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Abstract  This article illustrates ways that dynamic software using some sophisticated techniques in Excel can be used to demonstrate fundamental ideas related to regression and correlation analysis to increase student understanding of the concepts and methods in elementary statistics courses and in courses at the college algebra/precalculus level that stress ideas on curve fitting techniques.  

1 Introduction


One of the standard topics in introductory statistics is linear regression and correlation analysis. Regression is the process of finding the best line, in the least squares sense, to fit a set of data that falls into a roughly linear pattern;  correlation is a way to measure how well the regression line actually fits the data.  

Unfortunately, for many students in introductory statistics, the ideas on regression lines seem to have nothing to do with anything they have seen before in mathematics.  Their vague recollection from algebra classes is that lines have something to do with finding an equation based on two points using a quantity called the slope that they often never really understood.  The fact that regression involves dozens, if not hundreds, of points and that the line they are expected to produce does not necessarily pass through any of them seems like a totally different concept.  


Moreover, the calculations involved in finding the equation of the regression equation and the value of the correlation coefficient are so involved that it is almost essential to utilize technology.  All graphing calculators contain routines for constructing the regression line for any set of x-y data and the value of the associated correlation coefficient, as do statistical software packages and spreadsheets such as Excel.  It is this capability that makes it reasonable to bring these topics to the forefront of introductory statistics courses, as well as courses in college algebra and precalculus that focus on curve-fitting as a way to illustrate the use of various families of functions.  At the same time, the techniques all too often become reduced to button-pushing routines and far too many students come away with very little in the way of basic understanding of the underlying fundamental concepts.  In particular, they don’t understand the significance of:
       (  the variation in the results due to the variations between different samples;

(   the effects of sample size on the results;

· the effects of changes in the sample data or the sample statistics on the results;

Yet, these are the fundamental issues that lie at the heart of every statistical technique, not just regression and correlation.  Gaining a solid understanding of these ideas requires the use of dynamic software to bring the ideas to life and so make a far stronger impact on the students, as we demonstrate in this article.

2  Background
      
Although in most mathematicians’ minds, the algebra-precalculus-calculus and beyond track is the dominant focus for the mathematics curriculum, at least in the United States, introductory statistics courses have eclipsed calculus in terms of the total number of students taking courses.  At the college and university level, in 2010, some 449,000 students took introductory statistics courses offered by mathematics departments and statistics departments (Blair et al. 2012).  This total was growing at an annual rate of slightly over 7%.  In addition, many times more students take introductory statistics courses offered by other departments that prefer to give their own versions of the course under names such as biostatistics, econometrics (for economics), psychometrics (for psychology), social statistics (for sociology), and so on.  Admittedly, probably a good 90% of the content of these courses overlap.  


In addition, statistics is rapidly growing in popularity as an elective course in American high schools.  In 2016, over 206,000 students took the national final exam in the Advanced Placement (AP) course in statistics The College Board, (2016), up over 6% from the previous year.  Many other students take the course, but do not take the final exam.


In comparison, in 2010 the total enrollment in “calculus-level” mathematics courses in colleges and universities was approximately 886,000, (Blair et al. (2012)).  Note, though, that this includes up to three semesters of calculus, differential equations, linear algebra, and discrete mathematics, so the actual number of students, as opposed to enrollment, was considerably smaller.  Moreover, this total was growing at an annual rate of about 5%.  In addition, about 433,000 high school students took the AP calculus final exam in 2016, an increase of about 3% over the previous year according to The College Board, (2016).


Consequently, it appears that there are many more students in the U.S. who are taking introductory statistics courses each year than there are in calculus courses, and the growth rates appear to be higher in statistics.  In turn, this suggests that it is becoming increasingly important to focus attention and resources on improving student learning of statistics, a subject that tends to be far more counter-intuitive than calculus and one that tends to attract students who are mathematically less sophisticated than those who take calculus.

Moreover, at most large universities in the U.S., introductory statistics courses are given either by a statistics department with statistically-trained faculty or by individual departments (such as economics, business, biology, psychology, etc) that use statistics heavily, so the faculty are well versed in statistics. At some small colleges, the introductory statistics courses are given by trained statisticians who are often in the mathematics department.  

However, at many schools, particularly two-year colleges and most four-year colleges, introductory statistics courses are offered by the mathematics department with instructors (often part-time faculty) having little, or no, formal statistical training.  According to the 2000 CBMS study (Blair et al. (2012)), over 400,000 students took introductory statistics in a mathematics department; this number represents about four times the number taking such a course through a statistics department. Moreover, the AP (Advanced Placement) Statistics program in the high schools has been growing extremely rapidly (The College Board, (2016),);  in 2002, about 50,000 students took the AP exam at the end of the course, and this number had been growing at an annual rate of about 25%.  As with the college mathematicians who teach the introductory statistics courses, most of the high school teachers have had very little, if any, formal statistical training (though many have had a short teacher development workshop in statistics).  It is these two groups to whom this article is primarily directed.

It is not just that these individuals’ training has been almost exclusively in mathematics or mathematics education, but that most of their professional focus has been mathematically related as opposed to statistically related.  As such, they may be familiar with articles in the mathematics journals, but rarely any in publications focused on statistical education such as the on-line Journal of Statistics Education.  As such, they are often not particularly current in terms of statistical education.  

3  Dynamic Programs in Excel  

Two key notions that underlie virtually every concept and method in statistics are randomness and variation among samples.  Has the sample been collected in a truly random fashion that reflects the underlying population?  How representative of that population is this one sample?  How does this single sample compare to other possible samples drawn from the same population? 


Fortunately, most of the critical topics in probability and statistical inference can be dramatically presented using computer graphics simulations to allow students to visualize the underlying statistical populations and so enhance their understanding of the statistical concepts and methods.  Many years ago, we addressed the challenge of making these notions evident to students by developing a comprehensive package of computer graphics simulations using BASIC that addressed virtually every topic in introductory probability and statistics.   Unfortunately, BASIC routines have become outmoded over the years, especially in terms of being able to provide students (or even colleagues) with copies of the files to explore the statistical concepts on their own computers.  We have lately returned to this challenge and have developed a much more extensive package of dynamic interactive graphical simulations of the mathematics (DIGMath) using Excel because it is available on almost all computers today.  Moreover, Excel has the further advantages that it does not require any plug-ins or internet connections, as for example, using Flash, Java, or JavaScript, and it is the standard technology tool for virtually every discipline outside of mathematics. (The complete package can be downloaded from our websites 
 (S.P. Gordon & F.S. Gordon (2017) or (F. S. Gordon & S.P. Gordon (2017)) for
 use either by instructors for in-class demonstrations of these ideas or by students for individual or small-group investigations and/or projects, as discussed at the end of this article.) 

In the intervening years, many other statistics educators have thought deeply about these issues and have developed specialized software tools to implement random simulations of many of the basic statistical ideas and techniques.  These issues have been discussed in a variety of articles, primarily in the statistics literature, as summarized by Mills (2002) for the early years, as well as in individual papers in the Journal of Statistics Education.  All of the articles in volumes 1 through 24 of the latter from 1993 through 2014 can be accessed from the journal’s website, The Journal of Statistics Education, (1993-2015);  subsequent issues from 2015 (volume 25) on can be found at The Journal of Statistics Education, (2016 -), There are many applets available on the Web and many of the same kinds of simulations can be generated using statistical software packages such as Minitab.  These efforts have had considerable impact on the teaching of statistics among professional statisticians, but probably much less impact on the teaching of statistics by mathematicians or by statistical users in other disciplines.  In part, this may be due to the fact that mathematics faculty without statistical training are often uncomfortable with using such statistical packages in the classroom;  others feel it is not appropriate to require students to purchase specialized software in addition to an expensive textbook and calculator;  others feel that the one software tool that almost all of their students will someday use in other courses and on the job is Excel (and the majority of students today appear to arrive on campus already knowing how to use it).  As a consequence, there seem to be good reasons to have such simulations available in Excel, so that both faculty and students can have easy access to their use without needing to expend money or time in learning new programs.
In this article, we discuss ways in which such dynamic software can be used to enhance student understanding of the fundamental concepts related to regression and correlation. As will be illustrated later in the article, these spreadsheets all use sliders and other Excel controls to provide dynamic effects in which parameters and statistical measures can be changed and the resulting effects can be seen virtually instantaneously. Some utilize random simulations to illustrate the variations that occur in the results due to different samples. 

In particular, we will discuss the various aspects of regression and correlation that can be enhanced using such software.  Many of the same things can certainly be done using the applets available on the web; however, we focus specifically on ways to use such software as teaching and learning tools to enhance student understanding of the statistical ideas and methods, something that is not always incorporated in the on-line software.
4 Simulations for Regression Analysis We begin by considering the notion of linear regression.  Virtually every problem in statistics textbooks gives the students a single set of data and asks them to construct the regression line based on that data and perhaps use the equation to answer some predictive questions.  Regression analysis also arises in all courses in the lab sciences, where students similarly collect one set of sample data and have to construct (possibly only graphically) a line that fits the data. Similarly, as mathematical modeling becomes ever more prominent in high school algebra, college algebra, and precalculus courses, students are also expected to fit a line (or other non-linear function) to a set of data, assess how good the fit is, and use the function so constructed as a model to answer predictive questions.  In all of these settings, most students rarely appreciate the fact that the set of data they have is just one possible set of bivariate data for the two variables under consideration.  Rather, they get so involved in finding the line (or curve) that fits the data, either graphically or using technology or, worst yet, by performing the actual calculations, that they lose sight of the underlying statistical ideas.  

Furthermore, in the process of discussing the regression line to fit a set of data, particularly laboratory data, it is natural to emphasize that there could be many different sets of data, each leading to a different regression line.  A simple computer graphics simulation provides the visual support to make these different lines come to life and provides the means for an investigation on the effects of using different sample sizes.  We have developed a very effective version of such a simulation in Excel that is available to any interested reader. It allows the user to select the sample size n (between 2 and 40) and the number of such samples (between 5 and 20).  It then generates repeated random samples of size n from an underlying bivariate population that falls into a roughly linear pattern, as shown in Figure 1.  The program then calculates the regression line for each random sample and displays the line graphically as illustrated in Figure 2.  
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Figure 1:  The underlying bivariate population

For comparison, the simulation also shows the regression line for the underlying population.  In addition, the point (μx, μy) corresponding to the means μx and μy of the x-values and the y-values, respectively, is highlighted by the circle in the center.  Recall that the regression line always passes through the point (
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) corresponding to the mean of the x’s and the mean of the y’s, so that this highlighted point certainly lies on the population regression line.
In Figure 2, we show one set of results from this dynamic simulation that draws 10 random samples of size n = 3. Figure 3 shows a different run of the simulation, also with 10 samples of size n = 3.  Obviously, the results are quite different. 
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Notice that the majority of the sample regression lines tend to be more or less similar to one another in terms of overall slope and position.  However, there are some regression lines whose slopes vary dramatically from that of the population’s regression line (the heavy line in the figure) and so are at very sharp angles to the population line; in fact, some of them are almost perpendicular to that line. With samples of size n = 3, one can easily visualize selecting three points whose x-values are reasonably close to one another with relatively large differences in the y-values, so that the corresponding regression line would be at a steep angle compared to the population regression line.  However, this is very unlikely to happen with larger sample sizes, so that one should expect that the sample regression lines based on larger samples should be more closely aligned to the population regression line.  This image conveys the important message that regression analysis based on small samples can be highly suspect.  From a pedagogical standpoint, this kind of display can be very informative in helping the students see that each sample gives rise to a different regression line, though most of them remain relatively close to the population regression line, (at least when the sample size n is small), and most of them pass fairly close to the indicated point (μx, μy).   Furthermore, whenever a new set of samples is run (seemingly instantaneously at the push of a button), the resulting image will change dramatically as very different samples are likely drawn and hence very different sample regression lines are generated.
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When we use larger sample sizes, almost all of the sample regression lines have slopes that are very close to that of the population regression line and so the resulting sample regression lines usually lie much closer to the population line, as shown in Figure 4 with n = 25 points.  In turn, this reinforces the notion that increased sample size makes for far better predictions.  Moreover, the fan-shaped pattern seen here is quite typical of what happens – most of the lines have very similar slopes and most pass very close to the point (μx, μy).  However, as one moves further away from this point, the various lines certainly tend to diverge from one another. 

Moreover, particularly with larger sample sizes, it becomes evident that almost all of the sample regression lines pass very close to the point (μx, μy).  For each sample, we expect that the mean, 
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, of the x’s should be a good estimate for the mean μx of all the x-values in the population and that the mean, 
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, of the y’s should be a good estimate for μy.  As a result, we should expect that, for any given sample regression line, the corresponding point (
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) on it should be quite close to the point (μx, μy) on the population's regression line.  In turn, this explains why almost all of the sample regression lines pass close to the same point.

