						68				68				72

		187		72						68				68				72

		188		72						68				68				72

		189		72						68				68				72

		190		72						68				68				72

		191		72						68				68				72

		192		72						68				69				72

		193		72						68				69				72

		194		73						68				69				72

		195		73						68				69				72

		196		73						68				69				72

		197		73						69				69				72

		198		73						69				69				72

		199		73						69				69				72

		200		73						69				69				72

		201		73						69				70				72

		202		73						69				70				72

		203		74						69				70				72

		204		74						69				70				72

		205		74						69				70				72

		206		74						69				70				72

		207		74						69				70				72

		208		74						69				70				72

		209		75						69				70				72

		210		75						69				70				72

		211								69				71				72

		212								69				71				72

		213								69				71				72

		214								69				71				72

		215								69				71				72

		216								69				71				72

		217								69				71				72

		218								69				71				72

		219								69				71				72

		220								69				71				72

		221								69				71				72

		222								69				71				72

		223								69				71				72

		224								69				71				72

		225								69				71				72

		226								69				71				72

		227								69				71				72

		228								69				71				72

		229								69				71				72

		230								69				71				72

		231								70				71				72

		232								70				71				72

		233								70				71				72

		234								70				71				72

		235								70				72				73

		236								70				72				73

		237								70				72				73

		238								70				72				73

		239								70				72				73

		240								70				72				73

		241								70				72				73

		242								70				72				73

		243								70				72				73

		244								70				72				73

		245								70				72				73

		246								70				72				73

		247								70				72				73

		248								70				72				73

		249								70				72				73

		250								70				72				73

		251								70				72				73

		252								70				72				73

		253								70				72				73

		254								70				72				73

		255								70				72				73

		256								70				72				73

		257								70				72				73

		258								70				72				73

		259								70				72				73

		260								71				72				73

		261								71				72				73

		262								71				72				73

		263								71				72				73

		264								71				72				73

		265								71				72				73

		266								71				72				73

		267								71				72				73

		268								71				72				73

		269								71				73				73

		270								71				73				73

		271								71				73				73

		272								71				73				73

		273								71				73				73

		274								71				73				73

		275								71				73				73

		276								71				73				73

		277								71				73				73

		278								71				73				73

		279								71				73				73

		280								71				73				73

		281								71				73				73

		282								71				73				73

		283								71				73				73

		284								71				73				73

		285								71				73				73

		286								71				73				73

		287								71				73				73

		288								71				73				73

		289								71				73				73

		290								71				73				73

		291								71				73				73

		292								71				73				73

		293								71				73				73

		294								71				73				73

		295								71				73				74

		296								71				73				74

		297								71				73				74

		298								71				73				74

		299								71				73				74

		300								71				73				74

		301								71				73				74

		302								71				73				74

		303								71				73				74

		304								72				73				74
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		325								72				74				74

		326								72				74				74
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		354								73				74				75

		355								73				75				75

		356								73				75				75

		357								73				75				75

		358								73				75				75

		359								73				75				75

		360								73				75				75

		361								73				75				75

		362								73				75				75

		363								73				75				75

		364								73				75				75

		365								73				75				75

		366								73				75				75

		367								73				75				75

		368								73				75				75
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		372								74				75				75
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		375								74				75				75
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(1)  Start with the Normal population and samples of size n = 4.  Look for three things with the sample means displayed. 
   1.  Based on the samples generated, does the shape of the distribution of sample means also look normal?
  2.  Based on both the second graph and on the numerical values listed, how does the mean of the sample means compare to the mean of the underlying normal population?
  3.  Based on both the horizontal spread in the sample means that you can see in the second graph and on the numerical values listed, how does the standard deviation of the sample means compare to the standard deviation of the underlying normal population?

(2)  Staying with the Normal population, now consider samples of size n = 9.  Look for the same three things with the sample means displayed. 
   1.  Based on the samples generated, does the shape of the distribution of sample means also look normal?
  2.  Based on both the second graph and on the numerical values listed, how does the mean of the sample means compare to the mean of the underlying normal population?
  3.  Based on both the spread in the sample means that you can see in the second chart and on the numerical values listed, how does the standard deviation of the sample means compare to the standard deviation of the underlying normal population?

(3)  Staying with the Normal population, now consider samples of size n = 16 and then samples of size n = 25.  Look for the same three things with the sample means displayed. 
   1.  Based on the samples generated, does the shape of the distribution of sample means also look normal?
  2.  Based on both the second graph and on the numerical values listed, how does the mean of the sample means compare to the mean of the underlying normal population?
  3.  Based on both the spread in the sample means that you can see in the second graph and on the numerical values listed, how does the standard deviation of the sample means compare to the standard deviation of the underlying normal population?

(4)  Now repeat the previous investiations with any of the other possible populations -- the uniform population, the U-shaped population, or the skewed population.  Again, start with samples of size n = 4, then samples of size n = 9, n = 16, and n = 25, and look for the same three things with the sample means displayed. 
   1.  Based on the samples generated, does the shape of the distribution of sample means also look normal?
  2.  Based on both the second graph and on the numerical values listed, how does the mean of the sample means compare to the mean of the underlying normal population?
  3.  Based on both the spread in the sample means that you can see in the second graph and on the numerical values listed, how does the standard deviation of the sample means compare to the standard deviation of the underlying normal population?

(5) Based on the previous investigations, when you think about the sampling distribution of the means that consists of the mean of every possible sample of size n drawn from an underlying population:
  1.  How does the mean of the sampling distribution compare to the mean of the underlying population?  
  2.  How does the standard deviation of the sampling distribution compare to the standard deviation of the underlying population?  Can you write a formula that relates these two standard deviations?

(6)  Conclusions:
I.  Whenever the underlying population is normal, the sampling distribution for the mean is also normal, no matter the sample size.
II.  When the underlying population is not normal, the sampling distribution of the mean many not be normal, but it looks more and more normal as the sample size increases.  
III.  Whatever the shape of the underlying population, the sampling distribution of the mean is effectively normal whenever the sample size is 31 or larger.
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