 SEQ CHAPTER \h \r 1
Visualizing and Understanding the Chain Rule

Typically, most students learn the chain rule by rote and are happy to be able to apply it correctly to get the right answers.  All too often, we, as instructors, are also happy if our students   could only apply the chain rule correctly without concern for whether they understand the reason for what they are doing.  In the present note, we show a particularly effective approach for visualizing the chain rule graphically in several simple cases which can help students understand what it is all about.  All that the approach requires is an understanding of graphical differentiation of a function, the notion of approximating the derivative at a point, and a basic notion of the derivative of the sine function, as well as a little technology.


The technology we will use is a graphing calculator that has the ability to graph the derivative approximation at each point.  In particular, if a function is stored as y1, say, on any of the TI graphing calculators, then we enter


y2 = nDERIV(y1,x, x)    (on the TI-82, TI-83)

or


y2 = nDer(y1,x, x)       (on the TI-85, TI-86)

for the numerical derivative of y1 with respect to x evaluated at the variable point x. When graphed, this produces the graph of the derivative of the function in y1.


Suppose we start with the function f(x) = sin x, along with its derivative, as shown in Figure 1 for x between 0 and 3π and y between -1 and 1.  Actually, such a display is what one might use to motivate the fact that the derivative of the sine function is the cosine, but for now we use it purely to make sure that the students understand the kinds of displays we will use next.  


Now consider the function  f(x) = sin 2x.  If  the product rule is available, it is certainly worth using the trig identity


sin (2x) = 2 sin x cos x
to derive the formula 


algebraically; however, the derivation does not provide any understanding of why there is that extra factor of 2.  Therefore, we use the same graphical approach used above, with the graph of the function as shown in Figure 2 along with its derivative for x again between 0 and 3π and y between -2 and 2.  Since the sinusoid now completes two full cycles between 0 and 2π, it is easy to argue that it is changing twice as fast and so its derivative will be twice as large at each point; the graph of the derivative certainly bears this out and so we can conclude that the above derivative formula holds.  (One could also verify this fact at one or two particular points by approximating the value of the derivative numerically there.)  More importantly, the student can better appreciate where the extra factor of 2 comes from. 


Finally, we consider the function f(x) = sin (x2), which is shown in Figure 3 for x between 0 and 5.  From the graph, it is apparent that the function changes ever faster as x increases.  What about its derivative?  The faster that the function changes, the larger the size of the derivative, so we would expect the derivative to be an oscillatory function whose amplitude grows with x.  This is borne out in Figure 4 where we show the graphs of both the function and the numerical approximation to its derivative; note here that the vertical range is from -10 to 10.  What would be the format for such a function?  Clearly, it should be a non-constant multiple of cos (x2).  To determine what that multiple should be, one could trace the derivative function to estimate the height of f ’(x) at different points and compare them to the values of f(x).  This is quite effective at integer values of x.  Also, suppose you add two extra functions to the graphing menu, y3 = 2x and y4 = -2x.  The results are shown in Figure 5, where the two lines are clearly envelops for the derivative function.  Consequently, it is clear to the students that the actual form for the derivative of sin (x2) must be


and the lesson could be completed by graphing y = 2x cos (x2) to show that it exactly matches the numerical derivative.
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{d~sin ~(2x)} over {dx}~~ =~~ 2~cos~(2x)


{d~sin ~(x^2)} over {dx}~~ =~~ 2x~cos~(x^2)