This kind of investigation also provides a wonderful opportunity to stress two of the key themes in statistics – the effect of sample size on the outcome and the variation that occurs both within a sample and between different samples.  
5  Simulation of the Correlation Coefficient
We next turn to a consideration of the correlation coefficient r, which is used as a measure of how well a line fits a set of data.  In particular, the possible values for r range from a minimum of -1 to a maximum of +1.  Values of r close to 1 indicate a high level of positive correlation between the variables (the slope of the regression line is positive and the points are tightly clustered about the line) and values of r close to -1 indicate a high level of negative correlation (the slope of the regression line is negative and the points are also tightly clustered about the line).  Values of r close to 0 indicate no correlation and the points are widely distributed without any particular pattern about the regression line.
Furthermore, the square of the correlation coefficient, r2, the coefficient of determination, indicates the percentage of the vertical variation in the data about the line that can be attributable to the linear model.  Thus, if r = 0.8, then r2 = 0.64 and hence 64% of the variation can be explained by the linear function, so that 36% is not so explained. 

In order to determine whether the value r for the correlation coefficient based on a given set of data is "close enough to +1" or "close enough to -1" to conclude that there is indeed a high level of correlation between the two variables, one compares the value of r obtained to an appropriate critical value for the correlation coefficient from a statistical table.  Each of the critical values corresponds to a different sample size n and, the larger that n is, the smaller the critical value.  Thus, for a sample of size n = 5, the critical value is 0.878, so that the correlation coefficient for the data must be larger than this number in order to conclude that there is a statistically significant level of correlation.  Similarly, for a sample of size n = 15, the critical value is 0.514, so it is a much lower bar that one must get over to conclude statistical significance.  The reason is that the larger sample size provides considerably more information and hence one needs less conclusive evidence.  Honestly, these are fairly sophisticated notions that likely go over the heads of many students in introductory statistics.
To provide deeper insight into these ideas, we have developed another dynamic spreadsheet to simulate the results of examining the correlation coefficients associated with many different bivariate samples drawn from the same underlying population used in the regression simulation.  The user has the choice of the sample size n, between 3 and 50, and the number of random samples, between 50 and 250. The program then generates repeated random samples of that size, calculates the correlation coefficient for each random sample, and displays the values graphically in a bar chart to show their distribution.  The program also displays the mean and standard deviation of the correlation coefficients from the random samples and allows the user to compare that mean to the correlation coefficient of the underlying population. 

In Figure 5, we show the results of one run of this program with 200 samples of size n = 7.  Notice that the resulting set of sample correlation coefficients seem to be widely scattered across the histogram from about r = 0.7 to r = 1 with the bulk of them clustered toward the right side with values above r = 0.9.  (Occasionally, there will be a small cluster at the far left of the bar chart, which indicates samples for which there is little or no correlation; these are samples for which r is 0.5 or smaller.)  Moreover, the correlation coefficient for the underlying population is r = 0.926; for the samples in Figure 5, the mean of the 200 correlation coefficients was 0.919 with a standard deviation of 0.082.  Despite the wide variation in the values of the sample correlation coefficients, their average is surprisingly close to that of the population and the standard deviation is fairly small. Additional runs of the programs produce very comparable results, though the actual distribution will change fairly dramatically. 
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Figure 5:  The correlation coefficients of 200 random samples of size n = 7

In Figure 6, we show the results with 200 samples of size n = 20.  Notice that almost all of these sample correlation coefficient values are clustered fairly closely about the population correlation coefficient value r = 0.926 in a shape that begins to look somewhat normal (although it is definitely skewed to the left).  This means that most of the regression lines associated with these samples have fairly comparable slopes.  The mean of the 200 correlation coefficients is 0.924, which is quite close to the population value r = 0.926, and the associated standard deviation is 0.036, which reinforces the conclusion that the distribution is much more densely packed about the population value.  Also, repeated sets of samples of the same size have the same properties.  
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Figure 6:  The correlation coefficients of 200 random samples of size n = 20


Furthermore, Figure 7 shows the results of 200 samples of size n = 50, where we see that the correlation coefficient values are much more densely packed and the shape of the bar chart is even more suggestive of a normal shape. The corresponding mean of these 200 correlation coefficients is 0.928 with a standard deviation of 0.018. Therefore, we see that, as the sample size increases, it becomes evident that the resulting sample correlation coefficients become ever more tightly clustered about the population correlation coefficient.
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Figure 7:  The correlation coefficients of 200 random samples of size n = 50
Moreover, as the sample size n gets closer to the maximum value of 50 allowed in this program, notice that the shape of the distribution of correlation coefficients looks more and more normal.  But it is always skewed because there is a fixed cut-off at the right, namely r = 1 and the underlying population has a correlation coefficient that is quite close to 1, while there can be a tail to the left.  Moreover, the mean of the sample values generated in the program are typically very close to the value of r for the underlying population, for any value of the sample size n.  Finally, notice how the value for the standard deviation typically gets smaller as the sample size increases.  This simply reflects the fact that, for larger samples, the values of the correlation coefficient are clustered ever more tightly about the population value and the spread diminishes dramatically.  Note, though, that merely increasing the sample size does not necessarily mean that the average of the sample correlation coefficient values will automatically be closer to the population correlation coefficient nor does it mean that the standard deviation of those sample correlation coefficient values will automatically be smaller.  This is an important point to emphasize to students. 
6  Effects of an Extra Point on the Regression Line and the Correlation Coefficient

We next consider the effect that an extra point, say an outlier, can have on both the regression equation and the correlation coefficient using a third dynamic program. In this module, the user can experiment with an underlying set of 5 points, 10 points, and 20 points, each found on a separate page (via a different tab at the bottom) of the spreadsheet.  The program draws the scatterplot of those data points and the associated regression line, along with the equation of that line and the corresponding correlation coefficient.  The location of the "extra" point is controlled by a pair of sliders that allow the user to move the point horizontally and vertically.  As it moves, the associated regression line based on the extended set of points is drawn and the corresponding equation of the line and the correlation coefficient are displayed, as illustrated in Figure 8.  
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Figure 8:  The effects of an extra point

Students can easily see the effects of the position of the extra point.  When it is positioned relatively close to the regression line for the underlying set of data, the two regression lines are, visually, very close and the coefficients in both equations are numerically very close to one another.  Also, the values for the correlation coefficients are close to one another.  As the extra point moves farther and farther away from the underlying regression line, the differences become more and more pronounced:  
· the slopes of the two regression lines become significantly different and hence the lines diverge more and more sharply from one another;  
· the intercepts of those lines become significantly different;  
· the two equations differ more and more from each other;  and 
· the values for the two correlation coefficients become more and more different. 


Moreover, when comparing the same kinds of changes when there are 5, 10, and 20 underlying points, students see that the effects of the extra point are greatly magnified when there are only five points and are less and less pronounced as the number of points increases.  This reinforces the notion that effects of an outlier are diluted with larger sample sizes, a fundamental concept that definitely needs repeated emphasis in different contexts for many students.

7  Visualizing the Sum of the Squares

We next consider the use of the sum of the squares as an alternate way of measuring the goodness of the linear fit, so that students have a tool other than the correlation coefficient with which to make a decision.  Because there is a simple geometric image associated with it, most students in introductory statistics and in precalculus and algebra courses that incorporate curve fitting as a major topic find it more meaningful than the correlation coefficient that is calculated by some rather arcane formula.  In turn, when faced with the problem of finding the parameters – either the slope and intercept of a line or the parameters associated with some nonlinear function – to improve on the fit of a function to the data by reducing the sum of the squares value, many students react to it as a challenge and excitedly experiment with the effects of varying the parameters to produce a better fit than anyone else in the class.
As an exploratory tool to investigate the sum of the squares, one of the authors has developed still another dynamic spreadsheet that visually displays the sum of the squares associated with a set of data.  The user can select between 2 and 20 data points and then has to enter the coordinates for those points. The program draws the scatterplot.  The program asks the user to supply values for the slope and the vertical intercept of a possible line that fits the data and the corresponding line is then superimposed over the scatterplot.  In addition, the program displays the value of the sum of the squares.  See Figure 9.  This allows students to experiment with changing the equation of the line via its parameters and seeing both visually and via the value for the sum of the squares how well the line comes to fitting all the data points.   
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Figure 9:  The sum of the squares
8  Other Lines that Fit the Data


In addition to the topics discussed above, the authors have also developed comparable dynamic spreadsheets to allow students and/or instructors to experiment visually with a variety of other topics dealing with the notion of fitting a line to a set of data.  One of these is a graphical implementation of the median-median line, which is implemented on many graphing calculators;  this is based on creating a line by:

(1) partitioning the data into three groups (the lowest, the middle, and the greatest),
(2) finding the median of each group, 
(3) using the two points corresponding to the first and the third median values; and
(4)  adjusting that line based on the second median value to produce a line to fit the data.  
A second spreadsheet is a random simulation of the median-median line that generates many random samples from the underlying bivariate population, calculates and draws the corresponding median-median lines, and displays the associated statistical values.  
In a similar way, a third program simulates the quartile-quartile line, which creates a line to fit a set of data by finding the first and fourth quartiles of the data and finding the line that passes through those two points.  
A fourth program is a simulation of all three best-fit lines in which the user can select the sample size (between 4 and 40) and the program generates a random sample of that size from the same underlying bivariate population used previously and displays the associated scatterplot.  The program then calculates and displays the regression line, the median-median line, and the quartile-quartile line, as well as the value for R2,  the coefficient of determination for each of the three lines to provide a measure of how well each line fits the sample data.  The idea is to compare how well each of the three lines, each based on a different approach, fits the data. While we do not go into any further details here, all of these programs are available for download from the authors' websites.
9  Related Curve Fitting Routines

One of the present authors (S.P. Gordon (2017) has also created a variety of related dynamic spreadsheets for demonstrating and experimenting with nonlinear curve fitting.  One fits the best exponential function to a set of data entered by the user; another fits the best power function to a set of data.  A third generates the best linear, exponential, and power function to fit a set of data, so that the user can see and compare all three to decide which seems to be the best choice among the different candidates.  Still another performs polynomial regression where the user has the choice of the desired degree.  And, finally, one fits a sinusoidal function (either a sine or a cosine) to a set of roughly periodic data.   
10  Conclusions


For most students in introductory statistics, the fundamental concepts regarding regression and correlation are quite sophisticated, particularly the ways in which the result can vary dramatically from one sample to another.  In addition, the manner in which the results changes as a function of the sample size can also be challenging for many of these students to graph.  The use of dynamic software simulations (whether the ones developed by the authors or others available on-line) can provide invaluable teaching and learning tools to increase student understanding of the ideas and help them master the concepts in ways that make the techniques understanding and hence adaptable to many different situations that will arise in other courses and in increasingly many careers.

All of the dynamic spreadsheets mentioned here, as well as many others covering virtually every topic in introductory statistics and probability, can be downloaded from the authors’ websites.  If interested readers have any suggestions for additional topics they would like to see treated, they are encouraged to contact the authors with their suggestions.
References
College Board, (2016), AP Program Participation and Performance Data 2016, The College Board, URL: https://research.collegeboard.org/programs/ap/data/participation/ap-2016
Blair, Richelle, Ellen E. Kirkman, and James W. Maxwell, Eds., (2012), Statistical Abstract of Undergraduate Programs in the Mathematical Sciences in the United States, The Fall 2010 CBMS Survey, American Mathematical Society, Providence, RI. ISBN 978-0-8218-9412-5
Gordon, Sheldon P. and Florence S. Gordon, (November, 2017), Dynamic spreadsheets for statistics and probability, Farmingdale State College of SUNY, URL: http://www.farmingdale.edu/faculty/sheldon-gordon/dynamicstatistics.shtml 
Gordon, Florence S. and Sheldon P Gordon, (November, 2017), Dynamic spreadsheets for statistics and probability, New York Institute of Technology,  URL: http://iris.nyit.edu/~fgordon/StatisticalSimulations.htm

Gordon, Sheldon P., Dynamic spreadsheets for college algebra and precalculus, (September, 2017), Farmingdale State College of SUNY, URL: http://www.farmingdale.edu/faculty/sheldon-gordon/dynamicprecalculus.shtml

Journal of Statistics Education, (1993-2015), vols 1-24, American Statistical Association, URL: http://ww2.amstat.org/publications/jse/jse_archive.htm
Journal of Statistics Education, (2016 -  ), vols 25- , Taylor & Francis, URL: http://tandfonline.com/toc/ujse20/current
Mills, Jamie D., (2002), Using Computer Simulation Methods to Teach Statistics: A Review of the Literature, Journal of Statistics Education, vol 10.

Figure 2:  Simulated regression lines based on samples of n = 3 points














Figure 3:  Simulated regression lines based on samples of n = 3 points
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Figure 4:  Samples regression lines with n = 20
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						the regression line based on repeated
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														The band is centered on the population regression line
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		The Scatterplot of the Underlying Bivariate Population

		Click each item below for suggestions and investigations

				Item 1

				Item 2

				Item 3

				Item 4



Start with a small value for the number of random points, say n = 3.  Observe that the resulting set of sample regression lines seem to be widely scasttered all over the map.  Request a new set of samples and notice that the pattern of the lines changes dramatically, but that there are still many lines drawn at sharp angles to the red regression line for the underlying population.

Now increase the sample size somewhat, say to n = 10.  Notice what happens to the resulting regression lines.  They tend to be more consistent with one another -- there are few, if any, lines drawn that are at sharp angles to the population regression line.  Thus, most of the lines are reasonably close to the population line.  Repeat this with new sets of samples and notice that the same result seems to occur. You should see the occasional lines that are still quite different, however.

Now increase the sample size still further, say to n = 25 or n = 30.  You will observe that all of the sample regression lines are clustered very closely about the population regression line -- they all have virtually the same slope and virtually all of them pass through the red dot in the center of the population line.  Also, repeated samples have the same property.  So, as the sample size increases, the resulting sample regression lines become ever better matches to the population regression line.

To understand what is happening,  look at the scatterplot of the underlying population to the right.  Picture what can happen if you have a small sample, say 2 or 3 points.  Do you see why some of the sample regression lines can end up at almost right angles to the population regression line?  Click on the tab at the bottom marked "Scatterplot" to see some further investigations based on the scatterplot of the underlying population on the next page.

Every regression line has the property that it passes through the point whose x-coordinate is equal to the mean of all the x-values and whose y-coordinate is equal to the mean of all the y-values.  For the population regression line shown in the graph above, that "center" point is marked with the red circle.  

In the same way, every sample regression line passes through the point (x-bar, y-bar).

When the sample size n is relatively large, we should expect that the mean of the x-values for the sample, x-bar, will be fairly close to the value for the mean of all the x-values in the population.  Similarly, the mean of the y-values for the sample, y-bar, will be fairly close to the value for the mean of all the y-values in the population.  Therefore, the point (x-bar, y-bar) on a sample regression line should be quite close to the "center" point for the population regression line.

As a result, we should expect that, as the sample size increases, all of the sample regression lines should pass very close to the red point in the above graph.

Even thugh all of the sample regression lines  pass very close to the red point in the above graph  when the sample size n is reasonably large, as we move away from that "center" point, any slight difference in the slopes of the sample regression lines will become more and more magnified.  This means that, in both directions, the sample regression lines will diverge slightly from the population regression line.  The result of this is the fan-shaped effect you should notice in the above graph.  If the window was expanded further, you should expect the fans to spread out even more.
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		1		9.09214193		9.22605615		437		5.3936026916		7.5269307805		40.5972741171		29.090949995		484		4.0045094149		5.7257781052		22.92893233		16.0360956541		220		4.3773948231		7.3350110651		32.1082394636		19.1615854369		402		0.6384557254		-0.5952878399		-0.3800649297		0.4076257133		137		8.8662054094		15.3951634283		136.4966812676		78.6095983623		432		0.8076230621		0.3307896717		0.2671533676		0.6522550105		77		2.62332655		4.44153764		11.6516036138		6.8818421879		325		5.1724263291		6.2218467805		32.1820441028		26.75399413		372		0.4149404452		0.4724075273		0.1960209897		0.1721755731		302		1.7599831211		1.5909511217		2.8000471206		3.0975405865		422		8.9004426077		12.3543221486		109.9589352402		79.2178786128		152		6.9202326294		8.9745040915		62.1056560468		47.8896196449		14		2.35391531		1.08322714		2.5498249491		5.5409172867		365		8.8782001103		12.3490015261		109.636906712		78.8224371993		315		8.9355246603		15.3935482097		137.5494296373		79.843600955		462		1.0059581562		0.1279779159		0.1287404283		1.0119518121		173		4.2856205396		5.7101114325		24.4713708384		18.3665434096		258		1.2394882492		0.733556646		0.9092348429		1.53633112		45		9.37237474		9.61764637		90.1401858964		87.841408267		120		0.3535435374		-1.0731643416		-0.3794103176		0.1249930328		183		2.3217560734		2.9248271346		6.7907351633		5.3905512644		280		4.6960122517		6.343121289		29.7873752875		22.0525310684		69		9.3413851		14.2098571		132.7397473871		87.2614755865		465		3.9416342223		5.5369219843		21.8245211795		15.5364803424		427		6.988534876		9.3455077582		65.3114069016		48.8396197125		230		8.7358017372		13.5041424904		117.9695114276		76.3142319924		318		3.8323661246		4.9005898149		18.7808543971		14.6870301126		462		1.0059581562		0.1279779159		0.1287404283		1.0119518121		2		7.73094449		8.6631947		66.9746773318		59.7675027075		457		7.7179870138		10.4583133636		80.7171267265		59.5673235454

		2		7.73094449		8.6631947		170		3.7446948913		4.4641817736		16.7169986814		14.0227398292		220		4.3773948231		7.3350110651		32.1082394636		19.1615854369		281		1.4776634522		3.0510870668		4.5084798481		2.183489278		470		3.2534896362		3.2825058167		10.6795986553		10.5851948129		299		6.8971120346		10.3739140103		71.5500471666		47.5701544179		390		9.4746422668		13.8309459876		131.0432654445		89.7688460845		187		6.5195335219		9.2547083499		60.3363813228		42.5043173437		16		1.20622191		-1.56819643		-1.891592893		1.4549712962		263		6.5771345737		10.1297269478		66.6245773305		43.2586992007		193		7.3238383677		9.8486686017		72.1300569765		53.6386084368		403		6.1267959923		11.9121473681		72.9832967543		37.5376291307		370		4.4215250791		10.5270680649		46.5456954589		19.5498840255		455		6.0752639802		11.282461751		68.5439334835		36.908832429		178		7.2518105836		11.8756470187		86.1199427367		52.58875674		91		4.4224596		7.08149033		31.3176048922		19.5581489136		210		9.4908536982		13.2025160862		125.3031486216		90.07630392		488		1.4292312494		3.5381799421		5.0568773391		2.0427019641		79		1.39826337		1.12138749		1.5679950508		1.9551404519		178		7.2518105836		11.8756470187		86.1199427367		52.58875674		15		0.741468446		-3.10509067		-2.3023267538		0.5497754564		476		4.7692372881		5.3629003049		25.5769441067		22.7456243106		484		4.0045094149		5.7257781052		22.92893233		16.0360956541		407		9.4578980322		13.1626535267		124.4910348881		89.4518351867		98		4.41793735		3.44458382		15.2179555136		19.5181704285		472		1.4233334083		0.4477294041		0.6372682188		2.0258779911		278		0.1986964382		-1.5486756267		-0.307716331		0.0394802746		226		9.2500602123		11.3512083995		104.999361178		85.5636139311		262		1.831443435		1.9047131477		3.4883743899		3.3541850557		373		7.4591854464		10.3206162271		76.9833903582		55.6394475231		199		1.695444701		1.766260807		2.9945975258		2.8745327341

		3		7.96784314		7.84023659		377		3.0408975359		2.6602505325		8.0895492892		9.2470578237		145		0.8525446832		2.9996479372		2.5573339004		0.7268324369		228		2.5634850896		2.476851699		6.3493723996		6.5714558045		371		6.7523814684		9.8569693031		66.5580168568		45.594655495		295		5.360451804		8.1724568468		43.8080610473		28.734443543		302		1.7599831211		1.5909511217		2.8000471206		3.0975405865		331		1.3243081534		1.0602961618		1.4041588521		1.7537920851		241		1.4419552557		1.2654029561		1.8246544431		2.0792349595		102		3.409455717		3.6520829591		12.4516151237		11.6243882859		425		1.8070864518		1.741611039		3.1472417128		3.2655614441		224		8.850093268		12.1058805		107.1381715155		78.3241508517		241		1.4419552557		1.2654029561		1.8246544431		2.0792349595		54		6.4843481		10.3540317		67.1391457812		42.046770282		279		3.7412358281		4.4347980901		16.5916255049		13.9968455212		220		4.3773948231		7.3350110651		32.1082394636		19.1615854369		292		3.0610660275		8.1888671684		25.0666630929		9.3701252247		398		5.9640576353		7.3864178093		44.0530215336		35.5699834776		105		3.3553365658		3.6434025575		12.2248418249		11.2582834695		458		1.3578284499		2.5379222087		3.4460629785		1.8436980993		285		6.6620714483		9.6321675585		64.1701884769		44.3831959822		297		4.8105841761		5.7242914001		27.5371856284		23.141720115		126		8.8349732677		11.9177010817		105.2925704685		78.0567526401		78		5.7589141		6.31902082		36.3906980985		33.1650916112		374		7.9574460252		16.222075356		129.0862890616		63.3209472435		91		4.4224596		7.08149033		31.3176048922		19.5581489136		443		9.640023234		14.7143473436		141.8466502654		92.9300479519		49		1.22022199		-2.85875217		-3.4883122618		1.4889417049		88		8.87683015		11.8436226		105.1338261809		78.7981135119		296		8.2333419921		13.7168240701		112.9353036137		67.7879203582		299		6.8971120346		10.3739140103		71.5500471666		47.5701544179

		4		6.21715943		9.71304483		344		1.5135708129		4.6587681243		7.0513754571		2.2908966057		216		7.8903828524		6.7415408013		53.1933379374		62.2581415572		476		4.7692372881		5.3629003049		25.5769441067		22.7456243106		392		7.8642278245		10.6951253703		84.1089025241		61.8460792759		205		9.0415162061		12.0436397796		108.8927642476		81.749015305		24		9.69084598		12.1507546		117.7510913694		93.9124958081		130		5.006036796		5.9533080785		29.8024792991		25.060404403		328		2.0438486082		1.771787991		3.6212664195		4.1773171334		196		0.7680377099		-0.1752951546		-0.1346332891		0.5898819238		177		5.3679291963		6.5109667962		34.9504087615		28.8146638561		476		4.7692372881		5.3629003049		25.5769441067		22.7456243106		155		4.8256411592		6.1600312883		29.7261005263		23.286812597		298		8.7172011801		10.1909323143		88.8364071964		75.9895964135		158		6.576493163		13.2188226936		86.9334970669		43.2502623225		335		3.6499905949		7.8250333308		28.5612980618		13.3224313426		305		5.4747900828		7.2465913958		39.6735667076		29.9733264508		199		1.695444701		1.766260807		2.9945975258		2.8745327341		297		4.8105841761		5.7242914001		27.5371856284		23.141720115		497		0.2208640332		-1.3690361231		-0.3023708397		0.0487809212		298		8.7172011801		10.1909323143		88.8364071964		75.9895964135		145		0.8525446832		2.9996479372		2.5573339004		0.7268324369		462		1.0059581562		0.1279779159		0.1287404283		1.0119518121		288		3.6787389498		5.4229141895		19.94948565		13.5331202604		191		8.8620576959		12.3686263588		109.6114804111		78.5360666061		469		9.4131592375		13.2510517644		124.7342603225		88.6075668307		191		8.8620576959		12.3686263588		109.6114804111		78.5360666061		283		6.18427252		7.8084664767		48.2896846551		38.2452266018		424		8.0719953943		11.1640532026		90.1161860333		65.1571096464		245		7.9719723429		14.0770366827		112.221747105		63.5523430367		394		3.7648901107		7.0217187676		26.4359995483		14.1743975457

		5		7.80181084		8.84088725		490		0.7545066176		-0.1220050074		-0.0920535854		0.5692802359		143		3.1298162215		4.0678245266		12.7315431895		9.7957495804		385		5.9208963748		8.406240256		49.7724774575		35.0570138816		258		1.2394882492		0.733556646		0.9092348429		1.53633112		119		4.16612675		7.4375455053		30.985757284		17.356612097		391		6.5585587679		8.6346855941		56.6310929115		43.0146931124		20		8.97702256		12.3319163		110.7038908331		80.5869340427		232		5.216003404		11.5327307978		60.1547630982		27.2066915101		121		4.2728411132		5.2206182647		22.3068723576		18.2571711783		160		2.3790581558		5.6357215776		13.407709383		5.6599177087		347		6.3247959996		7.8685728217		49.7671179047		40.0030444361		141		4.8005063116		5.6106886371		26.9341462147		23.0448608474		219		1.4135924929		3.7481662617		5.2983796898		1.9982437361		496		4.5326842346		5.1733498149		23.449161146		20.5452263704		174		6.3223547334		8.2132773359		51.9272528416		39.9721693754		290		3.5826281095		4.3083135296		15.4350851555		12.8352241708		462		1.0059581562		0.1279779159		0.1287404283		1.0119518121		38		5.18673108		5.84375759		30.309999116		26.9021792962		96		4.82454293		3.85889457		18.6174025153		23.2762144834		59		0.119493964		-4.58243463		-0.5475732787		0.0142788074		478		0.4187276272		-0.6333903862		-0.2652180535		0.1753328258		101		5.4458456762		6.6681100294		36.3134981721		29.6572351295		140		0.7627152342		0.2338329209		0.178347931		0.5817345284		360		4.8947500607		7.7045339464		37.7117680018		23.9585781565		270		4.8924771984		9.4491420221		46.2297118872		23.9363331367		366		7.6590328997		9.9893809862		76.5089976211		58.6607849588		376		0.4650527462		-0.2259309196		-0.1050697946		0.2162740567		156		7.5222741386		10.3981780808		78.2179460656		56.584608216		485		2.8795624536		5.3634522959		15.4443958531		8.2918799245		393		1.8554865276		1.8222645961		3.3811874078		3.4428302543

		6		9.53953478		13.2443258		82		5.18564613		7.96590089		41.3083431222		26.8909257856		236		6.7690190978		9.22653117		62.454565696		45.8196195465		395		7.8266192165		10.1347214429		79.3206055986		61.2559683601		59		0.119493964		-4.58243463		-0.5475732787		0.0142788074		41		2.3735837		-1.59270459		-3.7804176537		5.6338995809		274		3.0262558719		9.1694017292		27.7489558247		9.1582246022		191		8.8620576959		12.3686263588		109.6114804111		78.5360666061		145		0.8525446832		2.9996479372		2.5573339004		0.7268324369		245		7.9719723429		14.0770366827		112.221747105		63.5523430367		125		2.4221504717		2.1387712772		5.1804258579		5.8668129075		59		0.119493964		-4.58243463		-0.5475732787		0.0142788074		268		4.8050001234		6.1785477163		29.687922539		23.0880261854		114		1.2528537864		1.0100640029		1.2654625105		1.5696426102		80		8.34654802		10.0915653		84.2297343734		69.6648638502		318		3.8323661246		4.9005898149		18.7808543971		14.6870301126		142		9.9112222145		14.0107013149		138.8631741133		98.2323257854		409		9.8503596824		13.6560282661		134.5167902539		97.0295858727		232		5.216003404		11.5327307978		60.1547630982		27.2066915101		327		9.0391152923		12.3575899079		111.7016799131		81.7056052683		429		0.8415084968		1.0462541563		0.8804317623		0.7081365502		88		8.87683015		11.8436226		105.1338261809		78.7981135119		126		8.8349732677		11.9177010817		105.2925704685		78.0567526401		24		9.69084598		12.1507546		117.7510913694		93.9124958081		461		4.8845852753		6.6348643623		32.4085607674		23.8591733115		99		8.4986549607		15.2659629122		129.7401514334		72.2271361409		440		9.9083344029		14.0301962608		139.0158762897		98.1750906394		82		5.18564613		7.96590089		41.3083431222		26.8909257856		352		3.2542346854		3.9283447305		12.7837556782		10.5900433876		176		3.5068066906		4.916780199		17.2421976981		12.2976931652		132		2.3657539173		1.9008836041		4.4970228327		5.5967915974

		7		5.57186894		3.42029568		70		1.423125		0.646345121		0.9198299003		2.0252847656		448		4.9931588576		7.2674600339		36.2875824405		24.9316353775		18		6.2052832		8.9630256		55.6181121768		38.5055395922		351		7.2935958372		9.6293815376		70.2328170975		53.1965402361		178		7.2518105836		11.8756470187		86.1199427367		52.58875674		146		8.0919079664		12.0224685425		97.2847089752		65.4789745368		353		5.6447779536		8.648018441		48.8161438384		31.8635181456		397		0.0673084613		-0.5970273583		-0.0401849929		0.004530429		60		4.51046758		6.96945848		31.4355165242		20.3443177902		375		4.3911451875		5.019223424		22.0401387834		19.2821560579		191		8.8620576959		12.3686263588		109.6114804111		78.5360666061		451		9.6555048928		13.6029967265		131.3438014497		93.2287747351		378		8.3747480853		10.5106509113		88.0240535948		70.1364054928		186		8.0057885834		10.3763698344		83.0710231573		64.0926508416		260		0.7940843459		0.1172914201		0.0931392806		0.6305699484		313		1.6203830738		2.2166902889		3.5918874241		2.6256413059		356		1.4933176599		2.1275883997		3.1771653303		2.2299976333		335		3.6499905949		7.8250333308		28.5612980618		13.3224313426		156		7.5222741386		10.3981780808		78.2179460656		56.584608216		378		8.3747480853		10.5106509113		88.0240535948		70.1364054928		340		1.7998922865		1.8595912073		3.34706387		3.2396122431		59		0.119493964		-4.58243463		-0.5475732787		0.0142788074		134		9.1500914338		14.5533133778		133.164148071		83.7241732463		35		1.7000925		-2.08932327		-3.5520428214		2.8903145086		212		5.3654831771		6.4624929186		34.6743970373		28.7884097241		194		3.6183896033		4.3987562598		15.9164139181		13.0927433216		155		4.8256411592		6.1600312883		29.7261005263		23.286812597		168		5.7103770203		7.2397772695		41.3418577519		32.6084057145		429		0.8415084968		1.0462541563		0.8804317623		0.7081365502		200		4.0071369327		5.8149025863		23.3011109135		16.0571463973

		8		2.1716921		4.08450283		441		9.3548784426		16.6895089334		156.1283273382		87.5137506753		320		8.6877146183		15.2335352644		132.3446070039		75.4763852883		165		3.0401163617		3.5833705442		10.8938634215		9.2423074929		492		6.5324341694		13.2855981839		86.7872955366		42.6726961769		350		7.7676228971		10.4204302286		80.9419724411		60.3359654713		292		3.0610660275		8.1888671684		25.0666630929		9.3701252247		462		1.0059581562		0.1279779159		0.1287404283		1.0119518121		190		3.6099991362		5.9099133664		21.3347821478		13.0320937633		438		4.3215582403		5.5561618103		24.0112768556		18.675865624		229		9.4027331026		14.3929087483		135.33267953		88.4113897981		235		0.6789448919		0.5089704514		0.3455628881		0.4609661663		66		1.1164724		-0.078287546		-0.0874058844		1.24651062		171		8.7780746246		13.5064206481		118.5603683597		77.0545941145		384		5.4766934263		7.1280835431		39.0383282826		29.9941708859		205		9.0415162061		12.0436397796		108.8927642476		81.749015305		260		0.7940843459		0.1172914201		0.0931392806		0.6305699484		303		8.5528840613		11.9354146018		102.082217312		73.1518257654		305		5.4747900828		7.2465913958		39.6735667076		29.9733264508		180		3.1214132439		3.831618274		11.960064026		9.7432206392		78		5.7589141		6.31902082		36.3906980985		33.1650916112		83		2.31240365		2.11440066		4.8893478037		5.3472106405		257		0.0486711432		0.356675773		0.0173598176		0.0023688802		213		6.6983500439		10.7929944077		72.295254564		44.8678933101		460		5.3719091944		7.1325663266		38.3154986295		28.8574083929		262		1.831443435		1.9047131477		3.4883743899		3.3541850557		20		8.97702256		12.3319163		110.7038908331		80.5869340427		248		3.9412545894		6.2827624013		24.7619661484		15.5334877386		451		9.6555048928		13.6029967265		131.3438014497		93.2287747351		385		5.9208963748		8.406240256		49.7724774575		35.0570138816		149		8.0900216626		10.6033495736		85.7813277467		65.448450502

		9		4.55813861		7.46997257		105		3.3553365658		3.6434025575		12.2248418249		11.2582834695		189		1.1018077095		0.4625460936		0.5096368519		1.2139802287		44		2.51870786		3.95381		9.9584923239		6.343889284		36		1.66489539		1.82337856		3.0357345588		2.7718766596		108		6.0027236614		7.8726365751		47.2572618469		36.0326913547		401		2.4874776447		2.5548488823		6.3551294801		6.1875450328		114		1.2528537864		1.0100640029		1.2654625105		1.5696426102		350		7.7676228971		10.4204302286		80.9419724411		60.3359654713		497		0.2208640332		-1.3690361231		-0.3023708397		0.0487809212		48		1.16874791		-3.10672775		-3.6309815648		1.3659716771		272		2.9001792758		3.3810563194		9.8056694676		8.4110398315		482		5.8149146706		7.7895053698		45.2953090516		33.8132326265		298		8.7172011801		10.1909323143		88.8364071964		75.9895964135		246		2.5963679645		8.6568750385		22.4764330228		6.7411266071		375		4.3911451875		5.019223424		22.0401387834		19.2821560579		64		2.33171315		3.9683671		9.2530937511		5.4368862139		24		9.69084598		12.1507546		117.7510913694		93.9124958081		258		1.2394882492		0.733556646		0.9092348429		1.53633112		127		6.3462433025		11.0887658264		70.3720058581		40.2748040541		183		2.3217560734		2.9248271346		6.7907351633		5.3905512644		352		3.2542346854		3.9283447305		12.7837556782		10.5900433876		249		9.8019176404		16.655925973		163.2600146109		96.0775894283		55		9.14722657		9.71488637		88.8642667282		83.6717539229		451		9.6555048928		13.6029967265		131.3438014497		93.2287747351		365		8.8782001103		12.3490015261		109.636906712		78.8224371993		198		6.0178781402		7.3870964732		44.454646386		36.2148573107		276		4.0381884226		5.3857284288		21.7485861886		16.3069657365		299		6.8971120346		10.3739140103		71.5500471666		47.5701544179		8		2.1716921		4.08450283		8.8702825283		4.7162465772		387		9.5004431502		12.7598732073		121.2244500091		90.2584200495

		10		4.30812811		4.96796458		190		3.6099991362		5.9099133664		21.3347821478		13.0320937633		260		0.7940843459		0.1172914201		0.0931392806		0.6305699484		332		0.6180184208		1.242401963		0.7678272992		0.3819467685		87		5.98353379		6.75417693		40.4138458843		35.8026766161		68		4.59207945		2.43433646		11.1786664324		21.0871936751		405		6.3082639571		8.4171265028		53.09745574		39.7941941525		233		7.9848542354		10.7901538308		86.1578055167		63.7578971603		458		1.3578284499		2.5379222087		3.4460629785		1.8436980993		35		1.7000925		-2.08932327		-3.5520428214		2.8903145086		405		6.3082639571		8.4171265028		53.09745574		39.7941941525		276		4.0381884226		5.3857284288		21.7485861886		16.3069657365		287		7.7959736246		11.0065259006		85.8065856199		60.7772047562		451		9.6555048928		13.6029967265		131.3438014497		93.2287747351		399		4.1082974448		5.2853973502		21.7139844284		16.8781078946		186		8.0057885834		10.3763698344		83.0710231573		64.0926508416		464		1.4581096815		0.6503997955		0.9483542387		2.1260838433		83		2.31240365		2.11440066		4.8893478037		5.3472106405		468		2.1211024088		2.6067925304		5.5292739155		4.4990754288		77		2.62332655		4.44153764		11.6516036138		6.8818421879		12		9.19486152		11.0320721		101.4383752382		84.545478372		367		5.7603707681		7.7914720671		44.8817679358		33.1818713861		179		0.0326489627		0.141121088		0.0046074571		0.0010659548		492		6.5324341694		13.2855981839		86.7872955366		42.6726961769		381		9.1319343172		12.5529131914		114.6323787541		83.3922243743		385		5.9208963748		8.406240256		49.7724774575		35.0570138816		383		3.777211505		4.8172249659		18.1956775632		14.2673267535		287		7.7959736246		11.0065259006		85.8065856199		60.7772047562		77		2.62332655		4.44153764		11.6516036138		6.8818421879		381		9.1319343172		12.5529131914		114.6323787541		83.3922243743		233		7.9848542354		10.7901538308		86.1578055167		63.7578971603

		11		0.983887791		-0.190496477		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		12		9.19486152		11.0320721		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		13		5.69596444		8.77827914		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		14		2.35391531		1.08322714		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		15		0.741468446		-3.10509067		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0
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		50		3.33730571		0.911521898		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		51		9.91048198		11.89212396		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		52		8.42129982		10.24603712		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		53		0.206671698		-0.791170175		sums		37.3762578238		54.0431970718		304.2792682928		195.9412629488		sums		42.6004326242		59.1771664173		355.208918094		256.050595055		sums		39.3174220869		54.5094199419		274.8744140957		201.4488202093		sums		41.3419960543		50.8829698776		361.7978077479		254.4279549132		sums		62.3192324962		84.4330652627		613.4507368165		429.6983305474		sums		51.2666246656		76.8908398002		518.0455633265		360.434894151		sums		49.2007294089		65.9866070797		459.878146626		333.5263663968		sums		28.7357591347		40.4944584778		204.1311016455		137.6153292288		sums		34.1673642553		42.4438381242		265.258579336		179.4139380424		sums		42.3309359215		52.1892213386		338.455182301		249.1968166253		sums		51.5702294058		66.6657700716		506.3881911982		361.5576444896		sums		51.5977261464		71.0369832051		459.1824654658		328.0041609974		sums		61.8227036324		85.4798837701		660.397784211		480.4633735133		sums		59.5141193585		88.5899102096		573.2606364309		396.574448233		sums		53.7726248591		78.3054745446		514.3417447626		352.2993582891		sums		38.7308085399		54.0377160153		358.3568528137		252.3184386754		sums		46.2801233151		60.5131344344		439.1212197345		331.5368291176		sums		33.6917781807		47.0111003843		207.377393089		141.3315103048		sums		51.6797932639		68.6387637732		481.9245227639		360.7889388765		sums		43.0855668513		42.8952353534		383.3015791803		315.0075029829		sums		35.1765813881		43.9157076553		233.232742214		183.336912122		sums		42.8250037447		55.2716777069		462.478095762		320.966622015		sums		70.2185996131		99.8458254964		812.6113702238		572.8422696375		sums		60.8178515338		83.1107588023		626.600210947		433.0981380993		sums		57.6346423782		83.9633320393		595.5425592524		401.2167285862		sums		67.3944482165		91.9930118119		773.9154283842		548.8175638516		sums		46.7386775189		57.7765305105		371.8280997792		282.996483021		sums		55.4490564573		75.0251153238		545.7561387584		395.7851886851		sums		55.8478447045		83.1478146084		575.9572824622		391.2104080984		sums		53.879130286		73.3116343466		506.0406753937		368.747944204

		54		6.4843481		10.3540317								a=		1.8186510111								a=		1.382732627								a=		1.2922266577								a=		1.8133639616								a=		2.111567369								a=		1.2688704794								a=		1.4785298484								a=		1.594580232								a=		1.9185144546								a=		1.6789035053								a=		1.700589332								a=		1.4998436972								a=		1.3427617638								a=		1.0859853332								a=		1.4770053931								a=		1.4569750673								a=		1.3554595897								a=		1.7610460784								a=		1.3574046636								a=		1.5342324467								a=		1.3213976989								a=		1.6411974416								a=		1.3977440994								a=		1.916230942								a=		1.6167500977								a=		1.6269230623								a=		1.576985442								a=		1.4689879647								a=		1.4070296028								a=		1.4154405347

		55		9.14722657		9.71488637								b=		-1.3931172011								b=		0.0272158303								b=		0.3702399008								b=		-2.4085115869								b=		-4.715819254								b=		1.1840133183								b=		-0.6758139916								b=		-0.5327014991								b=		-2.3106744077								b=		-1.8880335363								b=		-2.1034011905								b=		-0.6351541147								b=		0.2466721201								b=		2.3958449468								b=		-0.1116982372								b=		-0.2392106364								b=		-0.2217702527								b=		-1.2321673454								b=		-0.1511628617								b=		-2.3208039294								b=		-0.2566546046								b=		-1.5012608876								b=		0.1698192218								b=		-3.3430290134								b=		-0.9217481658								b=		-1.7652570265								b=		-1.5929683513								b=		-0.6428881267								b=		0.4568243859								b=		-0.2951070635

		56		0.84874672		0.715629715						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11

		57		4.4389659		2.81245038						yl,yr=		-3.2117682122		18.6120439211						yl,yr=		-1.3555167968		15.2372747275						yl,yr=		-0.9219867569		14.5847331358						yl,yr=		-4.2218755485		17.538491991						yl,yr=		-6.827386623		18.5114218055						yl,yr=		-0.0848571611		15.1415885918						yl,yr=		-2.1543438401		15.5880143412						yl,yr=		-2.1272817312		17.0076810534						yl,yr=		-4.2291888623		18.7929845934						yl,yr=		-3.5669370416		16.5799050221						yl,yr=		-3.8039905225		16.6030814616						yl,yr=		-2.1349978119		15.8631265548						yl,yr=		-1.0960896437		15.0170515214						yl,yr=		1.3098596136		14.341683612						yl,yr=		-1.5887036303		16.1353610866						yl,yr=		-1.6961857038		15.7875151041						yl,yr=		-1.5772298425		14.6882852344						yl,yr=		-2.9932134238		18.1393395167						yl,yr=		-1.5085675253		14.7802884379						yl,yr=		-3.8550363761		14.5557529843						yl,yr=		-1.5780523035		14.2787200833						yl,yr=		-3.1424583293		16.5519109702						yl,yr=		-1.2279248776		15.5450043154						yl,yr=		-5.2592599554		17.7355113488						yl,yr=		-2.5384982635		16.8625029092						yl,yr=		-3.3921800889		16.1308966592						yl,yr=		-3.1699537932		15.7538715102						yl,yr=		-2.1118760914		15.5159794852						yl,yr=		-0.9502052169		15.9341500162						yl,yr=		-1.7105475982		15.2747388183

		58		5.9462981		9.71863808

		59		0.119493964		-4.58243463

		60		4.51046758		6.96945848				0

		61		5.68622801		9.69014381

		62		6.53330364		9.85792786

		63		5.24469467		7.8713711

		64		2.33171315		3.9683671

		65		2.17258428		-0.318387121

		66		1.1164724		-0.078287546

		67		8.53363023		11.8219133

		68		4.59207945		2.43433646

		69		9.3413851		14.2098571

		70		1.423125		0.646345121

		71		5.25211799		8.95341605

		72		8.44975986		10.1485986

		73		6.30581833		5.82147702

		74		3.13065817		3.63331936

		75		4.48220544		4.67629661

		76		4.3412922		4.0240331

		77		2.62332655		4.44153764

		78		5.7589141		6.31902082

		79		1.39826337		1.12138749

		80		8.34654802		10.0915653

		81		5.5414156		8.21511411

		82		5.18564613		7.96590089

		83		2.31240365		2.11440066

		84		8.61456682		11.9266656

		85		1.82822638		-2.92768506

		86		1.25997063		0.880998895

		87		5.98353379		6.75417693

		88		8.87683015		11.8436226

		89		2.35202778		-0.517630912

		90		6.60656315		9.51956445

		91		4.4224596		7.08149033

		92		8.05066739		11.5738894

		93		9.77137147		11.31715752

		94		6.26208838		10.6125892

		95		7.44459369		10.1652119

		96		4.82454293		3.85889457

		97		5.57222481		7.54623243

		98		4.41793735		3.44458382

		99		8.4986549607		15.2659629122

		100		5.1634547446		8.3874278989

		101		5.4458456762		6.6681100294

		102		3.409455717		3.6520829591

		103		5.0898725373		7.3529825307

		104		2.7962367993		3.8294492481

		105		3.3553365658		3.6434025575

		106		5.5739660508		10.5968462948

		107		1.1405256196		1.0120546091

		108		6.0027236614		7.8726365751

		109		4.2473853747		5.5314138093

		110		2.5899652594		2.9413220452

		111		3.8563894703		4.9257543804

		112		4.329394739		5.4820662631

		113		9.4886240388		13.3321074729

		114		1.2528537864		1.0100640029

		115		5.792104739		6.9372239234

		116		5.3250493749		11.2900628245

		117		1.6340339229		3.0207221993

		118		7.9459313192		12.8660856889

		119		4.16612675		7.4375455053

		120		0.3535435374		-1.0731643416

		121		4.2728411132		5.2206182647

		122		7.1823132706		9.8646139963

		123		8.35537869		12.2440214057

		124		9.5943776524		14.9737455814

		125		2.4221504717		2.1387712772

		126		8.8349732677		11.9177010817

		127		6.3462433025		11.0887658264

		128		9.1177701258		11.8893903648

		129		3.4021490603		7.3291441407

		130		5.006036796		5.9533080785

		131		6.886491299		9.4106032823

		132		2.3657539173		1.9008836041

		133		2.6830196026		3.0389984184

		134		9.1500914338		14.5533133778

		135		1.1446641873		3.1697184174

		136		1.8514183165		2.2694190175

		137		8.8662054094		15.3951634283

		138		7.241567808		9.575507065

		139		3.5467090204		8.8908244025

		140		0.7627152342		0.2338329209

		141		4.8005063116		5.6106886371

		142		9.9112222145		14.0107013149

		143		3.1298162215		4.0678245266

		144		6.6182337976		10.9344698183

		145		0.8525446832		2.9996479372

		146		8.0919079664		12.0224685425

		147		5.4461115918		7.1403852577

		148		1.1377542072		4.1653095984

		149		8.0900216626		10.6033495736

		150		6.8236248934		12.3540406826

		151		5.3397351753		7.1779337362

		152		6.9202326294		8.9745040915

		153		3.2384547363		4.3544413036

		154		9.8373755329		15.8011763292

		155		4.8256411592		6.1600312883

		156		7.5222741386		10.3981780808

		157		7.2810892926		9.7350388718

		158		6.576493163		13.2188226936

		159		7.1432618799		9.2497141559

		160		2.3790581558		5.6357215776

		161		4.3820515385		4.936514723

		162		1.7286565252		1.4654855864

		163		5.4932355306		8.8656207962

		164		9.9656062706		13.9977490136

		165		3.0401163617		3.5833705442

		166		8.6908914981		15.6037894635

		167		5.6949934178		7.5872591808

		168		5.7103770203		7.2397772695

		169		7.8580010288		12.8280810077

		170		3.7446948913		4.4641817736

		171		8.7780746246		13.5064206481

		172		7.3103128497		10.5688233161

		173		4.2856205396		5.7101114325

		174		6.3223547334		8.2132773359

		175		2.2315282967		2.4042547655

		176		3.5068066906		4.916780199

		177		5.3679291963		6.5109667962

		178		7.2518105836		11.8756470187

		179		0.0326489627		0.141121088

		180		3.1214132439		3.831618274

		181		6.2890043827		12.7512923362

		182		1.3086412444		3.6081103628

		183		2.3217560734		2.9248271346

		184		0.1414582344		-0.8367194623

		185		8.1699973206		11.3417824312

		186		8.0057885834		10.3763698344

		187		6.5195335219		9.2547083499

		188		0.0913456556		-1.4671504186

		189		1.1018077095		0.4625460936

		190		3.6099991362		5.9099133664

		191		8.8620576959		12.3686263588

		192		6.6372141472		9.0381054898

		193		7.3238383677		9.8486686017

		194		3.6183896033		4.3987562598

		195		7.8962395662		10.4676898971

		196		0.7680377099		-0.1752951546

		197		3.0020486931		4.4511516805

		198		6.0178781402		7.3870964732

		199		1.695444701		1.766260807

		200		4.0071369327		5.8149025863

		201		1.9686569618		1.9841783754

		202		6.9969699597		8.8053679621

		203		5.9881481452		8.7308597667

		204		3.3082655852		6.8379327276

		205		9.0415162061		12.0436397796

		206		6.5727778271		8.7475985828

		207		0.3880344279		-0.843655068

		208		1.5051788029		4.9638057506

		209		5.4429712832		7.6258458572

		210		9.4908536982		13.2025160862

		211		4.9689101028		6.5161516214

		212		5.3654831771		6.4624929186

		213		6.6983500439		10.7929944077

		214		1.6941838803		0.8329451764

		215		4.4844934		10.4970684036

		216		7.8903828524		6.7415408013

		217		8.7737972158		11.9018765695

		218		9.1766607303		13.3242806178

		219		1.4135924929		3.7481662617

		220		4.3773948231		7.3350110651

		221		4.2438187683		6.2838912182

		222		2.9012296601		7.523131809

		223		1.4677999428		1.3276112265

		224		8.850093268		12.1058805

		225		4.7927455703		7.8274151596

		226		9.2500602123		11.3512083995

		227		3.6739445272		4.1937702661

		228		2.5634850896		2.476851699

		229		9.4027331026		14.3929087483

		230		8.7358017372		13.5041424904

		231		6.5893763959		8.9711159242

		232		5.216003404		11.5327307978

		233		7.9848542354		10.7901538308

		234		1.1330083821		3.9329833083

		235		0.6789448919		0.5089704514

		236		6.7690190978		9.22653117

		237		6.4862939148		13.6128537939

		238		8.9789489171		14.5718285991

		239		1.687141981		2.1697972727

		240		3.4208672871		8.927884453

		241		1.4419552557		1.2654029561

		242		2.7873558149		3.2600339113

		243		7.3723567431		14.1540113912

		244		1.7375385258		1.3274580925

		245		7.9719723429		14.0770366827

		246		2.5963679645		8.6568750385

		247		3.968362843		4.5622538904

		248		3.9412545894		6.2827624013

		249		9.8019176404		16.655925973

		250		0.0552033685		0.0194872689

		251		7.6582415224		10.1441782086

		252		2.6702250272		2.9259083171

		253		2.7270468586		1.1828700834

		254		1.1419442312		1.5742783533

		255		4.5506393859		5.8388847141

		256		0.0605035758		-0.8821582164

		257		0.0486711432		0.356675773

		258		1.2394882492		0.733556646

		259		6.5239562868		8.5470040435

		260		0.7940843459		0.1172914201

		261		9.007457762		13.2537512161

		262		1.831443435		1.9047131477

		263		6.5771345737		10.1297269478

		264		0.386707151		1.5341113841

		265		0.3652262438		-0.1992222761

		266		7.2161926912		9.8859229973

		267		6.5110817308		13.8000601841

		268		4.8050001234		6.1785477163

		269		3.6665816617		5.3853285915

		270		4.8924771984		9.4491420221

		271		9.5002936567		15.389731579

		272		2.9001792758		3.3810563194

		273		1.8815562943		1.750412101

		274		3.0262558719		9.1694017292

		275		7.3374352986		9.5748144025

		276		4.0381884226		5.3857284288

		277		5.2204683695		8.1139770161

		278		0.1986964382		-1.5486756267

		279		3.7412358281		4.4347980901

		280		4.6960122517		6.343121289

		281		1.4776634522		3.0510870668

		282		7.3934600803		12.6548895858

		283		6.18427252		7.8084664767

		284		7.8186230121		14.288010441

		285		6.6620714483		9.6321675585

		286		0.1544658321		-0.8391181197

		287		7.7959736246		11.0065259006

		288		3.6787389498		5.4229141895

		289		9.1558546589		13.3454551666

		290		3.5826281095		4.3083135296

		291		9.3188617308		15.163282454

		292		3.0610660275		8.1888671684

		293		1.5675344209		1.753396563

		294		5.3502649803		9.3992153776

		295		5.360451804		8.1724568468

		296		8.2333419921		13.7168240701

		297		4.8105841761		5.7242914001

		298		8.7172011801		10.1909323143

		299		6.8971120346		10.3739140103

		300		6.9525604667		8.8374114455

		301		1.488031961		1.0816092435

		302		1.7599831211		1.5909511217

		303		8.5528840613		11.9354146018

		304		7.9525604667		9.8374114455

		305		5.4747900828		7.2465913958

		306		0.9621403479		0.8049534493

		307		5.9573477803		7.9142668722

		308		0.8614081392		2.89773469

		309		0.2569994515		1.5938296036

		310		7.1479073898		9.1696355866

		311		9.873277629		13.3993578962

		312		5.4160761701		7.0981108579

		313		1.6203830738		2.2166902889

		314		3.8937080462		4.0343377096

		315		8.9355246603		15.3935482097

		316		8.1411064301		13.6104801143

		317		4.9410735793		6.3327469761

		318		3.8323661246		4.9005898149

		319		0.5659222878		0.9882044618

		320		8.6877146183		15.2335352644

		321		8.6432983084		11.7952388574

		322		0.1510361956		0.7485558619

		323		6.8403117989		8.8327768685

		324		4.3558168743		7.8015179829

		325		5.1724263291		6.2218467805

		326		0.7666741114		2.1630137372

		327		9.0391152923		12.3575899079

		328		2.0438486082		1.771787991

		329		6.0537901132		7.9817682349

		330		2.8377527643		3.3333387812

		331		1.3243081534		1.0602961618

		332		0.6180184208		1.242401963

		333		6.9817304993		8.9797450738

		334		0.1426316555		-0.7878630769

		335		3.6499905949		7.8250333308

		336		1.8705413753		1.180551634

		337		6.9008867644		10.204409108

		338		6.1399117044		8.2210826242

		339		6.2612765442		9.0131252623

		340		1.7998922865		1.8595912073

		341		9.9761232919		13.9805743581

		342		6.1140364481		7.6693035512

		343		5.1503670678		6.7382289665

		344		1.5135708129		4.6587681243

		345		7.1072252119		9.7334006369

		346		1.1915612554		2.269256354

		347		6.3247959996		7.8685728217

		348		6.2277472888		7.9355552105

		349		4.9966891896		6.0648611971

		350		7.7676228971		10.4204302286

		351		7.2935958372		9.6293815376

		352		3.2542346854		3.9283447305

		353		5.6447779536		8.648018441

		354		1.4703597302		0.771101292

		355		4.2738091415		5.5362098129

		356		1.4933176599		2.1275883997

		357		6.4900321083		13.120219714

		358		6.8644644434		9.2775228104

		359		5.1636931134		7.3496835596

		360		4.8947500607		7.7045339464

		361		7.7104019408		11.2357860627

		362		7.0533094022		9.5051582596

		363		8.8903958429		12.0428779717

		364		2.6749276418		4.8361072334

		365		8.8782001103		12.3490015261

		366		7.6590328997		9.9893809862

		367		5.7603707681		7.7914720671

		368		4.4205173224		5.4043107038

		369		6.9658494744		9.4982959108

		370		4.4215250791		10.5270680649

		371		6.7523814684		9.8569693031

		372		0.4149404452		0.4724075273

		373		7.4591854464		10.3206162271

		374		7.9574460252		16.222075356

		375		4.3911451875		5.019223424

		376		0.4650527462		-0.2259309196

		377		3.0408975359		2.6602505325

		378		8.3747480853		10.5106509113

		379		2.483427613		4.8399690215

		380		7.8589178589		10.0510164886

		381		9.1319343172		12.5529131914

		382		3.9405995488		6.6048693588

		383		3.777211505		4.8172249659

		384		5.4766934263		7.1280835431

		385		5.9208963748		8.406240256

		386		1.0073275699		3.0485049962

		387		9.5004431502		12.7598732073

		388		3.0136595489		2.8531384179

		389		7.3343054887		9.7437904959

		390		9.4746422668		13.8309459876

		391		6.5585587679		8.6346855941

		392		7.8642278245		10.6951253703

		393		1.8554865276		1.8222645961

		394		3.7648901107		7.0217187676

		395		7.8266192165		10.1347214429

		396		8.227863763		11.7853108945

		397		0.0673084613		-0.5970273583

		398		5.9640576353		7.3864178093

		399		4.1082974448		5.2853973502

		400		1.3928145321		4.6426942184

		401		2.4874776447		2.5548488823

		402		0.6384557254		-0.5952878399

		403		6.1267959923		11.9121473681

		404		6.6865527342		9.1847616816

		405		6.3082639571		8.4171265028

		406		6.117424329		11.6359188768

		407		9.4578980322		13.1626535267

		408		4.5681849007		5.9608129256

		409		9.8503596824		13.6560282661

		410		1.4768568737		1.379903282

		411		4.5011269504		7.9390670251

		412		7.8320148809		14.4357255636

		413		9.7773770634		13.8051248198

		414		2.7950537848		4.5073928915

		415		9.7094675976		13.896482454

		416		4.8823991411		6.4360206757

		417		7.3386603022		15.2958720758

		418		9.6101716774		14.4885204152

		419		8.1956683961		11.4569459956

		420		6.5690007169		8.1677036914

		421		0.5466026595		-0.1865322591

		422		8.9004426077		12.3543221486

		423		4.7494204218		6.8569503934

		424		8.0719953943		11.1640532026

		425		1.8070864518		1.741611039

		426		4.5326184498		7.2658175644

		427		6.988534876		9.3455077582

		428		4.3250010953		5.0708702555

		429		0.8415084968		1.0462541563

		430		4.0231000638		4.5932348662

		431		0.1273226373		-1.6605184319

		432		0.8076230621		0.3307896717

		433		3.2744158574		6.7843168267

		434		3.5399816983		4.2841148979

		435		3.8642261794		9.2796652552

		436		4.0820805397		8.7544259883

		437		5.3936026916		7.5269307805

		438		4.3215582403		5.5561618103

		439		3.936687521		4.3564057071

		440		9.9083344029		14.0301962608

		441		9.3548784426		16.6895089334

		442		2.5956425288		2.7804630136

		443		9.640023234		14.7143473436

		444		4.5829127045		9.7188359996

		445		6.9115955179		9.4989223867

		446		1.7654113582		2.1412537731

		447		1.721789725		1.4757734328

		448		4.9931588576		7.2674600339

		449		4.3506429978		5.6550583575

		450		2.4393816677		2.658876136

		451		9.6555048928		13.6029967265

		452		6.6479377131		10.6740608665

		453		0.3355561041		-0.4537530918

		454		5.9778139929		8.931188696

		455		6.0752639802		11.282461751

		456		9.0579338811		14.2420592442

		457		7.7179870138		10.4583133636

		458		1.3578284499		2.5379222087

		459		3.6068105942		4.0983668112

		460		5.3719091944		7.1325663266

		461		4.8845852753		6.6348643623

		462		1.0059581562		0.1279779159

		463		8.8583914826		12.0135356167

		464		1.4581096815		0.6503997955

		465		3.9416342223		5.5369219843

		466		2.2721212363		2.4139360396

		467		3.874689857		5.1374500009

		468		2.1211024088		2.6067925304

		469		9.4131592375		13.2510517644

		470		3.2534896362		3.2825058167

		471		5.9742813871		7.87051432

		472		1.4233334083		0.4477294041

		473		8.8106454217		12.313253001

		474		6.1767803832		11.1181026651

		475		7.9138442151		10.7030207876

		476		4.7692372881		5.3629003049

		477		3.1588429852		4.968486672

		478		0.4187276272		-0.6333903862

		479		8.4628110504		9.6409875245

		480		8.2796306061		11.0342257956

		481		4.5791507599		6.4370171947

		482		5.8149146706		7.7895053698

		483		9.7387030797		13.4767810843

		484		4.0045094149		5.7257781052

		485		2.8795624536		5.3634522959

		486		6.56941847		13.4723496937

		487		6.0398490469		8.0019311749

		488		1.4292312494		3.5381799421

		489		2.356217366		3.3868039257

		490		0.7545066176		-0.1220050074

		491		5.4002680753		9.3292209099

		492		6.5324341694		13.2855981839

		493		2.4976878149		2.8511708533

		494		1.2218721087		2.2304470207

		495		5.6670881207		8.7474404972

		496		4.5326842346		5.1733498149

		497		0.2208640332		-1.3690361231

		498		9.7910890322		13.1600447914

		499		6.1626943155		9.9580512543

		500		3.9061874613		5.3176122983

		501		2.0269028791		1.7832891668

		502		2.3519795633		1.6952506135



Now picture what happens with a small sample size for the number of random points, say n = 3.  You might get three points that more or less follow the trend in the population data, but you can also easily get three points that do not match that pattern.  In that case, the resulting sample regression line will be sharply different from the population regression line drawn in red.

As you increase the sample size somewhat, say to n = 10, it is still possible that a sample will contain a pair of points that are aligned at almost a right angle to the population regression line.  However, the effect of such pairs of points will be reduced significantly by the other 8, say points in the sample.  Overall, the regression line that fits a set of 10 points will likely be reasonably close to the population regression line.  And, the repeated sample regression lines will tend to be more consistent with one another. Repeat this with new sets of samples and notice that the same result seems to occur. You should see the occasional lines that are still quite different, however.

As you increase the sample size still further, say to n = 25 or n = 30, you should expect that the sample regression line will be very close to the population regression line.  Therefore, all of the sample lines should be very close to one another and all should be very good estimates of the population regression line.

Now click on the tab at the bottom marked "Regressim" to go back to the original page and continue looking at the suggestions and explanations there.
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Regressim

				Distribution of the Regression Line

						This program simulates the distribution of

						the regression line based on repeated

						random samples drawn from a population

		How many random points n (2-40)?						3		10

		How many sample lines (5-20)?						8

		The regression line for the

				underlying bivariate population is:						y =		1.5x- 0.60

														The band is centered on the population regression line

						Click on this button

		Click each item below for suggestions and investigations
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						Item 7														The underlying population and its regression line
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		The Scatterplot of the Underlying Bivariate Population

		Click each item below for suggestions and investigations

				Item 1

				Item 2

				Item 3

				Item 4



Start with a small value for the number of random points, say n = 3.  Observe that the resulting set of sample regression lines seem to be widely scasttered all over the map.  Request a new set of samples and notice that the pattern of the lines changes dramatically, but that there are still many lines drawn at sharp angles to the red regression line for the underlying population.

Now increase the sample size somewhat, say to n = 10.  Notice what happens to the resulting regression lines.  They tend to be more consistent with one another -- there are few, if any, lines drawn that are at sharp angles to the population regression line.  Thus, most of the lines are reasonably close to the population line.  Repeat this with new sets of samples and notice that the same result seems to occur. You should see the occasional lines that are still quite different, however.

Now increase the sample size still further, say to n = 25 or n = 30.  You will observe that all of the sample regression lines are clustered very closely about the population regression line -- they all have virtually the same slope and virtually all of them pass through the red dot in the center of the population line.  Also, repeated samples have the same property.  So, as the sample size increases, the resulting sample regression lines become ever better matches to the population regression line.

To understand what is happening,  look at the scatterplot of the underlying population to the right.  Picture what can happen if you have a small sample, say 2 or 3 points.  Do you see why some of the sample regression lines can end up at almost right angles to the population regression line?  Click on the tab at the bottom marked "Scatterplot" to see some further investigations based on the scatterplot of the underlying population on the next page.

Every regression line has the property that it passes through the point whose x-coordinate is equal to the mean of all the x-values and whose y-coordinate is equal to the mean of all the y-values.  For the population regression line shown in the graph above, that "center" point is marked with the red circle.  

In the same way, every sample regression line passes through the point (x-bar, y-bar).

When the sample size n is relatively large, we should expect that the mean of the x-values for the sample, x-bar, will be fairly close to the value for the mean of all the x-values in the population.  Similarly, the mean of the y-values for the sample, y-bar, will be fairly close to the value for the mean of all the y-values in the population.  Therefore, the point (x-bar, y-bar) on a sample regression line should be quite close to the "center" point for the population regression line.

As a result, we should expect that, as the sample size increases, all of the sample regression lines should pass very close to the red point in the above graph.

Even thugh all of the sample regression lines  pass very close to the red point in the above graph  when the sample size n is reasonably large, as we move away from that "center" point, any slight difference in the slopes of the sample regression lines will become more and more magnified.  This means that, in both directions, the sample regression lines will diverge slightly from the population regression line.  The result of this is the fan-shaped effect you should notice in the above graph.  If the window was expanded further, you should expect the fans to spread out even more.
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		44		2.51870786		3.95381		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		45		9.37237474		9.61764637		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		46		6.94092202		6.74365555		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		47		3.47347018		0.356953922		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		48		1.16874791		-3.10672775		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		49		1.22022199		-2.85875217		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		50		3.33730571		0.911521898		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		51		9.91048198		11.89212396		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		52		8.42129982		10.24603712		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0		0

		53		0.206671698		-0.791170175		sums		16.9224393065		23.5570134465		173.2973201761		126.9369106173		sums		23.8127484879		35.8057788234		285.2651666681		189.8850195043		sums		17.6461118638		22.33711883		176.0196978145		125.5396730551		sums		19.643897856		25.9719375292		177.272563453		132.3864914419		sums		13.2280042202		16.9520587315		111.5603742981		86.8928721416		sums		11.3411350542		14.2568430421		68.6533643639		52.3344374799		sums		11.93352899		8.902552212		40.3938780051		49.6818488156		sums		21.1188577968		29.484629675		250.8622435		177.104741428		sums		17.6730970552		27.327994667		209.8086530716		130.3568311922		sums		16.71807083		20.08662173		164.4709396732		117.7599296929		sums		19.4501756097		26.4833815896		177.8011198275		132.9135068926		sums		5.9221395924		8.4969207817		20.2450230013		13.5957037485		sums		14.6710631		16.3202164278		96.3125804469		86.0127947596		sums		20.8085814082		29.3082187528		216.1863234589		154.6738927096		sums		18.3205336402		33.9225014435		222.985166528		128.2812865455		sums		16.9180770612		23.1794020293		173.9932906227		119.0582696603		sums		9.9835060895		13.3712087863		56.2381165907		39.7703456576		sums		17.1652509434		25.4238054015		187.2969576693		133.2873840684		sums		9.63571061		16.1294996401		70.6364221489		48.5481724983		sums		13.5307414253		23.2647375138		126.4413980918		74.8265818405		sums		18.8119373668		26.3236615153		207.9112646387		146.3413584694		sums		25.718564793		38.3615591644		338.2481072179		224.2101623719		sums		16.8125504678		25.463632086		175.4179781682		112.8915048313		sums		14.8678079266		16.9511111908		111.4079138154		94.788933031		sums		23.5141892456		30.1321314995		268.2758830202		209.0603354989		sums		17.0483726744		22.4227911803		175.413384394		134.7041059804		sums		10.26670523		12.5003820063		85.7062529008		63.316387954		sums		18.70154661		20.20067437		153.6440736877		139.7520256025		sums		21.6376619558		31.8791725151		236.0429804503		158.5542602152		sums		5.9464262421		9.6719865		38.0126363194		18.0454903809

		54		6.4843481		10.3540317								a=		1.2838579549								a=		1.2121978847								a=		2.0525538555								a=		1.9178929944								a=		1.2886945709								a=		1.5598393499								a=		2.2516268459								a=		1.5227753922								a=		1.860176393								a=		2.1359536312								a=		0.8955394834								a=		1.8222986321								a=		1.1566540216								a=		1.2472841614								a=		0.9649457479								a=		1.8297758844								a=		1.7933631394								a=		1.1926370604								a=		1.0699364592								a=		1.558863414								a=		1.5097737651								a=		2.515671182								a=		1.7521991056								a=		1.2982352327								a=		1.2966595188								a=		1.268828829								a=		1.523243893								a=		1.1962377166								a=		2.4534768164								a=		3.010369158

		55		9.14722657		9.71488637								b=		0.6103350419								b=		2.3133384926								b=		-4.6274920367								b=		-3.9009855171								b=		-0.0315994968								b=		-1.144501896								b=		-5.9891006759								b=		-0.8915490962								b=		-1.8490277557								b=		-5.2074674551								b=		3.0216604576								b=		-0.7649953656								b=		-0.2163759026								b=		1.1180015805								b=		5.414726803								b=		-2.5922957959								b=		-1.5109476788								b=		1.650630325								b=		1.9399671827								b=		0.7240532472								b=		-0.6927026641								b=		-8.7792977096								b=		-1.3317679354								b=		-0.7836002974								b=		-0.119255271								b=		0.2637748143								b=		-1.0461046789								b=		-0.7236070147								b=		-7.0694431517								b=		-2.7429838865

		56		0.84874672		0.715629715						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11						xl,xr=		-1		11

		57		4.4389659		2.81245038						yl,yr=		-0.673522913		14.7327725463						yl,yr=		1.1011406079		15.6475152241						yl,yr=		-6.6800458922		17.9506003734						yl,yr=		-5.8188785115		17.1958374212						yl,yr=		-1.3202940677		14.1440407827						yl,yr=		-2.7043412459		16.0137309529						yl,yr=		-8.2407275218		18.7787946285						yl,yr=		-2.4143244883		15.8589802176						yl,yr=		-3.7092041488		18.6129125678						yl,yr=		-7.3434210862		18.2880224876						yl,yr=		2.1261209743		12.8725947746						yl,yr=		-2.5872939977		19.2802895878						yl,yr=		-1.3730299242		12.5068183349						yl,yr=		-0.1292825809		14.8381273558						yl,yr=		4.4497810552		16.0291300294						yl,yr=		-4.4220716803		17.5352389325						yl,yr=		-3.3043108182		18.2160468544						yl,yr=		0.4579932646		14.7696379896						yl,yr=		0.8700307236		13.7092682338						yl,yr=		-0.8348101669		17.8715508012						yl,yr=		-2.2024764292		15.9148087523						yl,yr=		-11.2949688916		18.8930852928						yl,yr=		-3.083967041		17.942422226						yl,yr=		-2.0818355301		13.496987262						yl,yr=		-1.4159147898		14.1439994359						yl,yr=		-1.0050540148		14.2208919337						yl,yr=		-2.569348572		15.7095781443						yl,yr=		-1.9198447313		12.4350078682						yl,yr=		-9.5229199681		19.9188018289						yl,yr=		-5.7533530446		30.3710768517

		58		5.9462981		9.71863808

		59		0.119493964		-4.58243463

		60		4.51046758		6.96945848				0

		61		5.68622801		9.69014381

		62		6.53330364		9.85792786

		63		5.24469467		7.8713711

		64		2.33171315		3.9683671

		65		2.17258428		-0.318387121

		66		1.1164724		-0.078287546

		67		8.53363023		11.8219133

		68		4.59207945		2.43433646

		69		9.3413851		14.2098571

		70		1.423125		0.646345121

		71		5.25211799		8.95341605

		72		8.44975986		10.1485986

		73		6.30581833		5.82147702

		74		3.13065817		3.63331936

		75		4.48220544		4.67629661

		76		4.3412922		4.0240331

		77		2.62332655		4.44153764

		78		5.7589141		6.31902082

		79		1.39826337		1.12138749

		80		8.34654802		10.0915653

		81		5.5414156		8.21511411

		82		5.18564613		7.96590089

		83		2.31240365		2.11440066

		84		8.61456682		11.9266656

		85		1.82822638		-2.92768506

		86		1.25997063		0.880998895

		87		5.98353379		6.75417693

		88		8.87683015		11.8436226

		89		2.35202778		-0.517630912

		90		6.60656315		9.51956445

		91		4.4224596		7.08149033

		92		8.05066739		11.5738894

		93		9.77137147		11.31715752

		94		6.26208838		10.6125892

		95		7.44459369		10.1652119

		96		4.82454293		3.85889457

		97		5.57222481		7.54623243

		98		4.41793735		3.44458382

		99		8.4986549607		15.2659629122

		100		5.1634547446		8.3874278989

		101		5.4458456762		6.6681100294

		102		3.409455717		3.6520829591

		103		5.0898725373		7.3529825307

		104		2.7962367993		3.8294492481

		105		3.3553365658		3.6434025575

		106		5.5739660508		10.5968462948

		107		1.1405256196		1.0120546091

		108		6.0027236614		7.8726365751

		109		4.2473853747		5.5314138093

		110		2.5899652594		2.9413220452

		111		3.8563894703		4.9257543804

		112		4.329394739		5.4820662631

		113		9.4886240388		13.3321074729

		114		1.2528537864		1.0100640029

		115		5.792104739		6.9372239234

		116		5.3250493749		11.2900628245

		117		1.6340339229		3.0207221993

		118		7.9459313192		12.8660856889

		119		4.16612675		7.4375455053

		120		0.3535435374		-1.0731643416

		121		4.2728411132		5.2206182647

		122		7.1823132706		9.8646139963

		123		8.35537869		12.2440214057

		124		9.5943776524		14.9737455814

		125		2.4221504717		2.1387712772

		126		8.8349732677		11.9177010817

		127		6.3462433025		11.0887658264

		128		9.1177701258		11.8893903648

		129		3.4021490603		7.3291441407

		130		5.006036796		5.9533080785

		131		6.886491299		9.4106032823

		132		2.3657539173		1.9008836041

		133		2.6830196026		3.0389984184

		134		9.1500914338		14.5533133778

		135		1.1446641873		3.1697184174

		136		1.8514183165		2.2694190175

		137		8.8662054094		15.3951634283

		138		7.241567808		9.575507065

		139		3.5467090204		8.8908244025

		140		0.7627152342		0.2338329209

		141		4.8005063116		5.6106886371

		142		9.9112222145		14.0107013149

		143		3.1298162215		4.0678245266

		144		6.6182337976		10.9344698183

		145		0.8525446832		2.9996479372

		146		8.0919079664		12.0224685425

		147		5.4461115918		7.1403852577

		148		1.1377542072		4.1653095984

		149		8.0900216626		10.6033495736

		150		6.8236248934		12.3540406826

		151		5.3397351753		7.1779337362

		152		6.9202326294		8.9745040915

		153		3.2384547363		4.3544413036

		154		9.8373755329		15.8011763292

		155		4.8256411592		6.1600312883

		156		7.5222741386		10.3981780808

		157		7.2810892926		9.7350388718

		158		6.576493163		13.2188226936

		159		7.1432618799		9.2497141559

		160		2.3790581558		5.6357215776

		161		4.3820515385		4.936514723

		162		1.7286565252		1.4654855864

		163		5.4932355306		8.8656207962

		164		9.9656062706		13.9977490136

		165		3.0401163617		3.5833705442

		166		8.6908914981		15.6037894635

		167		5.6949934178		7.5872591808

		168		5.7103770203		7.2397772695

		169		7.8580010288		12.8280810077

		170		3.7446948913		4.4641817736

		171		8.7780746246		13.5064206481

		172		7.3103128497		10.5688233161

		173		4.2856205396		5.7101114325

		174		6.3223547334		8.2132773359

		175		2.2315282967		2.4042547655

		176		3.5068066906		4.916780199

		177		5.3679291963		6.5109667962

		178		7.2518105836		11.8756470187

		179		0.0326489627		0.141121088

		180		3.1214132439		3.831618274

		181		6.2890043827		12.7512923362

		182		1.3086412444		3.6081103628

		183		2.3217560734		2.9248271346

		184		0.1414582344		-0.8367194623

		185		8.1699973206		11.3417824312

		186		8.0057885834		10.3763698344

		187		6.5195335219		9.2547083499

		188		0.0913456556		-1.4671504186

		189		1.1018077095		0.4625460936

		190		3.6099991362		5.9099133664

		191		8.8620576959		12.3686263588

		192		6.6372141472		9.0381054898

		193		7.3238383677		9.8486686017

		194		3.6183896033		4.3987562598

		195		7.8962395662		10.4676898971

		196		0.7680377099		-0.1752951546

		197		3.0020486931		4.4511516805

		198		6.0178781402		7.3870964732

		199		1.695444701		1.766260807

		200		4.0071369327		5.8149025863

		201		1.9686569618		1.9841783754

		202		6.9969699597		8.8053679621

		203		5.9881481452		8.7308597667

		204		3.3082655852		6.8379327276

		205		9.0415162061		12.0436397796

		206		6.5727778271		8.7475985828

		207		0.3880344279		-0.843655068

		208		1.5051788029		4.9638057506

		209		5.4429712832		7.6258458572

		210		9.4908536982		13.2025160862

		211		4.9689101028		6.5161516214

		212		5.3654831771		6.4624929186

		213		6.6983500439		10.7929944077

		214		1.6941838803		0.8329451764

		215		4.4844934		10.4970684036

		216		7.8903828524		6.7415408013

		217		8.7737972158		11.9018765695

		218		9.1766607303		13.3242806178

		219		1.4135924929		3.7481662617

		220		4.3773948231		7.3350110651

		221		4.2438187683		6.2838912182

		222		2.9012296601		7.523131809

		223		1.4677999428		1.3276112265

		224		8.850093268		12.1058805

		225		4.7927455703		7.8274151596

		226		9.2500602123		11.3512083995

		227		3.6739445272		4.1937702661

		228		2.5634850896		2.476851699

		229		9.4027331026		14.3929087483

		230		8.7358017372		13.5041424904

		231		6.5893763959		8.9711159242

		232		5.216003404		11.5327307978

		233		7.9848542354		10.7901538308

		234		1.1330083821		3.9329833083

		235		0.6789448919		0.5089704514

		236		6.7690190978		9.22653117

		237		6.4862939148		13.6128537939

		238		8.9789489171		14.5718285991

		239		1.687141981		2.1697972727

		240		3.4208672871		8.927884453

		241		1.4419552557		1.2654029561

		242		2.7873558149		3.2600339113

		243		7.3723567431		14.1540113912

		244		1.7375385258		1.3274580925

		245		7.9719723429		14.0770366827

		246		2.5963679645		8.6568750385

		247		3.968362843		4.5622538904

		248		3.9412545894		6.2827624013

		249		9.8019176404		16.655925973

		250		0.0552033685		0.0194872689

		251		7.6582415224		10.1441782086

		252		2.6702250272		2.9259083171

		253		2.7270468586		1.1828700834

		254		1.1419442312		1.5742783533

		255		4.5506393859		5.8388847141

		256		0.0605035758		-0.8821582164

		257		0.0486711432		0.356675773

		258		1.2394882492		0.733556646

		259		6.5239562868		8.5470040435

		260		0.7940843459		0.1172914201

		261		9.007457762		13.2537512161

		262		1.831443435		1.9047131477

		263		6.5771345737		10.1297269478

		264		0.386707151		1.5341113841

		265		0.3652262438		-0.1992222761

		266		7.2161926912		9.8859229973

		267		6.5110817308		13.8000601841

		268		4.8050001234		6.1785477163

		269		3.6665816617		5.3853285915

		270		4.8924771984		9.4491420221

		271		9.5002936567		15.389731579

		272		2.9001792758		3.3810563194

		273		1.8815562943		1.750412101

		274		3.0262558719		9.1694017292

		275		7.3374352986		9.5748144025

		276		4.0381884226		5.3857284288

		277		5.2204683695		8.1139770161

		278		0.1986964382		-1.5486756267

		279		3.7412358281		4.4347980901

		280		4.6960122517		6.343121289

		281		1.4776634522		3.0510870668

		282		7.3934600803		12.6548895858

		283		6.18427252		7.8084664767

		284		7.8186230121		14.288010441

		285		6.6620714483		9.6321675585

		286		0.1544658321		-0.8391181197

		287		7.7959736246		11.0065259006

		288		3.6787389498		5.4229141895

		289		9.1558546589		13.3454551666

		290		3.5826281095		4.3083135296

		291		9.3188617308		15.163282454

		292		3.0610660275		8.1888671684

		293		1.5675344209		1.753396563

		294		5.3502649803		9.3992153776

		295		5.360451804		8.1724568468

		296		8.2333419921		13.7168240701

		297		4.8105841761		5.7242914001

		298		8.7172011801		10.1909323143

		299		6.8971120346		10.3739140103

		300		6.9525604667		8.8374114455

		301		1.488031961		1.0816092435

		302		1.7599831211		1.5909511217

		303		8.5528840613		11.9354146018

		304		7.9525604667		9.8374114455

		305		5.4747900828		7.2465913958

		306		0.9621403479		0.8049534493

		307		5.9573477803		7.9142668722

		308		0.8614081392		2.89773469

		309		0.2569994515		1.5938296036

		310		7.1479073898		9.1696355866

		311		9.873277629		13.3993578962

		312		5.4160761701		7.0981108579

		313		1.6203830738		2.2166902889

		314		3.8937080462		4.0343377096

		315		8.9355246603		15.3935482097

		316		8.1411064301		13.6104801143

		317		4.9410735793		6.3327469761

		318		3.8323661246		4.9005898149

		319		0.5659222878		0.9882044618

		320		8.6877146183		15.2335352644

		321		8.6432983084		11.7952388574

		322		0.1510361956		0.7485558619

		323		6.8403117989		8.8327768685

		324		4.3558168743		7.8015179829

		325		5.1724263291		6.2218467805

		326		0.7666741114		2.1630137372

		327		9.0391152923		12.3575899079

		328		2.0438486082		1.771787991

		329		6.0537901132		7.9817682349

		330		2.8377527643		3.3333387812

		331		1.3243081534		1.0602961618

		332		0.6180184208		1.242401963

		333		6.9817304993		8.9797450738

		334		0.1426316555		-0.7878630769

		335		3.6499905949		7.8250333308

		336		1.8705413753		1.180551634

		337		6.9008867644		10.204409108

		338		6.1399117044		8.2210826242

		339		6.2612765442		9.0131252623

		340		1.7998922865		1.8595912073

		341		9.9761232919		13.9805743581

		342		6.1140364481		7.6693035512

		343		5.1503670678		6.7382289665

		344		1.5135708129		4.6587681243

		345		7.1072252119		9.7334006369

		346		1.1915612554		2.269256354

		347		6.3247959996		7.8685728217

		348		6.2277472888		7.9355552105

		349		4.9966891896		6.0648611971

		350		7.7676228971		10.4204302286

		351		7.2935958372		9.6293815376

		352		3.2542346854		3.9283447305

		353		5.6447779536		8.648018441

		354		1.4703597302		0.771101292

		355		4.2738091415		5.5362098129

		356		1.4933176599		2.1275883997

		357		6.4900321083		13.120219714

		358		6.8644644434		9.2775228104

		359		5.1636931134		7.3496835596

		360		4.8947500607		7.7045339464

		361		7.7104019408		11.2357860627

		362		7.0533094022		9.5051582596

		363		8.8903958429		12.0428779717

		364		2.6749276418		4.8361072334

		365		8.8782001103		12.3490015261

		366		7.6590328997		9.9893809862

		367		5.7603707681		7.7914720671

		368		4.4205173224		5.4043107038

		369		6.9658494744		9.4982959108

		370		4.4215250791		10.5270680649

		371		6.7523814684		9.8569693031

		372		0.4149404452		0.4724075273

		373		7.4591854464		10.3206162271

		374		7.9574460252		16.222075356

		375		4.3911451875		5.019223424

		376		0.4650527462		-0.2259309196

		377		3.0408975359		2.6602505325

		378		8.3747480853		10.5106509113

		379		2.483427613		4.8399690215

		380		7.8589178589		10.0510164886

		381		9.1319343172		12.5529131914

		382		3.9405995488		6.6048693588

		383		3.777211505		4.8172249659

		384		5.4766934263		7.1280835431

		385		5.9208963748		8.406240256

		386		1.0073275699		3.0485049962

		387		9.5004431502		12.7598732073

		388		3.0136595489		2.8531384179

		389		7.3343054887		9.7437904959

		390		9.4746422668		13.8309459876

		391		6.5585587679		8.6346855941

		392		7.8642278245		10.6951253703

		393		1.8554865276		1.8222645961

		394		3.7648901107		7.0217187676

		395		7.8266192165		10.1347214429

		396		8.227863763		11.7853108945

		397		0.0673084613		-0.5970273583

		398		5.9640576353		7.3864178093

		399		4.1082974448		5.2853973502

		400		1.3928145321		4.6426942184

		401		2.4874776447		2.5548488823

		402		0.6384557254		-0.5952878399

		403		6.1267959923		11.9121473681

		404		6.6865527342		9.1847616816

		405		6.3082639571		8.4171265028

		406		6.117424329		11.6359188768

		407		9.4578980322		13.1626535267

		408		4.5681849007		5.9608129256

		409		9.8503596824		13.6560282661

		410		1.4768568737		1.379903282

		411		4.5011269504		7.9390670251

		412		7.8320148809		14.4357255636

		413		9.7773770634		13.8051248198

		414		2.7950537848		4.5073928915

		415		9.7094675976		13.896482454

		416		4.8823991411		6.4360206757

		417		7.3386603022		15.2958720758

		418		9.6101716774		14.4885204152

		419		8.1956683961		11.4569459956

		420		6.5690007169		8.1677036914

		421		0.5466026595		-0.1865322591

		422		8.9004426077		12.3543221486

		423		4.7494204218		6.8569503934

		424		8.0719953943		11.1640532026

		425		1.8070864518		1.741611039

		426		4.5326184498		7.2658175644

		427		6.988534876		9.3455077582

		428		4.3250010953		5.0708702555

		429		0.8415084968		1.0462541563

		430		4.0231000638		4.5932348662

		431		0.1273226373		-1.6605184319

		432		0.8076230621		0.3307896717

		433		3.2744158574		6.7843168267

		434		3.5399816983		4.2841148979

		435		3.8642261794		9.2796652552

		436		4.0820805397		8.7544259883

		437		5.3936026916		7.5269307805

		438		4.3215582403		5.5561618103

		439		3.936687521		4.3564057071

		440		9.9083344029		14.0301962608

		441		9.3548784426		16.6895089334

		442		2.5956425288		2.7804630136

		443		9.640023234		14.7143473436

		444		4.5829127045		9.7188359996

		445		6.9115955179		9.4989223867

		446		1.7654113582		2.1412537731

		447		1.721789725		1.4757734328

		448		4.9931588576		7.2674600339

		449		4.3506429978		5.6550583575

		450		2.4393816677		2.658876136

		451		9.6555048928		13.6029967265

		452		6.6479377131		10.6740608665

		453		0.3355561041		-0.4537530918

		454		5.9778139929		8.931188696

		455		6.0752639802		11.282461751

		456		9.0579338811		14.2420592442

		457		7.7179870138		10.4583133636

		458		1.3578284499		2.5379222087

		459		3.6068105942		4.0983668112

		460		5.3719091944		7.1325663266

		461		4.8845852753		6.6348643623

		462		1.0059581562		0.1279779159

		463		8.8583914826		12.0135356167

		464		1.4581096815		0.6503997955

		465		3.9416342223		5.5369219843

		466		2.2721212363		2.4139360396

		467		3.874689857		5.1374500009

		468		2.1211024088		2.6067925304

		469		9.4131592375		13.2510517644

		470		3.2534896362		3.2825058167

		471		5.9742813871		7.87051432

		472		1.4233334083		0.4477294041

		473		8.8106454217		12.313253001

		474		6.1767803832		11.1181026651

		475		7.9138442151		10.7030207876

		476		4.7692372881		5.3629003049

		477		3.1588429852		4.968486672

		478		0.4187276272		-0.6333903862

		479		8.4628110504		9.6409875245

		480		8.2796306061		11.0342257956

		481		4.5791507599		6.4370171947

		482		5.8149146706		7.7895053698

		483		9.7387030797		13.4767810843

		484		4.0045094149		5.7257781052

		485		2.8795624536		5.3634522959

		486		6.56941847		13.4723496937

		487		6.0398490469		8.0019311749

		488		1.4292312494		3.5381799421

		489		2.356217366		3.3868039257

		490		0.7545066176		-0.1220050074

		491		5.4002680753		9.3292209099

		492		6.5324341694		13.2855981839

		493		2.4976878149		2.8511708533

		494		1.2218721087		2.2304470207

		495		5.6670881207		8.7474404972

		496		4.5326842346		5.1733498149

		497		0.2208640332		-1.3690361231

		498		9.7910890322		13.1600447914

		499		6.1626943155		9.9580512543

		500		3.9061874613		5.3176122983

		501		2.0269028791		1.7832891668

		502		2.3519795633		1.6952506135



Now picture what happens with a small sample size for the number of random points, say n = 3.  You might get three points that more or less follow the trend in the population data, but you can also easily get three points that do not match that pattern.  In that case, the resulting sample regression line will be sharply different from the population regression line drawn in red.

As you increase the sample size somewhat, say to n = 10, it is still possible that a sample will contain a pair of points that are aligned at almost a right angle to the population regression line.  However, the effect of such pairs of points will be reduced significantly by the other 8, say points in the sample.  Overall, the regression line that fits a set of 10 points will likely be reasonably close to the population regression line.  And, the repeated sample regression lines will tend to be more consistent with one another. Repeat this with new sets of samples and notice that the same result seems to occur. You should see the occasional lines that are still quite different, however.

As you increase the sample size still further, say to n = 25 or n = 30, you should expect that the sample regression line will be very close to the population regression line.  Therefore, all of the sample lines should be very close to one another and all should be very good estimates of the population regression line.

Now click on the tab at the bottom marked "Regressim" to go back to the original page and continue looking at the suggestions and explanations there.
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